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Determination of the point and space groups for hydroxyapatite by computer
simulation of CBED electron diffraction patterns
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The structure of natural hydroxyapatitenHAP (i.e. the hydroxyapatite found in teeth and bones) has not been completely characterized
experimentally until now. This involves the study of the structural characteristics of synthetic hydroxyapatite sHAP (i.e. one whose stoichio-
metric formula is Ca10 (PO4)6 (OH)2) using many techniques, in particular electron diffraction computer simulation. Thus, any variation
presented in its structure will be easily detected. In this work we comment on the crystallographic elements presented in simulated conver-
gent beam electron diffraction (CBED) patterns forsHAP, in its versions of Laue Zones of Zero Order (ZOLZ), First Order (FOLZ), Second
Order (SOLZ) and Higher Order (HOLZ), and the deduction of its space group P63/m. These results are compared with those reported
experimentally.
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Experimentalmente se ha observado que la estructura de la hidroxiapatita naturalnHAP (i.e. el componente inorǵanico mayoritario de los
dientes y los huesos) no ha sido completamente caracterizada hasta el momento. Esto nos lleva a estudiar las caracterı́sticas estructurales
y cristalogŕaficas de la hidroxiapatita sintética sHAP (i.e. aquella que obedece la estequiometrı́a de la f́ormula Ca10 (PO4)6 (OH)2) por
medio de diferentes técnicas, en particular la simulación computacional de los patrones de difracción electŕonica, para contar con una base
sólida que nos permita compararlas. En este trabajo se comentan los elementos de simetrı́a que se observan en los patrones simulados
computacionalmente de haz convergente (CBED) parasHAP, en sus versiones de zonas de Laue de orden cero (ZOLZ), de primer orden
(FOLZ), de segundo orden (SOLZ) y de orden mayor (HOLZ), y se deduce su grupo espacial P63/m a partir deéstos. Los resultados
obtenidos se comparan con los reportados experimentalmente paranHAP.

Descriptores: CBED; hidroxiapatita; difracción electŕonica.

PACS: 61.14.-x

1. Introduction

To define the symmetry (point group and space group) in
crystals is an indispensable step prior to resolving the crystal
structure. This study can start with X-ray diffraction analy-
sis for determining the unit cell dimensions in an approach
to obtaining the space group. However, when the technique
of convergent beam electron diffraction (CBED) is used, we
can easily determine the symmetry of crystals [1]. In the X-
ray technique, the kinematical diffraction theory is applica-
ble, and we cannot determine whether a crystal is polar or
non-polar unless the anomalous dispersion effect is included.
As a result, the X-ray diffraction method can only identify 11
Laue groups of the 32 points groups [2]. With CBED, how-
ever, which is fully based on the dynamical signal of elec-
tron diffraction, we are able to distinguish polar crystals from
non-polar crystals, and thus achieve the unique identification
of point groups. Furthermore, the CBED technique enables
us to ascertain the presence of screw axes and glide planes.
Therefore, CBED is a very useful technique in determining
crystal point-groups and space-groups of materials.

The CBED technique produces electron diffraction pat-
terns using a conical electron beam with an angle of approx-
imately 10−3 rad on a uniform and non-bending specimen
area of about 10 nm in diameter. Instead of the usual diffrac-

tion spots, diffraction disks are produced. All point groups
can be determined uniquely by inspecting the symmetries ap-
pearing in these disks. Screw axes and glide planes are iden-
tified through the analysis of the dynamical diffraction ef-
fect: when a crystal has a screw axis or a glide plane, special
extinction lines appear in the disks. These lines are named
“dynamic extinction lines” or GM lines [1]. By examining
whether GM lines are formed or not, most space groups can
be identified.

It has been observed that natural hydroxyapatite (nHAP)
(i.e. hydroxyapatite that makes up teeth and bones for ex-
ample [3]), presents a structure that is not yet completely
characterized [4,5]. Recently, experimental electron diffrac-
tion analysis has shown both P6/m and P63/m as possible
space groups fornHAP [6,7], and the presence of forbid-
den reflections along the c*-axis in the selected area electron
diffraction patterns (SADP) [5]. We have experimentally at-
tempted to carry out the structural analysis ofnHAP (in this
case, HAP from human tooth enamel) by CBED in otfrt yo
study these forbidden reflections [5,6,7], but a completed sat-
isfactory interpretation has not yet been possible. Therefore,
in the present work we calculate and comment on the main
crystallography characteristics of computer calculated CBED
patterns forsHAP in order to use them as a starting point for
the theoretical and experimental characterization ofnHAP.
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2. Simulation procedure

Starting with the data from Bréset al. [4] for the atomic po-
sitions of Ca, P, O and H in thesHAP unit cell, its adjustment
was done with the Rietveld method [8] with R – WP = 9.85%
with the data from Younget al. [9,10] in otder to ensure the
best structural data in our simulation analysis. The resulting
data were captured in a INDY Silicon Graphics workstation
with the program EMS [11], using the sub-programs “fc4”,
“hl3”, “kp3”and “cb1”, and changing the camera length and
number of iterations. It is worth mentioning that the aver-
age time needed obtain the simulations of CBED patterns in
the Zero Order Laue Zone (ZOLZ), First Order Laue Zone
(FOLZ) and Higher Order Laue Zone (HOLZ) along differ-
ent zone axes and crystal thicknesses was from 5 to 13 hours
on the average.

To obtain thenHAP samples (in this case, human tooth
enamel), we follow the experimental procedure indicated in
Ref. 5. The samples had a circular shape with dimensions 0.3
mm in diameter and 100 nm thick. Analytical electron mi-
croscopy and the experimental CBED electron patterns were
performed using the Jeol 100 CX and Jeol 2010 transmission
electron microscopes [see also Refs. 6,7].

3. Results

Figure 1 shows the simulated CBED patterns in ZOLZ for
the main directions of thesHAP unit cell. Figure 1a shows
a unique 6-fold axis symmetry parallel to[0001], which indi-
cates the point group 6. In Fig. 1b and 1c, there are two mir-
rors, which indicates a 2mm symmetry along both the

[
1120

]

FIGURE 1. Simulated CBED patterns in ZOLZ for sHAP along
(a) [0001], (b)

[
1120

]
, and (c)

[
1010

]
. Note the mirror symmetry

and absence or the reflections 0001 (1odd)in these patterns (indi-
cated by arrows). The sample was 130 nm in thickness.

FIGURE 2. Simulated CBED patterns for sHAP with different
thicknesses along

[
1120

]
. Note the peresence of dynamic lines and

the absence of forbidden reflections along the c*-axis in each case.
a) 10 nm, b) 60 nm, c) 130 nm, d) 150 nm. L=250 mm V=200 kV.

and
[
1010

]
directions. Note the absence of the reflections

(000l), with l = 2n + 1, in this figure.

Figure 2 shows once again the simulated CBED patterns
in ZOLZ along the

[
1120

]
direction, but in this case for dif-

ferent thicknesses. Note in this figure that the disks do not
present any features from dynamic contrast at 10 nm in thick-
ness, not until the sample reaches a thickness of 60 nm. Also,
it is worth noting the absence of the forbidden reflections
along the c*-axis (i.e. the (000l) reflections, withl = 2n + 1),
as the P63/m space group suggests, and the existence of two
perpendicular mirrors in these patterns.

In Fig. 3 the CBED patterns are observed in ZOLZ and
HOLZ. Note in this figure that both ZOLZ and FOLZ present
a 6-fold symmetry axis along[0001], while along

[
1120

]
and

[
1010

]
ZOLZ has two mirrors but FOLZ and SOLZ

present only one. That is, the horizontal mirror plane is
the same for ZOLZ, FOLZ and SOLZ, and the vertical mir-
ror plane disappears in FOLZ and SOLZ. Therefore, ZOLZ
presents symmetry 2mm while FOLZ and SOLZ are only 2m
in this figure.

Figure 4 shows the CBED pattern in ZOLZ showing
the HOLZ lines generated in the central disk. In Fig. 4a,
the pattern shows a 6-fold symmetry axis with two mirrors,
which indicates the 6mm symmetry for the central disk along
the [0001] direction. In Fig. 4b, and taking into account the
relative line intensity, the central disk shows a mirror plane
only. A similar situation is shown in Fig. 4c. Therefore, the
symmetry observed in the ZOLZ central disk along

[
1010

]
and

[
1120

]
is “m”.
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FIGURE 3. Simulated CBED patterns for sHAP in ZOLZ and
HOLZ. L = 500 mm. V = 200 kV. a)[0001], b)

[
1010

]
, and

c)
[
1120

]
. Note the disappearance of the mirror plane for HOLZ in

(b) and (c). The added geometries are for clarity of the symmetry
elements only.

FIGURE 4. Simulated CBED central disk patterns for sHAP in
ZOLZ. a)[0001], b)

[
1010

]
, and c)

[
1120

]
. L= 17.8 m, V=100 kV.

Note the existence of mirror planes “m” in the central disks.

For comparing these simulated CBED patterns with
those ofnHAP experimentally obtained from human tooth
enamel [4-7], Fig. 5 is included. Figures 5a (experimen-
tal) and 5b (simulated) show the CBED pattern in ZOLZ
along the[0001] direction; both patterns show the symme-
try 6. Figures 5c (experimental) and 5d (simulated) show the
ZOLZ pattern along the

[
1120

]
direction; in both cases, the

absence of the forbidden reflections is observed, although the
dynamic lines were not registered in 5c because of experi-
mental conditions [4,6]. In Figs. 5e (experimental) and 5f
(simulated), Kikuchi lines in FOLZ and ZOLZ are shown.
We observe, therefore, in Fig. 5 that the experimental and

FIGURE 5. Experimental (a,c,e) and simulated (b,d,f) CBED pat-
terns for sHAP. a) and b)[0001] CBED in ZOLZ, c) and d)

[
1120

]
,

e) and f) Kikuchi lines pattern with CBED in ZOLZ and FOLZ
along

[
1120

]
direction. Note the similarity of these patterns.

simulated CBED patterns for HAP show very good sim-
ilarities. Unfortunately, the experimental CBED patterns
are not as good in quality because of experimental condi-
tions [4-6,9,10], and we are unable to make a better com-
parison.

4. Discussion

With the above results, using Table I, wich shows the rela-
tionship among the symmetries observed in the CBED pat-
terns and the point groups for the hexagonal system, we find
the possible point group forsHAP [1,9]. We observe that
ZOLZ indicates the symmetry 2mm (Figs. 1b and 1c), gen-
erating the projection diffraction group 2mm1R, while the
6-fold symmetry produces the projection diffraction group
61R (Fig. 1a). CBED patterns in FOLZ and SOLZ indicate
the 6-fold (Fig. 3a) and “m” (Figs. 3b and 3c) symmetries,
while the central disk indicates the 6 mm (fig. 4a) and “m”
(Figs. 4b and 4c) symmetries. Therefore, the possible projec-
tion diffraction groups are 2 mm1R for both the

[
1010

]
and[

1120
]

directions, and 61R for [0001]. This indicates that
sHAP shows group 6/m in the[0001] direction and the
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528 E. SÁNCHEZ-PASTENES AND J. REYES-GASGA

TABLE I. Diffraction patterns and corresponding point-groups for a hexagonal system. In bold, the most probable diffraction groups and
point groups forsHAP are enhanced

Zone Symmetry Projection Diffraction Possible point

axis in ZOLZ diffraction group groups groups

[0001] 6 61R 6 6

6R -3, m3

61R 6/m[
1120

]
2mm 2mm1R 2mRmR 222,422,42m,622,23,432

2mm mm2,6m2

2RmmR 2/m,mmm,4/m,4/mmm,

2mm1R -3m,6/m,6/mmm,m3,m3m

mmm,4/mmm,6/mmm,m3,m3m[
1010

]
2mm 2mm1R 2mRmR 222,422,42m,622,23,432

2mm mm2,6m2

2RmmR2/m,mmm,4/m,4/mmm,-

2mm1R 3m,6/m,6/mmm,m3,m3m

mmm,4/mmm,6/mmm,m3,m3m

TABLE II. Source of the dynamic extinctions in the order zero reflections of CBED patterns for hexagonal structures. In bold, the most
probable element of symmetry forsHAP is enhanced.

Unique line of the Perpendicular line of the Elements of Symmetry

layer-zero of extinction. layer-zero of extinction.

mR 2mRmR Parallel screw axis to each line of extinction

2mRmR 4mRmR

m 2mm Glide planes parallel to the axis zone and each line of extinction.

2m 4mm

2RmmR 4RmmR Glide: if parallel to complete mirror plane

Screw: if perpendicular to the complete mirror plane

2RmmR Parallel glide and perpendicular screw at complete mirror plane.

m1R 2mm1R Glide plane and screw axis parallel a each extinction line..

2mm1R 4mm1R

groups 6/m and 6/mm in the
[
1120

]
and

[
1010

]
directions,

respectively. Therefore, the most probable point group is
6/m.

We know that thesHAP unit cell is hexagonal primitive.
This indicates the P6/m as a space group. Therefore, to un-
ambiguously determine the space group, it is necessary to an-
alyze the formation of dynamic lines in the CBED patterns,
which are shown in Fig. 2. For this we use Table II, which
indicates the symmetry elements that produce these lines ac-
cording with the diffraction group obtained in Table I (i.e.
2mm1R). The absences along the

[
1010

]
and

[
1120

]
direc-

tions correspond to the reflections 00l (l odd), which indi-
cates a screw axis 21 along the c-axis contained in the sym-
metry 63. Therefore, the space group ofsHAP is P63/m.

Now we know the main characteristics and elements of
symmetry of the CBED patterns forsHAP. With these re-
sults in mind, we are now in a position to elucidate the origin

of any additional crystallographic element thatnHAP could
present in its electron diffraction patterns, both in SADP and
CBED. For example, the experimental observation of forbid-
den reflections in SADP patterns of human tooth enamel [5]
was reported some time ago. These reflections belong to the
family (000l) with l = 2n + 1, which are not allowed by the
space group P63/m. Some attempts to explain these obser-
vations have been reported, both from the experimental [5-7]
and theoretical point of view [9,12]. However, all efforts have
fallen short, because of the experimental limits of the equip-
ment used [5-7].

Reyes-Gasga and Garcı́a-Garćıa [12] have calculated the
ballistic damages produced by the electron beam of different
electron microscopes insHAP samples; from this calculation
it was found that the OH ions are weakly bonded and eas-
ily displaced. Thus, the electron beam energy used for the
observation ofnHAP samples with electron microscopes is

Rev. Mex. F́ıs. 51 (5) (2005) 525–529
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enough for to produce a breakdown of the original structure
in HAP crystal, the screw axis mainly.

All these results together must be taken into account
for the crystallographic structural characterization ofnHAP
from the experimental and theoretical points of view.

5. Conclusions

From the simulated patterns forsHAP shown in this work,
it is concluded that the CBED patterns present the symme-
tries 6mm and “m” in the central disk, 6-fold and 2mm in
ZOLZ, and 6-fold and “m” in HOLZ. The hexagonal unit cell
presents the 6/m point group and P63/m space group. The
non-existence of the reflections 00l (l odd) is characteristic

of the P63/m space group. Therefore, the experimental ob-
servation of these reflections innHAP [5,9,10] indicates the
breakdown in symmetry because of some chemical element
substitutions, as reported elsewhere. Unfortunately, its exper-
imental analysis remains a great experimental challenge.
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haz convergente.M. Sc. Thesis on Materials Science UNAM
(Mexico 2000).

7. M. Reyes-Reyes, J. Reyes-Gasga, and R. Garcı́a. Tip. Revista
Especializada en Ciencias Quı́micas-Bioĺogica4 (2001) 40.
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