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Global sensitivity analysis of dispersion maximum position of
photonic crystal fibers with circular holes
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We apply global sensitivity analysis technique to investigate the dispersion characteristic maximum behavior of single-mode photonic crystal
fiber regarding geometric parameters variation. There have been considered two cases with 5 and 7 parameters. Results demonstrate
significant differences in tilt and even the opposite signs slopes of the dependencies when varying different parameters. This fact allows
fine tuning the PCF parameters with high flexibility and efficiency. Comparing the 5 and 7-parameters scheme reveals very low differences.
However, additional two parameters may be useful for precise tuning of the dispersion characteristic.
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1. Introduction

Microstructured fibers have recently become popular due to
their numerous applications for fiber lasers [1], supercontin-
uum generation[2] and pulse reshaping [3]. A special class of
microstructured fibers called photonic crystal fibers (PCFs)
can be separated. A PCF cladding is formed by a periodic
array of holes known as photonic crystal (PhC). One of the
most important points of PCFs is wide-range dispersion man-
agement [4].

Over the last years, there have been presented numer-
ous designs of PCFs possessing specially-designed disper-
sion [5,6,7]. However, it is not exist a universal technique
which would allow tuning the PCF dispersion without using
optimization methods.

In our work, we investigate the sensitivity of single-mode
PCF dispersion regarding to variation of its basic parame-
ters. This allows to fine-tune the position of local maximum
of the PCF dispersion while maintaining other properties un-
changed.

The work is organized as follows. First, we discuss the
dispersion computation method that is suitable for the global
sensitivity analysis. Then we present the global sensitivity
analysis for two specific sets of variable parameters.

2. PCF dispersion computation using plane
wave expansion method

The dispersion of the PCF at the specific wavelength can be
found using following expression:
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Hereω(β) is a dispersion relation. In case of a single-
mode PCFβ is always the same as the fundamental mode

propagation constantkz due to strong mode field localization
within the PCF core [8].

There exist various methods to compute the dispersion
relation such as plane wave expansion (PWE) [9], finite dif-
ference time-domain (FDTD) [10], finite elements method
(FEM) [11,12], multipole method (MP) [13] etc. Each me-
chod provides different accuracy and takes different compu-
tation time.

We have selected the PWE method as it provides the
fastest solution giving both eigen-frequency and the mode
field distribution which is important since the PCF profile is
generated randomly in global sensitivity analysis.

The master-equation solved with PWE method takes fol-
lowing form [9]:
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In order to take into account material dispersion, the per-
mittivity at the specific frequency is found using the Sell-
meier’s equation with parameters taken for fused silica. Cor-
responding value is then substituted into unit cell Fourier
transformχ(~G− ~G′).

Solving the equation for specific values of the propaga-
tion constantkz gives both eigen-frequencies of the fiber and
the mode field distribution.

Several PCF dispersion characteristics have been com-
puted using the PWE method and compared with FEM re-
sults [11]. There are certain defects during numerical pre-
cission error (such as peaks around 1800 nm) which can be
corrected or eliminated with post-processing. However, the
most of the points are very close (less than 1% deviation) to
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FIGURE 1. PCF dispersion computed with FEM (dotted lines) and
with PWE method (solid bold lines).

FIGURE 2. Variable parameters for center-symmetric PCF.

the FEM results. Although such accuracy is insufficient for
precise PCF characterization, it is enough for optimization
purposes as well as for global sensitivity analysis.

3. PCF fiber parameters and objective func-
tion definition

One of the most important advantages of the PCF is its non-
solid nature which make possible to modify its core and
cladding structure in many different ways. Particularly, in
this work there has been investigated the PCF dispersion with
the near-core area being modified in two different manners:

• Center-symmetric fiber with constant radii within a
single ring (see Fig. 2).

• Hexagonal-symmetric fiber with radii varying within a
single ring (see Fig. 5).

To perform global sensitivity analysis each parameter is
modified randomly within reasonable range and the disper-
sion of the resulting fiber is calculated.

The investigation purpose was to find a fast and easy way
to adjust the position (i.e. wavelength and the value) of the
PCF dispersion maximum. Therefore, we have only taken the
value and the wavelength of the local dispersion maximum in
case the PCF possesses one.

3.1. Global sensitivity analysis of the PCF dispersion

In general, a sensitivity analysis refers to a study of how the
uncertainty in the output of a mathematical model or system
can be apportioned to different sources of uncertainty in its
inputs [14]. A related practice is uncertainty analysis which
has a greater focus on uncertainty quantification and propaga-
tion of uncertainty. Ideally, uncertainty and sensitivity analy-
sis should be run in tandem.

In this work, there has been investigated sensitivity of the
wavelength and the value of the PCF dispersion maximum
according to variation of its geometric parameters. Namely,
we varied the PhC pitch defining the scale of the fiber, the
relative radii of the holes that are closest to the fiber core and
the radius of the rest of holes.

4. Sensitivity analysis for center-symmetric
fiber core with 5 parameters

The PCF refractive index profile has been defined as a system
of holes organized into a hexagonal 2D structure in fused sil-
ica. The core is created by missing central hole. The core is,
therefore, surrounded by several rings of holes.

First, there has been studied the sensitivity of the disper-
sion maximum value and its wavelength to variation of the
holes radii of three rings closest to the core, the radii of the
rest of the holes and the pitch. The first parameter named P1
is the pitch while other 4 parameters correspond to radii of
the holes circles as demonstrated in Fig. 2.

All 5 parameters were randomly generated within defined
limits. Namely, the pitch varied within1 µm - 2 µm. Em-
pirically it has been found that the PCF with pitch outside
these limits can barely possess all-normal dispersion with a
local maximum. As for the holes radii, their natural limits are
0− 0.5 · a. However, basing on empirical data, we varied the
radii within 0.1 · a− 0.5 · a, wherea stands for PhC pitch.

During the simulation, not all dispersion curves have been
taken into account. We only took into account those charac-
teristics where the local maximum is found. Moreover, due
to the PWE method peculiarities, the field distribution should
be analyzed to avoid fake results after the fundamental mode
cut-off. Analyzing the mode spatial distribution, we can de-
tect the fundamental mode cut-off when the field intensity far
from the PCF core exceeds 1% of the intensity in the center
of the mode.

Each characteristics that satisfy the above mentioned con-
ditions are analyzed and the maximum wavelength as well as
corresponding dispersion value is extracted. These character-
istics are plotted against each parameter. In Figs. 3 and 4
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FIGURE 3. Global sensitivity of the dispersion maximum wavelength.

FIGURE 4. Global sensitivity of the dispersion maximum value.

the name of the parameter as well as the approximating equa-
tion is shown above each plot. The sensitivity as respect to
each parameter is found by calculating the derivatives of ap-
proximating linear function as follows:

Sσ
Pi

=
σPi∂Y

σY ∂Pi
, (3)

whereσPi andσY are standard deviations of the parameter
and the computed value.

Therefore, the less scattered the plot is, the more corre-
lated is the output to the parameter. For the PCF this means
that if the absolute value ofSσ

Pi
is high, the contribution of

corresponding parameter is high as well and varying this pa-
rameter one can tune the PCF characteristic efficiently. For
instance, in Fig. 3 the derivative (i.e. inclination) for the P2 is
slightly larger than the one for the P4. However, due to larger

points scattering its sensitivity is lower. Hence the maximum
dispersion wavelength tuning will be more efficient if one
vary the radii of the external PhC holes (P2) rather than the
radii of the second ring (P4).

Analyzing the sensitivity of the dispersion maximum
wavelength presented in Fig. 3 we can mention almost linear
wavelength shift with increasing PhC period. This is quite
obvious and follows from the scalability of the PhC charac-
teristics. Even though the refractive index dispersion is taken
into account, it does not contribute essentially into a charac-
teristic nonlinearity.

The wavelength sensitivity to the parameter P2 that is the
radius of all the holes outside the third ring, possesses almost
the same inclination as for the P4. On the other hand, the
wavelength sensitivity to the radii of the first (parameter P3)
and the third (parameter P5) rings are negative. The deriva-
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FIGURE 5. Variable parameters for center-symmetric PCF.

tive as respect to the parameter P5 is about 200 times lower
than the one of P3 and the scattering is obviously much
higher. Therefore we see quite low wavelength sensitivity
to the parameter P5.

As for the sensitivity of the dispersion local maximum
value, the results are quite different. First, all the derivatives
are positive. The dispersion value possesses quite large in-
clination as respect to varying pitch, however, the scattering
here is large as well which gives quite low sensitivity. The
most influent parameter in this case is P3 which corresponds
to the holes radius of the first ring. The dispersion possesses

much lower sensitivities as respect to P2, P4 and P5 parame-
ters.

There should be mentioned several important details
when selecting the PCF parameters. Namely, in the Fig. 4
in case of the parameters P2 and P3 the dispersion maximum
values are concentrated below certain linear boundary. Par-
ticularly, the dispersion maximum when P2 parameter is less
than 0.3 is limited with the lineY = 833 ·X − 100. More-
over, no dispersion maximum is found at low P2 parameter
values (i.e. radii of the external holes). As for the variation
of the P3 parameter, the dispersion maximum here is limited
from above with the lineY = 333 ·X − 8.3.

Therefore, we can see that the sensitivities of the dis-
persion maximum wavelength and value are different for the
same parameters. This fact provides high flexibility in tuning
the PCF dispersion characteristic.

5. Sensitivity analysis for hexagonal-
symmetric fiber core with 7 parameters

To improve the accuracy of the PCF dispersion tuning, in the
next step there have been studied the sensitivities of the dis-
persion maximum wavelength and value as respect to varia-
tion of 7 parameters. The parameters are taken to form hexag-
onal symmetric PCF since the modes in this kind of fibers
usually possess hexagonal symmetry as well. Again, for the
simplicity we consider circular holes only.

As in previous study, the P1 parameter stands for PhC
pitch. The rest of parameters are shown in Fig. 5. As is seen

FIGURE 6. Global sensitivity of the dispersion maximum wavelength.
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FIGURE 7. Global sensitivity of the dispersion maximum value.

from the figure, the parameters P2 and P3 are the same as
in previous study. Again, the P2 holes confine the radiation
within several hole-rings around the PCF core. As for the
P3 parameters, it is impossible to divide it into smaller parts
without breaking the hexagonal symmetry.

The analysis of the results discovers similarity of the sen-
sitivity as respect to the variation of the P1, P2 and P3 pa-
rameters which is quite obvious since the parameters are the
same as in previous case.

On the other hand, the sensitivity accordint to the rest
of parameters in this case is lower than that of the central-
symmetric fiber. This allows two-stage parameters selection.
During the first stage, the approximate values of the disper-
sion maximum position are set by selecting P1–P3 parame-
ters. Then the fine-tuning is made by varying the rest of the
holes radii.

In general, extra parameters do not introduce significant
tuning possibilities into PCF dispersion maximum tuning.
However, they may be important when tuning high-order dis-
persion of the PCF.

6. PCF dispersion tuning

As an example of computed characteristics application, there
has been found the structure of the PCF which possesses all-
normal dispersion and the dispersion maximum wavelength
is 0.9µm. For simplicity, we use 5-parameters model. How-
ever, fine-tuning the dispersion characteristic may require 7-
parameters model.

Since the sensitivity analysis included the dispersions
with local maximum only, we have first found approximate
PCF parameters which give the dispersion characteristic lo-
cal maximum. This PCF parameters as well as further tuning
process details are depicted in the Table I.

The dispersion of the fiber with initial set of parameters
corresponds to the line 1 in the Fig. 8. In this case, the dis-
persion maximum wavelength is0.87µm and the dispersion
curve in its maximum is positive.

First, we modify the PCF parameters to move all the dis-
persion curve into negative values. According to the sensitiv-
ity analysis results, the value of the dispersion maximum is
the most sensitive to the variation of the parameter P3, which
in this case should be lowered.

Resulting PCF (line 2 in Fig. 8) possesses all-normal dis-
persion. However, the wavelength of the maximum is now
shifted into the long-wavelength region. To lower the wave-
length, there are two options. The most obvious way is to
lower the PhC period (parameter P1).

The PCF dispersion (line 3 in Fig. 8) is now shifted to 0.9
as desired. The only disadvantage of scalability is that the
fundamental mode cut-off decreases as well, which may be
critical in case of wide-spectrum applications.

The other way is to tune the parameter P4. Lowering the
P4 results in short-wavelength shift of the dispersion max-
imum while decreasing the dispersion value which allows
maintain the characteristic below zero dispersion. On the
other hand, the PhC period and, therefore, the scale of the
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TABLE I. The PCF dispersion at different tuning stages.

fiber does not change which does not vary the fundamental
mode cut-off.

The resulting fiber (with dispersion shown with the line 4
in Fig. 8) possesses all-normal dispersion at the desired wave-
length and the fundamental mode cut-off is not changed as
respect to the initial fiber.

7. Conclusions

In the paper, there has been made an attempt to generalize
PCF dispersion tuning. For this reason, global sensitivity

analysis of the dispersion maximum position has been per-
formed and analyzed.

Although present study still does not demonstrate direct
correlation between the PCF dispersion curve and its parame-
ters, the sensitivity analysis of the fiber dispersion maximum
behavior can be effectively used for wide-range dispersion
tuning as well as for fine-tuning the final dispersion charac-
teristic.

In memory of professor Igor Sukhoivanov.
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