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If a relative motion exists between a given object’s image and a recording medium (such as a photographic film) during exposure, the recorded
image will be blurred. This effect can be expressed by an impulse response in irradiance function and the respective image restoration is made
possible by a post-recording process. General one-dimension motion is considered here. Two cases are discussed: constant velocity motior
and constant acceleration motion. Image simulations representing those degradation mechanisms are shown, as well as the correspondin
restored images after using the method which is described in this work. This method is based on Dirac delta function propreties. We also
show real digital images affected by those motions. It can be experimentally obtained by using an air-rail. The blurred images are processed
digitally by spatial filters given by the proposed method. Numerical and experimental results are shown.

Keywords: Image forming and processing; Fourier optics; modulation and optical transfer functions

Si durante el registro de una imagen (una exponi¢otogifica, por ejemplo) existiera un movimiento relativo eréista y el medio de

registro, la imagen grabada resudtateteriorada (emborronada). Este efecto se expresa por medio de énfdadiespuesta impulso en
irradiancia, y a partir désta es posible restaurar la imagen mediante procesos posteriores al registee dasidera movimiento reétieo

general y se analizan los casos de movimiento uniformemente lineal y movimiento uniformemente acelerado. Se presentan simulaciones de
imagenes afectadas por estos movimientds@®o su restaurain al aplicar el procedimiento sugerido por ehbsis descrito, que se basa

en propiedades de la furici delta de Dirac. Tambn se muestran iagenes reales digitalizadas afectadas por los movimientos mencionados

con la ayuda de un riel sin friomn. Estas iragenes se procesan digitalmente implementando filtros espaciales sugeridos ptordel m
propuesto. Se muestran los resultados correspondientes.

Descriptores: Formacon y procesamiento de imgenespptica de Fourier; funciones de modulatiy transferenciaptica

PACS: 42.30.Va; 42.30.Kq; 42.30.Lr

1. Introduction tion technique by inverse spatial filtering, while P.F. Mueller
and G.O. Reynolds restored images affected by turbulence in

Certain factors that can degrade the recorded image in a pha_966. J.L. Harris showed a formulation different from inverse

tographic or holographic film have been studied for a |Ongfiltering and experimental results are shown in Ref. 5. C.W.
time. Relevant works include studies on transverse vibrati€lStrom showed image restoration by the method of least

tions of one or several components (object, lens, or imag€9uares, which considers spatial noise in the image [7], A.W.
plane) perpendicular to the optical axis, effects studied by A-ohmann and D.P. Paris showed computer generated binary
W. Lohmann [1]. Uniformly linear motion between the origi- SPatial filters which can represent complex inverse filters [8].
nal image and the film was treated by Edward L. O'Neill [2], J.L. Horner showed restoration of photographic images when
the shutter operation was analyzed by Ronald V. Shack [370iS€ is considered [11]. George W. Stroke showed holo-
longitudinal vibrations were worked on by A.W. Lohmann 9raphic image deblurring [12]. D.P. Jablonowski and S.H.
and D.P. Paris [4], out-of-focus degradation was studied by-€€ Proposed a method of synthesizing the appropriate com-
J.W. Goodman [9], the penumbra effect in radiograph im-POSité gratings, which represents a double convolution, with

ages due to the nonzero dimension of the source was dediset of the Dirac delta function, and experimental results are
with by John B. Minkoff, S.K. Hilal, W.F. Konig, M. Arm shown in Ref. 14, L. Celaya and S. Mallick deblurred images

and L.B. Lambert [10]. Nonuniform motion was worked on d€graded by a linear smear by using a Wollaston prism and
by Som [13], multiply exposed images were studied by D.pWo linear polarizers [16].

Jablonowski and S.H. Lee [14]. A feature common to these  From the above mentioned deblurring methods, many of
works is the characterization of the image degradation by g,em are optical analog in nature for historical reasons. A
point spread function (PSF), so that the degraded image C&{by consideration of these methods within today’s scope,
bg expressed by the convolution of the ideal or original imag"however, would undoubtedly bring benefits to digital im-
with the respective PSF. age processing after proper updates or adaptations. It is
Works about restoration and evaluation images by ainder these considerations that the present work was done.
post-recording process have been demonstrated. In 1953, Rirst, a general description of blurring due to linear motion
Maréchal and P. Croce showed the classical image restords proposed taking advantage of Dirac delta function proper-
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ties [13] which have not been used in connection with thiswhich causes smear by means of the true parameters which
problem, to our knowledge. To test this formulation, two can restore the image (motion analysis).

cases are numerically inspected: uniform velocity and uni-
form acceleration. By using a given form of velocity (PSF)
the corresponding blurring of digital images is performed
Then, an inverse spatial filter is applied to the smeared ima |inear smearing process in recording images is assumed.
age in order to obtain a deblurred one. The Spatlal ﬁltering:or examp'e' by emp'oying a photographic materiaL itis sup-
that we propose was implemented with programs we wrot§osed that it absorbs incident radiant energy over the linear
in MathCad. Experimental smeared images were achieveghnge of the H and D curve. PSF of the recording material
with slides on an air-rail. Inverse fllterlng used a Sample Ofare considered as ideal pointsy thus using Dirac-delta func-
linear motion as the experimental PSF. In this case, no andons instead of extended functions. For instance, the point
lytical knowledge about the movement was really employedspread function of the photographic emulsion resulting from
to achieve restored images, but a further link between the exhe diffusion of light in the emulsion is not considered, since
perimental PSF and the theoretical one can be made to obtajfis independent of other effects, for example, from the influ-
typical parameters of movement. ence of image motion [13] or from the shutter operation [3].

In order to achieve image restoration and evaluation, one Let I(z) be the irradiance distribution in the original or
must know the nature of the degradation as well as its effegteal imagej.e., that which would be obtained in the absence
in order to operate the image to compensate the image fasf any degradation (See appendix). So, the blurring effect
degradation. In this study, the images are recorded in ordefue to linear motion in the degraded image that is recorded
to know the nature of object within the field of view, although I(x) can be described as a superposition on the photographic
possible motion analysis technique is suggested. When infiim of successive positions of the original image continu-
age processing makes an intelligible image from an unintelously way, that is
ligible image, it is because the information in the image has
been displayed in such a way that the human visual system Iy(z) = I(z) ® IRI(2), 1)
is able to extract it [5]. A qualitative measure of the gain . .
achieved by processing is a comparison of the information yrhere® denotes a convolutiorRI(z) is theimpulse re-
extraction by the human visual system both before and a sponse in irradiancéor point spread function due to motion)
ter processing. This will be the criterion for evaluating the 9'Ven by
restoration. Linear smear restoration is a well-known exam- T
ple whereby a PSF (a rectangular or window function forthe  rrr(z) = 1 /dt §(x — Ax[t])
case of uniform velocity) is exemplified. It also shows an ap- T
plication of the convolution operation. Moreover, it suggests
a restoration method which can be carried out directly [2]. 17 t— T

— / dté(x — Ax| })rect( 2) . @

Analysis

0

Hence, it can be worthwhile to consider if the techniques -7
now widely available can offer advantages to the practical
solution of this otherwise classical problem, besides of bemg_'
a case with the illustrative features already mentioned. Th'ﬁqe original image and the film at tintends(u) is theDirac
case of uniformly accelerated motion, on the other hand, 'gelta function
more general than the linear one [13], but has been less stu If we substitute Eq. (2) in Eq. (1), we obtain
ied in the literature (even the effects of oscillatory motion has
been more thoroughly considered.) So, in spite of the already I(z) = I(z) ® IRI(x)
venerable tradition of the restoration problem, we propose an
analysis which focuses on linear with movement constant ac-
celeration, but that includes also with constant velocity as a
special case. This last case can be used to verify some aspects
of the analysis. Only the case of constant acceleration and
that of constant velocity are considered in detail but, in prin- 1

. ; . . : :—/dtl(z—Az[tD.
ciple, other linear motion could be included using the general
approach. Other “dynamic” effects such as shutter operation
or time-varying aberrations are neglected. There are both nUFhis expression is similar to the equation given by Som [13].
merically calculated images as well as experimental imagellowever, the detector response (photographic emulsion) is
shown to illustrate the restoration procedure. not taken into account. Itis the PSF of the recording medium

Experimental results and simulations show that inversavhich is considered a Dirac-delta function in the position.

filtering works in a satisfactory way for digital images pro- In other words, without other degradation mechanisms, the
cessed by computer. Moreover, it would also be possible toecorded image has a one-to-one correspondence with the
extract information about the parameters of the movementriginal image.

ereT is the register time)z|t] is the displacement between

’ﬂ\*—‘

T
/dtI )@ 6(x — Aaft])
0
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We can express the smeared imaggx)) as a convolu- Making a shifted integration variabteby
tion given in Eg. (1) whenever the functidhRI(z) is in-

variant, at least over a limited region of the image plane (iso- Az, [t] = Ax[t] — x,
planatic patch). In Eq. (2), there is a factbr! in order to )
normalize function/ RI () over the space which are related by
oo o (A, = dAz|t] _ dA:CT[t]’
/ dx IRI(z) = dt dt
—o0 we obtain
On the other hand, in order to change the argument of the ) Az (T)
. . N . . ~ _ e 12THT, efz2qu:vr
delta function from the spatial domain to the time domain, 7 () = [(y) d(Az,) (6)
i - T "o (Ax,)
we use the following property [17]: A v T
Given the functionr(t), and if the equation-(t) = 0 @r(0)
has a finite or countably infinite numbers of zeros, that is;Therefore, theransfer functioris given by:
r(ty,) = 0, then
(t = talel) e o
ot — [ TD7 _ e ETHaE —12TpT,
3(r(t) =Y = IRI(p) = / d(Az;) V(B T
n tn[z] Az, (0)
whenever-(t) has a continuous derivative o0
— / d(AZEr) e*l?T{'HA:E,.
dr
— # 0. “
dt{, )
’ it rect (Az,) —T/2 )
Therefore, ifr(t) = v — Ax[t], then Eq. (2) can be writ- v'(Az,) T T ’

ten as

17 5(t
IRI(x T/dtz

n

This result is in agreement with Eq. (4). Here, the upper and
(t _ T/2> the lower limits in the integralAz,(7) and Az, (0), corre-
ect
T

spond to zero and maximum displacements respectively. This
latter limit is calledength of traceor trace of motion Beyond
1 Wz = T2 these values, the integrand becomes zero, which is expressed
=7 Z \U(f”;l[ rect(T> . (3) bymeans of are¢t) function.
n Eq. (7) is similar to the equations derived by Shack
. . . e . and Som for the effect due to transverse motion of the im-
The function velocity {(¢)) has been identified and it char-
: age [3,13]. Shack assumes a negative time coordinate and
acterizes the movement. The absolute value of the velocnyé
. L om considers only relative displacement between the ideal
consequently gives positive values of the functiddl (). L "
; Lo image and the photographic film, whereas here a positive
The equationr(t,,)=x—Az[t,|=0 implies z=Az[t,],
time coordinate is only considered and one initial displace-
which is a motion equation and hence we can attempt to
ment is proposedat,). This in some cases simplifies the
solve this equation fot,,, which has a usual sense of time
. transfer function to real values (displacement theorem).
(0 < t, <T). Thus, the summation in Eq. (3) only has .
one term. When it is possible to firtgdthen, the velocity is In order to restore images, some _method; have been pro-
' ' posed [5-8, 11, 12, 14]. We use the inverse filter method. It

expressed as function of positienand thus:(t) = v’ (). . . . .
So, bearing all this in mind, Eq. (3) can be rewritten as is performed by taking the Fourier transform of Eq. (1). Itis

tn

written } o
T/ ()] if e=Axft], and:0<t<T, Iy(p) = I()IRI(p).
IRI(z)= _ 4) . L .
0 otherwise Solving for the transform of the original image gives
Now, taking the Fourier transform of Eq.(1) and using 7 fb(u) 7
I(p) = — = H ,
Eq.(2), we have (1) TRI b() Hr (1)
) - where the inverse filter is defined by
Iy(p) = T(u)TRI(u) L
: i - T 17 010,
e %/dt o~ 2mudaft] ) k otherwise
0 k is a constant value.
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Although this is one of the most direct methods, thereusing Eqg. (2) and Eqg. (3), we get
are problems related to points where the transfer function is
zero. These points are replaced by the constank = 0 1 t—T/2
was chosen and then the restored spectrum is multiplied by ££41(z) = 7 / dté (x — o — vot) rect( T )

oo

an absorption grating whose lines coincide with the zeros —o0
of # {IRI(xz)}. This becomes a convolution in the image 1 Az, 1
space between the restored image and the Fourier transform = Lrect( . 2) ) (8)

of the resulting grating, thus giving rise to replicating images

(ghost images.) In any case, image degradation always revhereAz, = =z — x, andL = v,T is the length of trace in

duces the information content in the image [5]. this case. Putting Eq. (8) in to Eq. (1) , the degraded image
in this case will be:

3. Typical cases of motion 1 Az, 1
1 =1 —rect - =
w(z) =1I(z)® 7 T T3
Now, special cases of smear due to motion are studied: uni-
. : : 1 Az, —L/2
form velocity and uniform acceleration. =I(z)® Erect —7 ) 9)
3.1. Smear due to uniformly linear motion Taking the Fourier transform of Eq. (9) we obtain
'_rhis case is characterized by a constant velagjtsind satis- Iiy(p) = I(p)sind Ly) exp(—2mpu(z, + L/2)).  (10)
fies: Ax[t] = vot + 2o, () = & — T — Vot, dr/dt = —v,,
| Using the inverse filter method,
- Ly () (SinQ(Lys)) ~ter2mileotL/2) i Ly £ n;
I (1) = ) ) (11)
0, otherwise.
wheren is an integer. |
Thus, the restored image is reached by taking the inverse
Fourier transforml’(z) = % 1 {f{b(ﬂ)}- b Yo [y {1 N 2acho} 1/2 .
If there is a symmetric displacement about the origin co- b2, i vZ ’
ordinate,i.e.,, z, = —L/2, the exponential factor will be 12
. . . .y o 2 CA o
unity. Here, we can see the advantage of using the initial t = Vo ([1 L 28 2:5 } B 1) >0, (12)
position. ac vE

which are valid for an initial velocity different from zero
(v, # 0). Only t; has a physical meaning.

3.2. Smear due to uniformly accelerated motion L o i,
y If the initial velocity is zero {, = 0), the positive root

This case is characterized by one initial veloaity and one will be:
uniform acceleration,. and then: t = QA%. (13)
Qe
Azlt] = 2o + vot + ~act?, Substitutingt, of_ Eq_. (12) (whenv, # Q) in the absolute
2 value of the derivative, then the velocity is expressed as a
1, function of displacement.
r(t) = — 2o — Vot — §act ,
dr @ — o (A
E = —Vo — act. dt " vac( l’o)
1/2
We have to find the roots of = v, [1 + 2%?“’0} ) (14)
UO
r(tn) = 0 or {2 + gloy _ 2A$o —0. Similarly for the case of an initial velocity zero (whep=0).
Ae Qa,
C (& d
T = (Axo) = V2aoAx. (15)
Two solutions are found: dt |,

Rev. Mex. 5. 51 (4) (2005) 398406
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IRI/(Ax ) The respective transfer function for (16) by using Eq.(7)
0 is given by
1/L

L/
TRlLo(p) = [ d(ba,)e2omse
0

e—le,uro

[v2 + 2acho]1/2 T

’

671271'/,1,:00
_ - /d(AIO)efﬂquwD
0

o L2 Ax 1

0 X
[v2 + 2acho]1/2

FIGURE 1. Impulse response in irradiance for uniform velocity.

R|, (4x) o
()';

- (Kl )é iUM(ﬂKl) - ij7z+1(MK1)]} ;

wa
¢ n=0

Z []2n (MKQ) — %2041 (/JK?”
0

oo

where

2 2

K, = Ko = ° 4+ onl/
0 L' Axo ! ae 2 ac+7r’

FIGURE 2. Impulse response in irradiance for uniform acceleration andjs, (y) andja, 11 (y) are spherical Bessel functions of the
and non-zero initial velocity:(, # 0). first kind [13].

3.2.1. Non-zero initial velocityu, # 0)
3.2.2. Initial velocity of zero value){=0)
Here, the function is obtained by substituting Eq. (14) in

Eq. (3) Herewv,=0 and thel RI(x) function is obtained from Eq. (15)
[ o A F and Eq. (3)
o g (e (1 [remg=] )
1 Qe vg
2a. Az, | 2 = Ge
— 00 Vo |:1+7U3 :| aO('r) U&O(Amo)TreCt T

= (Axo)Trect<U“C(£fi))_vo;), (16) R, (4x)

wherevy is the final velocity given by s = v, +a.T. In this
case, the length of trace is |

1
L' = a(T) — 2o = 0T + 5acT>. :

Evaluating the zero and maximum displacement in to
Eq. (16) we have

1 1 ' '
IRI,(Axz, =0) = rect| —— g -
(@ro=0)= ;e (=) 0 I, A,
and 1 1 F 3.1 I inirradi f if lerati
o IGURE 3. Impulse response in irradiance for uniform acceleration
IRI.(Azo = L') = vareCt<2) and initial velocity of zero valuey, = 0).
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Smear simulation and restorin processes

-

i Funer transforms ?

Transfer funcion Degrades spectum

Inverse ﬁlter method
The degraded spectrum is multiplied by H, , where
1
F{TRT(x #Z{IRI(z)} # 0,
s = { SO
k otherwise.

| .

We take the inverse tra:nsform of this product

Relneved 1magc/

FIGURE 4. Flux diagram showing the smear simulation and restoring process. In this case, the restoration of blurring due to unifo
acceleration is shown.
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404
6ptica optica »
BUAP BUAP : v
a) b) o) b) -

FIGURE 5. Restoration of smeared simulation letters. Original im- FIGURE 7. a) Original photographic image; b) smeared simulation
age in a) was convolved with a blurring representing by uniform image by convolution; c) restored image.
velocity in b); and corresponding restoration in c).

form velocity are shown because the case of hon-zero accel-
In this case, the length of tracelis = (1/2)a.T?, sothe eration is less known that the uniform velocity case (Figs. 6
IRI,,(x) function can rewritten as and 7).
In binary images, like Figs. 5, 6a, 6g, 6j, 10, and 11, this

A ) restoration method has a practical feature. In particular, the
17)

;rect restoration of uniform velocity insomuch as some extra be in-
[2GCACI)‘O}1/2 T Lo 2

formation has been put in (absorption grating) and it can seen
included in the restored image. This extraneous information
can be identified and eliminated more easily in the practical
binary case. However, the numerical procedure works satis-

In order to visualize how the present method of imagefactory for both gray scale images and binary images even in
restoration performs, a gray scale image was deliberatel{he case of constant velocity.

blurred by a convolution process with thiék/(z) function The image restorations show here is satisfactory accord-
for different cases of movement. Then, the inverse filterdNg to visual evaluation criteria; in other words, the original
method was applied by means of a program written in Mathsstructure of the image can be distinguishable. In simulation
cad, and the restored image was obtained. More images sufases, we can say there is a perfect restoration because the

fering from degradation by uniform acceleration than by uni-function/RI is completely known. So numerical procedure
shows that if adequatlR [ is used, will have excellent results

in the restored image.

In the simulated smear images, it is possible to distin-
guish which images were smear by uniform linea and which
by uniform acceleration. This difference is due to the form
of the function/ RI. For the first case this is symmetric, as
long as the second is non-symmetric. This fact has signifi-
cant consequences in the processing insomuch as the transfer
function due to uniform acceleration case does not vanish, but
the transfer function due to uniform velocity does. Accord-
ing to S.C. Som [13], “As far as the magnitude of the transfer
function is concerned, a smear due to uniform acceleration is
preferable to one of the same extent due to uniform velocity”.
The transfer function zeros consequently a loss of have as a
consequence, resolution lost.

IRI,,(x) =

4. Numerical results

5. Experimental results

Actual photographic images of letters painted on a carrier
which went moving over an air-rail were obtained (Fig. 9).
Each motion was captured by means of a given rail inclina-
tion. Actual degraded images are shown in Figs. 10 and 11
for constant velocity and constant acceleration respectively.
Also, the restored images of each letter are shown after being
subjected the method described. One small white point was
FIGURE 6. a), d), g), j) are original images: b), e), h), k) smear im- Put on the carrier and was taken as the trace of the movement.
ages by convolution representing blurring by uniform acceleration; The trace was used as the functiRI (z) in the program we

in c), f), i), 1), the corresponding restoration. wrote in Mathcad, in order to process the images.

Rev. Mex. 5. 51 (4) (2005) 398406
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Experimental image restoration
Experimental Set up

Experimental IRT
| g |
First program|written in MathCad
T e R B
' . Fitting |
Fitting Iri with T and L known,
‘ determiation of a, and v. |
Actual semeared photography ‘ . A ‘ ; ;
|
: Nk |
Second program written in MathCad ‘ |
—_— e T T T
| Furier transforms
| R |
| Degraded spectrum Transfere function ‘ | |
| Inverse filter method | ‘ |
‘ The degraded spectrum is multiplied by H, where | | | — — — — — — |
| Ha) = srmryy T F {IRI(0)} #0, |
‘ k otherwise. |
‘ ‘
|We take the inverse transform of this product | J
g | [ e

Retrieved image  /

FIGURE 8. Flux diagram showing the experimental image restoration. In this case, the restoration of blurring due to uniform acceleratior
shown.

FIGURE 10. a) Photograph taken of the letter “H” which is in
static position; b) Actual photograph taken of the letter “H” which
is mounted in a carrier with linear motion over a level air-rail at
constant velocity; c¢) restored letter.

FIGURE 9. Experimental setup: air-rail and carrier employed to
get experimentally smeared photographs due to relative motion of
a) b) c)

a carrier with respect to the photographic camera.

6. Final Comments FIGURE 11. a) Photograph taken of the letter “H” which is in

static position; b) Actual photograph taken of the letter “H” which
The present analysis describes image blurring based o8 mounted in a carrier with linear motion over a tilted air-rail at
Dirac-delta functions as an alternative to previous ones. Aneonstant acceleration; b) restored letter.

Rev. Mex. 5. 51 (4) (2005) 398406
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alytical results for some types of movement were presentedvith non-overlapping superposition of discrete, not blurred
Examples of restoration of both numerically generated imimages. The more general case of composite multiple, over-
ages and experimental images which have been blurred due lapping images could be treated with the basic elements de-
uniform linear motion or constant acceleration motion havescribed in this work.
been presented. Restorations are carried out on the digital-
ized corre_spondlng images by using the proposed anal.yS'S'ACknowledgmentS

The Dirac-delta function formalism was used to define a

PSF function. Purposely blurred images were calculated bthe authors would like to thank Teresita de (eéngeles
convolvmg a given image with the cor.respondlng PSF. Twonoe for her assistance in obtaining experimental pictures.
types of linear movements were considered: constant velogyne of the authors (J.S.P.H.) wishes to acknowledge the sup-

ity and constant acceleration. Because analytical knowledggort given by VIEP-BUAP through project Il 158-04/EXEII.
of IRl was given beforehand, implementation of the inverse

filter avoiding zeros was carried out directly. .
As for the experimental data, there was no need for suchh  Appendix

knowledge as.long as it was poss.ible.to is.o.late the qurrin%S arule, one image can be described by a two-dimensional
of a point. This blur was information identified as the PSFfunctionI(:z:,y) when there is linear motion in one direction

function and, from that, the inverse filter was implemented. . . .
) at an anglé with respect to the x-axis. The impulse response
However, when the analytical form of the blur was known,. . . .
. . . in irradiance is given by
motion parameters could be determined as well, leading to
motion analysis. S N IRIp (r,y) = TRI()A(y),
Analysis of every function PSF is simplified when it is ex-
pressed in terms of Dirac delta functions. The restoration prowhere
gram for experimental data does not need the analytic form w\ _ [ cost® sing) (=
of the transfer function. Numerical and experimental results v’ y)
obtained by implementation of our analysis show that the infqr the sake of simplicity, we consider motion across the x-
verse filter method can work adequately. axis. Then
Although state-of-the-art grabbing resources seem to IRIp(z,y) = IRI(z)8(y),
lessen the applicability of restoration techniques to blurred
images with degradation due to motion (high-speed cmMond therefore
cameras with 60,000 fps capability, or short laser flashes of
duration in the range of ps, for example), movement inspec- Iy(z,y) = I(z,y) ® @I RI(2)d(y))
tion can be still be useful as a technique for movement anal- = I(z,y) ® IRI(z).
ysis. For this purpose, stroboscopic illumination techniques
constitute a well-known particular case of composite imagingOnly one dimension has to be considered.
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