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We present herein the results of a numerical simulation of a periodic flow which take place in a channel and an open domain. To investigate
this flow we solve the fluid dynamics equations in the vorticity-stream function formulation by using a pseudospectral method based on
Chebyshev polynomials. According to these numerical simulations, a pair of counter-rotating vortices (known as a dipole) forms during each
period. The lifetime of these vortices can exceed the driving period, which allows multiple dipoles to coexist. The attention is focused on
the interaction of vortices. A possible outcome is that dipoles created in consecutive periods coalesce. Another outcome is the formation of
vorticity spots in front of the emerging dipole which reduce the dipole speed. On the other hand, it is observed that a fraction of the vorticity
created into the channel cannot incorporate to the vortices, leading to the formation of a vorticity band between the channel mouth and the
dipole. Based on this fact an analytical model is proposed to describe the properties of dipoles emerging from the channel; the results of
this model are consistent with numerical data. The parameters governing the development of this flow are the Strouhal number, whose value
determines the intensity of the dipole interaction, and the Reynolds number, whose growth leads to the emergence of instabilities and to the
breaking of the flow symmetries.
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1. Introduction utive dipoles. The interaction between consecutive vortices
leads to phenomena such as the coalescence of vortices or the
Counter-rotating vortex pairs (known as “dipoles”) are ob-reduction of its translational speed. Such vortex interactions
served in flows exiting channels. Examples of these strucand vortex mergers have been studied before in various exter-
tures have been reported, for example, in laboratory expenal flows both numerically and experimentally [2, 10, 13].
iments for tidal starting-jet vortices [9], in geophysical sys- A previous work [8] has shown that, for small Strouhal
tems such as the Venetian lagoon [6], and in gulfs in northermumbers, two or more dipoles may coexist without appre-
Patagonia [1]. Depending on the tide stage, the flow rate cagiably interaction. However, the main interest of the present
be positive (seaward flow) or negative (inward flow). Wells—work is to study the coexistence of dipoles and their inter-
van Heijst [14] modeled the generation and evolution of aaction. To achieve this objective, we present results of nu-

dipole in which the flow is the sum of a linear source (or merical simulations with the Strouhal numbers between 0.05
sink) and two vortices of equal strength and opposite signand 0.1.

ACCOI’ding to this mOdel, whether the vortices €scape or re- This paper is organized as follows: Section 2 describes
main near the channel depends on the Strouhal nuifiber he geometry of the system, the equations governing the
which is defined as flow, and the methodology. We introduce two dimension-
ﬂ7 (1) less parameters and the quantities calculated with the numer-

ur ical method; namely, vorticity, stream function, and veloc-
where H; is the channel width/ is the maximum velocity ity field. Section 3 presents numerical results that describe
of the fluid at the channel output, addis the driving pe- vorticity and dipole evolution. We discuss the interaction be-
riod. ForS < 0.13 the circulation and the size of the vortices tween dipoles, the coalescence of vortices, the formation of
grow at the beginning of each cycle and, given sufficient timethe vorticity spots, the formation of a vorticty band between
dipoles escape because of their self-induced velocity. Corthe channel mouth and the dipole, and the destruction of vor-
versely, forS > 0.13, dipoles are sucked inward during the tices by two different processes: diffusion and the emergence
stage of negative flow rate. of instabilities. Section 4 proposes an analytical model that

Although the Wells—van Heijst model (hereafter referredtakes into account the fact that not all vorticity leaving a chan-
to as the W-H model) correctly describes the conditions unnel is incorporated into dipoles. This model is intended to ex-
der which dipoles escape or are retained, it fails to reproducplain the behavior of dipoles for small values of the Strouhal
features such as the smalldipole properties. Otherwise, the number. In Sec. 5 we compare the numerical results with
model is not intended to account the persistence of dipoles fa@ome observational and experimental data. Finally, Sec. 6
more than one period, or the interaction between two conse@oncludes and summarizes the paper.
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U = Qo/H;. From this definition, the dimensionless flow
rate is
FIGURE 1. Diagram of a channel connected to an open domain. A
pseudospectral method based on Chebyshev polynomials is used to Q = sin(27St), @)

calculate the numerical solution, which requires slicing the space
into four recta_ngular subdo_mams. Dark lines correspond to SOl'dWhereS is the Strouhal number [Eq. (1)].
walls, dotted lines are the intersections of the domains, and gray
lines are open borders. A parabolic distribution of fluid velocity is
imposed in the channel entrance (blue curved line).

Equations (4) and (5) must satisfy the initial conditions
and boundary conditions. For the initial conditions, the flow
rate is set to zero so that both the stream function and vorticity
vanish at = 0. For the boundary conditions, we impose that
the velocity vanish at solid boundaries. Because the stream
function« is now the unknown, the no-slip condition must

The flow between a channel and an open domain may b€ given in terms of the flow ratQ(¢). The condition that
modeled by solving the continuity and Navier-Stokes equalh® normal component of velocity be zero at the boundary
tions with appropriate initial conditions and boundary con-(¢n = 0) is equivalent to apply|rlgz,;’ = const., SO we use
ditions. In spatial coordinates, we do this by using a spec?’ = U at the boundaries marked "A" (see Fig. 1) and= Q)
tral method based on Chebyshev polynomials. Because thf¥ the boundaries marked *B." In addition, a parabolic profile
procedure applies to rectangular domains, we decompose tp@mposc_ad onthe velo_C|ty field at the erllt.rance of the channel
channel and the open domain into four subdomains, as showfgtrved line at left of Fig. 1). The condition that the tangen-
in Fig. 1. The channel entrance is indicated by the bludia! velocity be zerog, = 0) requires a more subtle treatment
curved line in Fig. 1, and the channel output is the intersecPecause itis equivalent &) /on = 0. N

tion between domaing) and@). Although solving Eqg. (4) under the conditiah= const.

For an incompressible fluid, the Navier-Stokes and conis sufficient, at this step we have no boundary condition for
tinuity equations take the form ’ the vorticity equation. The usual procedure to overcome this

difficulty is known as the influence matrix method [11]. In

2. Theoretical framework

Di - 1y this method, a set of solutions for the vorticity equation—

Dt F=VP+ EV U, (2)  without the nonlinear term nor the terms evaluated at previ-
. ous times—is calculated in a preprocessing stage. An indi-
V.u=0, (3)  vidual solution is obtained by imposing = 1 at a point on

) i i the solid boundaries and = 0 elsewhere. Next, the solu-
where Re= U H, /v is the Reynolds numbew,is the kine- (o of the full vorticity equation is calculated by imposing
matic viscosity and)w/ Dt is the total derivative. The EQs. 2, _ () at all solid boundaries. The solution satisfying zero
and 3 have been written in dimensionless form. To do this W, gential velocity along the solid boundaries is obtained as
use as the representative veloditthe maximum velocity at 5 jinear combination of the latter solution and the set of so-
the channel, the characteristic lendth is the channel width, |,tions obtained in the preprocessing stage. Finally, for the
and the representative timeris= H, /U. open boundaries, the Neumann condition is imposed the

~An alternative way to study the flow in two dimensions normal derivatives of the stream function and vorticity are set
is by using the vorticity-stream function formulation. To this t zero).

end we introduce the stream function [12]which is related

to velocity by = V x k. The next step is to apply the curl 5 1. Methodology

operator to Eq. (2) and to apply the definition of vorticity,

& = V x @. In the resulting equation, the pressure gradienfThe differential equations (4) and (5) are solved by using the
vanishes, leaving us with a scalar equation. The equations ©hebyshev pseudospectral method for spatial coordinates,
solve for the vorticity-stream function formulation are: whereas a second-order Adams—Bashforth scheme is used to
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Strouhal number. In all these cases, the dipole lifetime ex-
TABLE |. Number of pointsn, andn, for all domains shown in  tends over several driving periods, allowing interactions be-

Fig. 1. tween dipoles to arise in the different cycles.
Domain Ng Ny
@ 300 80 3. Vorticity and dipole properties
@ 300 100
3 300 100 In a periodic driving flow, a dipole is formed during each cy-

cle. An issue raised in this work is the dipole lifetime. In
most cases, the lifetime extends over several cycles, in which
case two or more dipoles may coexist and interact. This inter-
action modifies dipole properties such as speed and vorticity
and, in some cases, the vortices can coalesce. On the other

@ 128 80

TABLE Il. Length of domains for different Strouhal numbers and
for all domains shown in Fig. 1. In this cage= h(,) = h(q).

S$=005 S=0065 S=0.08 S=0.1 hand Wells & van Heijst [14] have deduced that the condition
h/H, 9 9 9 9 S < 0.13 suffices for a dipole to escape. Their model is based
L/H, o8 o8 o5 20 on the assumption that all vorticity created inside the channel

during the first half period (when flow rate is positive) is in-
corporated into the vortices. The aforementioned assumption

determine the temporal evolution [11]. The numerical methis wWell satisfied forS = 0.13. However, it is not valid for

ods and methodology used are the same as used by Lopecimaller values of. In this case, a fraction of vorticity is not

Sanchez & Ruiz-Chavarria [8]. The mesh size is determinedncorporated into the dipole, but forms instead a band in front

via the usual procedure: We begin with few points along theof the channel output. A consequence is that dipole speed is

bothz andy axis in all the domains shown in Fig. 1, and the lower than that predicted by the W-H model.

number of points was increasing until no differences were ob-

tained in the solutions in two successive refinements. Table3.1. Interaction between vortices

shows the number of spatial points used in the simulation for

all domains shown in Fig. 1. We have verified that results ard-or S < 0.13, the dipole created in the first driving period es-

resolution independent from these refinements. To completeapes the channel. But apart from this result and depending

the description of the system the length and width of eacl®n the particular value of the Strouhal and Reynolds numbers,

domain are given in Table II. different scenarios may occur. For instance, under certain
We use different Reynolds number for the numerical sim-circumstances a vorticity band appears in front of the chan-

ulations; namely, 400, 700, and 1000. Because we are irel mouth and behind the dipole, in other cases the dipole

vestigating interactions between dipoles, the choice of thés partially sucked back into the channel during the stage of

Strouhal number becomes crucial. We uSe= 0.05, negative flow rate, etc. The behavior of second and subs-

0.065, 0.08, and 0.10 to evaluate the effect of increasingguent dipoles depends not only on the dynamics of channel
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FIGURA 2. Vorticity distribution in X-Y plane forS = 0.08 and Re= 400. (a) A very symmetric vortex distribution appears at 4.167".
(b) ¢ = 6.56T". Seven vortices have emerged, Only the first and the seventh are present. The first one survives because the interaction with
other dipoles is weak and viscous dissipation is negligible. On the other the seventh dipole is in the stage formation.
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FIGURE 3. Vorticity distribution inside the channel for the intenviab2T" < ¢ < 2.34T for S = 0.08 and Re= 400. a) During the stage

of negative flow rate some vorticity is produced into the channel. This vorticity has a sign contrary to the vortex expelled at the beginning of
the cycle, b) The vorticty created into the channel is expelled to the open domain, ¢) The aforementioned vorticity forms two spot in front of
the vortices created during the present cycle.

flushing into the open domain but also on the presence of
dipoles created in previous cycles. Two conditions must
be fulfilled to have dipole interaction: a) the dipole life-
time exceeds a driving period and b) the distance between
two dipoles falls below a critical distance. In this section
we present the most important results for interacting dipoles.
Figure 2(a) presents the vorticity distribution corresponding
to S = 0.08 and Re = 400 at = 4.167. Five dipoles 5
are present. In addition, the distance between consecutive 4
dipoles is not constant. Further evolution can be seen in  3f
Fig. 2(b), which corresponds to= 6.567". At this time, the 2
first dipole is still present but the others, except the last one, 1, : L L L L . >
have disappeared because of the combined action of viscosity LT
dissipation and vortex interaction. The first dipole survivesg,yge 4. Position ¢ coordinate) vs time of second, third, and
because the fluid in front of it is at rest and viscous dissipafourth dipoles forS = 0.08 and Re= 400. Except for the first,
tion is weak. The evolution of the second dipole (and subseall dipoles stop because they are hindered by the previous dipole,
qguent dipoles) is as follows: it forms at the channel mouth,which is in their path.
then detaches after a while, and finally moves away. As it
moves, it is attenuated by viscosity until it finally disappears.in front of them. At the end all these three dipoles are dissi-
In addition to the two vortices emerging from the channel,pated.
two vorticity spots appear as a result of the vorticity created The solution differs for the same forcing (= 0.08) but
into the channel during the return-flux stage of the previousarger Reynolds number (Re 700). Only every other dipole
period. This process is ilustrated in Fig. 3, where vorticity escapes with the remaining being sucked back in. Figure 5(a)
distribution inside the channel is plotted for three differentshows the vorticity distribution for = 1.87; that is, during
times in the interval .907T" < t < 2.357. During the back the negative flow rate of the second cycle. The first dipole is
flow some vorticity is created into the channel as shown inocated atr ~ 5 whereas the second dipole is being sucked
Fig. 3(a). A fraction of this vorticity is expelled out at the be- back in. In addition two vorticity spots of opposite signs with
ginning of the next cycle (see Fig. 3(b) which finally forms respect the adjacent vortex are present. Figure 5(b) shows
the two spots (see Fig. 3(c)). These spots can be recognizeide vorticity distribution at = 4.47"; that is, during the fifth
by their opposite sign with respect to their partner vortex. cycle. As mentioned above, only the first, third, and fifth
To better understand the evolution of dipoles, Fig. 4dipoles are apparent. The second and fourth dipoles have al-
presents the positior: (coordinate) of the second, third, and ready been sucked back into the channel by the correspond-
fourth dipoles forS = 0.08 and Re= 400. Each one moves ing backflow. The first dipole moves away until the onset of
with a decreasing velocity. The dipoles cannot move farthethe backflow, so it deforms but does not enter the channel. At
than a certain distance when they are blocked by the dipolethe beginning of the next cycle, two vorticity spots appear in

$=0.08, Re=400
11 T T

10r

Second dipole

Third dipole
x g |

Fourth dipole
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FIGURE 5. Vorticity distribution in X-Y plane forS = 0.08 and Re= 700. (a) Att = 1.8T, the second dipole is sucked back into the
channel by the return flow. (8)= 4.4T'. The first, third, and fifth dipoles are shown. The second and fourth dipoles were sucked completely
back into the channel by the return flow.
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FIGURE 6. \orticity distribution in X-Y plane forS = 0.1, Re = 400, and at (a} = 1.497 and (b)t = 6.77. Only the first dipole
separates from the channel.

the vicinity of the channel output. These spots turn aroung&hannel and is finally sucked in. The third dipole evolves
the dipole, thereby reducing its speed, following which thesimilarly to the first one, and so forth. Finally, the fifth dipole
second dipole moves slowly with respect to the first so thathas no well-defined form because it is still in the formation
after a half period, it is positioned where backflow effectsstage.

are more intense. Thus, the second dipole moves toward the
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FIGURE 7. Vorticity distribution in X-Y plane forS = 0.065 at¢t = 3.477 and (a) Re= 700, (b) Re= 1000. To this point, symmetry is
preserved in both cases.
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FIGURE 8. Vorticity distribution in X — Y plane forS = 0.08, Re= 1000. (a)t = 2.47". The flow remains symmetric. ()= 3.67". The
flow begins to lose its symmetry and the second and third dipoles begin to coalesce. 4T'. All structures are nonsymmetric, even the
first dipole. After a while, the second dipole reaches the first dipole, but the two do not merge.

Increasing the Strouhal numbegrleads to a stronger in- ing in a concentration of vorticity near the channel output
teraction because the distance diminishes between succdsee Fig. 6(b)]. This is a consequence of the interaction be-
sive dipoles. To support this statement, we present resultsveen consecutive dipoles. Multiple dipoles do not coexist in
for S close to the threshold of the W-H model. Figure 6(a)the proper sense because after the first one, the others fail to
shows the vorticity distribution fo§ = 0.1, Re = 400 at  form.

t = 1.49T. Because this time corresponds to the second . . S .
) P Another question raised in this paper is the symmetry of

driving period, we see two dipoles. In addition, two vorticity )

' : . the flow. This symmetry depends both on the Reynolds and
spots appear in front of the dipole emerging from the chan trouhal numbeyrs Figﬁre 7pshows a very symmgtric distri-
nel. The same phenomenon aiso occurs in subsequent pe ution of vorticity fbrS = 0.065 and two different values of
ods, as seen in Fig. 6(b). Although this figure CorreSpond?Qeynolds number nan:ely Re 700 and Re— 1000. The
to the seventh cyclet (= 6.777), only two dipoles are ap- vorticity distribution corresponds tb= 3.47T. A different

parent, the first and the seventh, the latter of which is bein ) - - .
sucked back into the channel. In this case only the first dipol%(?ha\/'or happens fof = 0.08 and Re = 1000 as shown in

ig. 8. The figure shows the process of the lost of symmetry.

moves away from the channel, whereas subsequent dipol T e . . )
are sucked back into the channel during the backflow, resuIS-]%rt'C'ty distribution corresponding to three different times
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FIGURE 9. Vorticity distribution in X-Y plane forS = 0.065, Re = 400, and (a)t = 3.74T, (b)t = 4.23T, and (c)t = 4.67". The first
and the second dipoles coalesce.

are shown. In Fig. 8(a) and 8(b) & 1.4T andt = 3.6T *
respectively) the flow is symmetric. However, for= 4,2

(Fig. 8(c)) the symmetry is no longer conserved. The first
dipole escapes the channel influence and remains alignec ,
with respect to the symmetry axis. However, the symmetry

of dipoles produced in the second and third cycles is broken,
and the vortices do not follow the symmetry axis but take

lateral trajectories until they are finally destroyed. "

Merger of dipoles

A possible scenario in a periodic driving flow is that dipoles

created in two subsequent cycles approach each other, inteftcURE 10. Position of first (dotted lines) and second dipoles (con-
act, and finally coalesce. Vortex coalescence occurs in thitinuous lines) as a function of time for Re 400. The motion of
system in the form of a leap-frog process. Such a case i#e second dipole differs from that of the first.

shown in Fig. 9 forS = 0.065 and Re = 400, which we con-

sider to be the most representative. The vorticity distributiordipole ahead of the first dipole [Fig. 9(c)] and then the two
in Fig. 9(a) corresponds to the fourth period, so four dipolesoalesce.

are clearly recognized, but their intensities differ, which im-  Another case of vortex coalescence occursSos 0.08

plies that they do not have the same speed. When the secoadd Re= 1000 during the fourth cycle (see Fig. 8, already
dipole approaches the first, it enters a region where velocitpresented in the previous section). As expected, because of
field behaves like a jet. An enlarged view of the situation isa higher Strouhal number, coalescence occurs closer to the
shown in Figs. 9(b) and 9(c), emphasizing the coalescencehannel output than for the previous case. In Fig. 8(a), which
phenomenon. Because the velocity is greater between tt@rresponds to = 2.47, the first dipole is at approximately
vortices of the dipole, an induced velocity acts on the second = 7.5. The second dipole is close to the channel output
dipole, which modifies its shape so as to pass through the firgt: ~ 3) and the third dipole is in its initial stage. In Fig. 8(b),
dipole [Fig. 9(b)]. The induced velocity pulls the secondthe symmetry starts to break down and the third dipole
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sucked into the channel, leading to a concentration of vortic-
ity around the channel mouth [1].

3.2. Circulation

Based on the definition of circulation [3-5, 7], we calculate
this quantity in a domain containing a vortdX) @nd also the
circulation in the band formed in front of the channigl ().

The goal is to evaluate how much vorticty created into the
channel is incorporated to the dipole. With these results we
can explain the discrepancies between the prediction of the
W-H model and our numerical simulations for small values
of the Strouhal number.

FIGURE 11. Circulation for the cas® = 0.051, Re= 1000. The To calculate the circulation for the W-H modél\.1),
numeric total circulatiom o at timet = 0.447 is formed by the ~ we use the suggestion [14]

sum of the bandI{,ang and the vortexI{) circulations.I'ioal is less .

thanFW.H. 1
F:/iU(5)2ds.

approaches the second dipole, deforms, and elongates. Co- 0

alescence begins but, at the end of the process, the flow is In our caselJ(t) = Uy sin(2nt*/T'). By integrating, we
no longer symmetric, as depicted in Fig. 8(c). The mergedbtain X

dipole is not symmetric about the centerline and is approach- r— @ o TSiH(QWTt )]
ing the first dipole. 4 47 '

To better visualize the dipole coalescence in Fig. 10, weThen, the dimensionless circulation is
plot the position £ coordinate) of the first (dotted lines) and
second (continuous lines) dipoles as a function of time for T [t — %}
Re = 400 and all Strouhal numbers considered in this work. Twh = Ul — 1
The first fact we notice is that the distance traveled by the 0
dipoles decreases as the Strouhal number increases and, cariich is valid fort < 0.57
sequently, dipoles coalesce closer to the channel outptitas  The Fig. 11 shows the domains used to evaluatnd
increases. Conversely, the intersection of curves in Fig. 10,4 for S = 051, Re = 1000 at¢ = 0.447. The results
gives approximately the position and the time of coalescencarel’ = 1.156, I'hang = 0.6386, I'total = I' + I'pang = 1.7945;
(for a given Strouhal number). Fd&f = 0.05, the second Twy = 2.4265. That means that in this case the numerical
dipole catches up with the first at = 20 and¢ = 57,  simulation underestimates the production of vorticity into the
whereas forS = 0.065 the two dipoles coalesce at= 13  channel as compared with the W-H model.
andt = 4.57. For S = 0.08, the continuous and dotted In order to have a knowledge of the vortex evolution the
lines do not intersect, which means that the second dipoleirculation was evaluated during the first half driving period
never catches up with the first. In this case the second dipolfor S = 0.05, S = 0.065, S = 0.08, and three differ-
dissipates when it arrives at~ 8, whereas the first dipole ent Reynolds numbers, nameRe = 400, Re = 700 and
dissipates at ~ 15. When the Strouhal number reaches 0.1,Re = 1000. Figure 12 shows these results and, for compari-
only the first dipole detaches and subsequent dipoles arson, the prediction of the W-H model is included. Initially,

(a) $=0.051 (b) $=0.065 (c) S=0.08

P
& r

4 B &
4 * 4
’ o ’
4 Kd ’
‘ 4 G
’ ’ R . e
‘ ¢ J—— 0
‘ ” i,
i/ R ““m% o o
; S | f Hy,
15 ,‘ s if ,
o % yf
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3 g
g 5

== W-H model
—— Re=400
+ Re=700

==+ W-H model|
——Re=400
+ Re=700
Re=1000

Re=1000

0 0.1 0.2 0.3 0.4 05 0 0.1 0.2 0.3 0.4 0.5
t/T t/T

03 0.4 0.5

FIGURE 12. Circulation in half period for several cases and its comparison with the W-H model. Case R€=400,051 shown in (a) is
the most similar case to W-H model. While Reynolds number is smaller, the circulation is bigger
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FIGURE 13. Circulation of one of two vortices in the first two 0'55 : 35 . o 5 i
dipoles vst/T, for Re= 400, S = 0.065. The curve from the W- ' ’ t/T ’ ’

H model is shown for comparison. The W-H model only works for

the first driving period, so the W-H curve is intentionally shifted. ~ FIGURE 14. S = 0.065, Re = 400. Circulation before coales-

cence and circulation during and after coalescence. Circulation is

all numerical curves have the same trend but, after7/4 "ot conserved because of dipole dissipation.

they begin to separate from each other. The biggest Reynolds he first dinole. th ) irculation is al h
number corresponds to the lowest circulation and vice versa.0r the first dipole, the maximum circulation is almost the

The discrepancy is due to the fact that in the case Re = 10087 € 35 that in I_:ig. 12(.b)' Thg cir_culation_is less in the sec-
the dipole moves faster than in the case Re = 400, therefor%nd dipole than in the first, which is explained by the pres-

the vorticity has more time to incorporate in the latter case®"'C€ Of VOrticity spots of opposite sign in the vicinity of the
than in the first case. That is why the maximum value of thesecond dipole that are not present around the first dipole. The

circulation is smaller for Re = 1000 than for Re = 400. Oth—lc?welr ci:{culation in the secolrzddd(ijpo!e s Lhe reasonfwhy some
erwise, for the three values 6fconsidered in the figure, the ipoles forS < 0.13 are sucked during the stage of negative

numerical results fol' and the prediction by the W-H model flow rate. o
do not match; however, they have the same order of magni- Another insight about the vortex coalescence comes from

tude. For smalt, the curve of the W-H model is proportional c&lculating the circulation before, during and after the coa-

to#3 (as it will be shown in the next section) whereas the nu/ESCeNce in a symmetric and representative cése:0.065,
Re = 400. Figure 14 shows the circulation of the first and

merical data are proportional toThe difference is related to : ) i i
how vorticity is created in the channel and expelled outward€cond dipoles and their sum just before the dipoles coa-
lesce, and after of this coalescence. The circulation of the

into the open area. X . :
According to Lopez-Sanchez & Ruiz-Chavarria [8], for merged dipole is lower than the sum of the first and second
S < 0.05, the total vorticity obtained by numerical sim’ula— dipole circulation just before to coalesce. This fenomenon is
: due to the coalescence process leads to partial filamentation.

tion exceeds that predicted by the W-H model, Bggq> T _ )
That means that, for a Strouhal number less than 0.05, dipofghese small scales filament leave the main structure, and they

speed is less than half that predicted by the model. In thare eventually dissipated because of the viscosity. The result
present work,S > 0.05, so discrepancies with the W-H shows that the circulation is not conserved in the coalescence

model are smaller, although the vorticity band still appears. Process for the viscous case.

Let us point out other features of circulation. Firkt,
curves for a fixed Strouhal number are closer$oe= 0.08 4
than forS = 0.05. This means that the circulation depends
more weakly on the Reynolds number as the Strouhal numypye|is & van Heijst [14] developed a model to describe the
ber grows. Moreover, Fig. 12 shows that the maximum Cir-creation and evolution of dipoles in tidal-induced flow. In
culation happens befor&/2 in the numerical simulations, thjs model, the flow is composed of two point vortices and a
whereas it occurs &f/2 in the W-H model. The viscosity is  time-dependent source. Their properties are those given by
responsible for such behavior because the dissipation reducggtential theory, so no dependence on Reynolds number ap-
the circulation. pears because the viscosity is not taken into account. First, in

Figure 13 plots the circulation of the first and secondthis model the dipole moves with a speed of
dipoles over a time interval lying in the second forcing cy-
cle for S = 0.065 and Re= 400. In this interval, the first o L )
dipole is already formed and the second dipole is forming. 47 ond’

Analytical Model
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at the channel mouth. I, (t) > U(t), then the vortic-

ity created in the channel is no longer incorporated into the
dipole. This can be seen in Fig. 15, which shows both the
velocity of the fluid at the channel moutt') and the dipole
speedu, (both multiplied byS) as a function of time for

S = 0.0075 andS = 0.1. ForS = 0.0075, both curves in-
tersect at. = 0.14, and forS = 0.1 the intersection happens
att. = 0.43. Roughly, this value of gives the upper limit

of the interval during which vorticity leaving the channel is
incorporated into a dipole. Consider the case= 0.0075.

T TN s Initially, flow velocity exceeds dipole speed, so fluid particles
ol e S —=) leaving the channel reach the dipole and consequently vortic-
07l ,/ . i ity is incorporated into the dipole. However, according to the
os | / ‘\\ . W-H model, the dipole speed increases continually until the
0s - /" ‘\\ ] end of the half period, leading to the predictiop > U.
osr / This is not true because, whety > U, the particles trans-
N porting vorticity cannot reach the dipole. If the circulation
Zf ,// no longer increases, the dipole speed attains a constant value,

o | x . , . which is roughly that of the intersection of curves in Fig. 15

0 0.05 0.1 0.15 0.2 tO/Z; 0.3 0.35 0.4 0.45 0.5 (i.e.' WhenU _ ud).

F.IGURE 15. Flow. ve!ocity at F:hannel output (dashed line) and 1 1 sin(4rt)
dipole speed (solid line) vs time for (& = 0.0075 and (b) — sin(27t) = (t — ) . (12)
S = 0.1. Both quantities were multiplied by S to have a maxi- S 4m5? 4m

mum flow velocity equalto 1. To estimate this speed we must determine the root of

Eqg. (12). To this end we Taylor expand both sides of this

wherel is the circulation of a single vortex antis the dis- X , i )
£quation to third order, which gives

tance between vortices. The vorticity that feeds the dipole i
created inside the channel. To evaluate the circulation we use 65
dimensional arguments: First, the vorticity in the channel is te =\ 5 5a (13)
of the order ofw = U/(26), ¢ is the thickness of the bound- 2+4m>5
ary layer. Then, if we assume that all vorticity created in theSubstituting this time into Eq. (11) gives the speed of the
channel is incorporated into the dipole, the circulatiois  dipole. To calculate the position of the vortextat . we
the surface integral ab over the area covering all fluid leav- use Eq. (10). Another possibility is to Taylor expand this
ing the channel. Becausgis time dependent; is calculated  equation, which gives a first nonvanishing term of the order
by ) four and then the dipole position is
2
: / R Udt © 2(t) ~ ##. (14)
During positive flow rate]" grows because the vorticity
leaving the channel is continuously incorporated. If we nor-Consequently, the positioh at which dipole attains a con-

malizet by the periodl’ and let the velocity in the channel stant speed is 6
Y8

output bel (t) = sin(27t)/S, then the positior:(¢) and ve- kr~ ————. (15)
locity uq(t) of the dipole during the stage of positive flow (2 + 4725)
rate ¢ < 1/2) are Equations (13)—(15) are valid provideéti — 0. In this

case, timet. is small, so the Taylor expansion to third or
z(t) = 1 (1t2 + 1 [cos (4nt) — 1]> . (10) fourth order provides a good estimate of the original func-
AmS? \ 2 1672 tions. Table IIl gives the values af for variousS. If we
1 sin(4nt) calculate the root of Eq. (12) instead of using a Taylor ex-
= 4rs? ( T T ar > : (11) pansion, we find that Egs. (13)—(15) provide a good estimate
whent. < 0.25. In this respect, the value faf predicted
Both equations are valid provided that all the vorticity with S = 0.1 by Eq. (13) ist. = 0.32 (see Table IlI),
created in the channel is incorporated into the dipole. Theavhich differs from the value of 0.43 calculated directly from
results obtained in a previuos work [8] indicate that Egs. (10)Eq. (12).
and (11) are asymptotically recovered when— 0.13, but The value of & depends onS but, in any case,
this does not happen whéh— 0. The discrepancy for small k<(3/2)r=4.71. Dipoles evolve over three stages. In the
S arises from the fact that the dipole speed(¢)) given by first stage, the circulation of vorticeB, is well described by
Eqg. (11) exceeds, at a certain time, the fluid veloéit{t)  the W-H model, and the dipole position is proportionatto

ua(t)
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results: First, according to the satellite pictures in Ref. 1 the
TABLE IIl. Comparison of different distances over which dipoles channel length is small as compared with the channel width
move inT'/2 as given by W-H modelDw.4), our correction D), H,. Second, the dipoles in Ref. 1 lose their symmetry and are
and the numerical simulation®(um). The timet. after whichvor-  displaced less than in our numerical simulation because other
ticity is no longer incorporated into the dipole and the constant ve-cyrrents are involved in the system. Thus, the main compari-
locity u(i.) reached by the dipole are also included. son is qualitative, in the sense of the coexistence of multiple
S te u(te) Dw.r D Drum dipoles. _ . _

0.0075 014 875 176.8 35.1 23 We made also a comparison with two cases of Nicolau del
1 1 1 ) 1 Roure [9]; namelyS = 0.11 andS = 0.06. Att = 0.35T,
0.0 0.158 68. 99.5 6.6 936 the distance between dipole and channel outpdit is- 1.07
0.025 0.224 25.3 15.9 9.1 5.802  in the Nicolau experiment (Fig. 5 of Nicolau del Rowe

0.051 0.28 8.9 3.8 3.2 1.91 al., [9], corresponding t& = 0.11), andd; = 1.61 in our

0.065 0.29 6.3 2.4 2.2 1.42 numerical simulation. At the same time but f8r= 0.06

0.08 0.31 95 155 156 0.96 (Fig. 8 of Nicolau del Roureet al., [9]), the dipole posi-

01 0.32 3.0 10 11 0.78 tionisd; = 1.58, wheregs the numerical simulation gives
: ' : ' ) ) di; = 1.43. In both numerical cases Re 400.

0.11 0.32 2.54 0.82 0.92 0.67

0.15 0.34 1.44 0.44 0.53 0.48

6. Conclusions

In the second stage, the velocity is sufficient to prevent a furThis paper presents the results of some numerical simulations
ther dose of vorticity from arriving from the channel. The of a periodic flow between a channel and an open domain.
dipole speed is essentially constant. In the final stage, afterhe ultimate aim is to understand the formation mechanisms
t > (T'/2), the dipole is affected by the negative flow rate.  of multiple dipoles and the interactions between such dipoles.
The W-H model is recovered asymptotically wh€n—  Each cycle produces a dipole; if the dipole lifetime exceeds
0.13, which can be justified with the help of Fig. 15(b). This a period, two or more dipoles may coexist, which opens the
figure shows that two curves intersect when the dipole speegoor for interactions between vortices. In some cases this in-
is near its maximal value. Far> ¢. no additional vorticity  teraction leads to dipole coalescence. Such phenomenon oc-
is incorporated into the dipole, although this fact has smalturs as a leap-frog process when dipoles approach each other.
effect on the dipole speed. In addition to the vortex merger, another phenomenon is ob-
After a half cycle has elapsed, the dipole positionis  served, that is, the formation of the vorticity spots in front of
the dipoles leaving the channel. In some circumstances these
zy =k+ulte)(0.5—1). (16) spots are responsible for the fact that half of the dipoles are
. . . sucked back into the channel and the remaining dipoles es-
Table Ill compares data corresponding to th'? mod_el W'th theCape. This behaviour occurs because when a dipole forms,
result.s of the \,N'H model gnd of our nhumerical ,S'mU|at'0n'the spots (which are in fact small vortices) move around it,
Also In(?Iuded in the taple is the timg, the Ve|0CItyu(t?) thereby reducing its translational speed. Next, at the end of a
of thg dipole, and the distance traveled after a half period a%alf period, the vorticity spots are sucked back into the chan-
cordlng to our quell()), the W-H model Dw.+), and the nel. The next cycle produces no vorticity spots, so the dipole
numerical simulationsiPnym)- can escape.

The_s,e results_ show that the dipolle position after a half 5 result that has been highlighted in the paper is that for
period is overestimated by a factor five by the W-H m0d8|a flow with a Strouhal number below the critical value 0.13

for S = 0.0075. For higher values ofS, this overesti- o oy yorticity created in the channel is incorporated into
mate becomes less important. The modification of the W"‘Hipoles. The fraction of this vorticity grows &s— 0. A con-

model does not modify the criterion given by these authorge ence is that the W-H model overestimates the speed at-
regarding the condition for a dipole to escape because, fqhineq py the dipole. Based on this results we have proposed
S = 0.13, the dipole does not reach the positios k. an analytical model that provides results that are more consis-
tent with experimental and numerical data than those of the
5. Some comparative data W-H model. On the other hand, we could expect that the nu-
merical results approach the W-H model when the Reynolds
We compare dipole displacement obtained numerically imumber grows, because that model is inviscid. This happens
this work with data obtained by observation [1] and exper-only during the first stage of the dipole evolution. After there
iment [9]. To begin, we estimate the distances betweelis a discrepancy because the emergence of the vorticity band
dipoles and the channel in Fig. 7 of Ref. 1, which is for behind the dipole. The aforementioned discrepancy dimin-
S = 0.05; theresults ard; ~ 6.9 andd, ~ 2.8. Our numer- ishes whert — 0.13.
ical simulation givesl; = 7.68 andd, = 2.3, for Re = 400. Another important conclusion is that the evolution of the
Note that two important differences exist between these twdirst dipole is consistent with the W-H model in the sense

Rev. Mex. Fis63(2017) 386-397



FORMATION AND INTERACTION OF MULTIPLE DIPOLES IN A PERIODIC DRIVING FLOW 397

that, whenS < 0.13, the dipole moves away from the chan- servations reported in the literature, such as the coexistence
nel. However, the results f&f = 0.1 show that subsequent of multiple dipoles [1].

dipoles are sucked back into the channel during backflow

and that, as a consequence, vorticity is concentrated near t%cknowledgments

mouth of the channel.
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