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Numerical simulation of the dynamical properties of the human tympanum
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A numerical simulation of the dynamical properties of the tympanic membrane is presented. A simple and different simulation of the
vibratory patterns of the coupled system of the tympanum-malleus have been assessed by proposing the modeling of the tympanum throug
the vibrations of a forced elastic membrane, whereas the effect of the manubrium is introduced through a forced semi-membrane. We
propose the superposition of these waveforms as a model for describing the vibrations of the coupled system of the tympanum-malleus. Bott
waveforms have analytical representations leading to simple computations. The results of the simulation for the vibrational mode (1,1) show
an amplitude for the membrane larger than those for the handle of the malleus. The maximum amplitude obtained wagaroairal tést
frequency of 2 kHz. Also, level curves corresponding to the simulated vibrational modes were obtained. The numerical model presented can
be easily handled to change input parameters, such as sound pressure and frequency. Also, other situations such as the conical shape of
tympanum or some asymmetries could be considered.

Keywords:Tympanum-malleus system; membrane vibrations; forced semi-membrane.

Una simuladdn nurrérica de las propiedades dimicas de la membrana tidpica es presentada. Uretndo simple y distinto de simulami

de los patrones de vibraxi del sistema acopladontpano-martillo ha sido evaluado proponiendo la modéladel impano a trags de las
vibraciones de una membranasica forzada, en tanto que el efecto del mango del martillo es introducideéa tewna semi-membrana.
Se propone la superpogici de estos dos estados como un modelo para describir las vibraciones del sistema aicop&aunrhartillo.
Ambas soluciones tienen representacionesitices que llevan aalculos computacionales simples. Los resultados de la sindolgeira

el modo vibracional (1,1) muestran una amplitud para la membrana mayor que aquella para el mango del martéikimbsamplitud
obtenida fue de aproximadamenteufn, a una frecuencia de prueba de 2 kHz. Adepcurvas de nivel correspondientes a los modos
vibraciones simulados fueron obtenidos. El modelo @rico presentado puede saciimente manipulado para cambiar losgraetros de
entrada, tales como la présiy frecuencia del sonido. Asnismo, otras situaciones tales como la forndaica del impano o algunas
asimetfas pudieran ser consideradas.

Descriptores:Sistemafmpano-martillo; vibraciones de membrana; semi-membrana forzada.

PACS: 01.55; 02.70; 87.15.Aa

1. Introduction Several FEMs have particularly emphasized the role of

. . both the geometric and mechanical properties of the TM and
The study of the dynamics of the human tympanic membrgn%e coup?ing of the manubrium on tﬁe 2ardrum. Borgitz

9. [6] used a FEM of the human ME for parameter estima-

mechanism of the middle ear (ME). Experimental methods[ion of the TM, by comparison of the natural frequencies and

for studying the TM vibrations and the sound transm|SS|onmOole shapes of the TM between the model and the speci-
through the normal ME have been performed on temporal . . .
. . : : . mens. Drescheet al. [7] studied the geometric properties
bones in human cadaveric and animals, by using different ex- . ) . :
. : . of a human cadaver TM specimen and its coupling with the
perimental procedures. Simultaneously, computerized the- : - :
malleus by using a finite shell model. The mechanical cou-

oretical modeling of the human ME have been extensively . . .
. . o . ling between the TM and the manubrium was also inves-
carried out. Several pathological conditions such as stlffnes$

. . : S ; igated by Funnell [8]. He demonstrated the critical role of
fixation of the ossicular chain, chain disarticulation, etc., have : . .

curvature in the behavior of the eardrum. Mechanical prop-
been also analyzed.

| finite-el dels (FEM) of th MEerties of the manubrium were examined by FunaeHl. [9]
n recent years, finite-element models ( ) of the by using a FEM of a cat eardrum. They found that a signifi-

have _become generally used,_ d_ge n pqrt to the_ modern COMant degree of manubrial bending occurs in the model. Lesser
putational power and the feasibility of this technique of mod-__ 4 \villiams [10] applied FEMs in a two-dimensional cross-

eling very cpmple_x systems such as the ME' ) sectional model of the TM and the malleus. The shape of
Three-dimensional FEMs of the ME including the TM, e gisplaced TM was found to be sensitive to several factors

external auditory meatus, ossicular chain, ME cavity andy,ch, a5 the elastic modulus of the membrane and the presence
ME ligaments and muscles, and also morphologic data andnq nosition of the rotation of the malleus. Also, Decraemer
boundary conditions have been developed [1-5].



136 E. ALVARADO-ANELL, M. SOSA, AND M.A. MORELES

and Khanna [11] found that the description of the motion ofwhere ®,, ;. (r,6) and U,, ;, (r,6) are the vibration modes.

the cat manubrium requires a rotational and a translationalhe functionsu,,  (t) and U, ; (t) satisfy the equation

component, instead of a pure rotation, as classically assumed.’ (t) + 2u®T (t) = 0,with an inhomogeneous right-hand
Several studies, both experimental and theoretical, havside.

reported the importance that some parameters of the TM such

as shape [12-14], surface structure [15], mechanical prope2.2. Vibration of a semi-membrane

ties [16] and distributed acoustical load [17], and also ME

cavity [18] and ME impedance [19], have for a better trans-

mission of vibrations from the eardrum to the ME.

By cutting a sector of angle, 0<a <27 a semi-membrane is
obtained. It occupies the domain

Other descriptions of the ME including analog circuit Do ={(r0):0<r<ba<f<2r)
models [20,21] and lumped parametric models [22] have “ T s s T
been developed. Now, we consider (1) and (2) for a functieriz, y, t) and

Most of these studies agree that the TM is a complexeplace condition (3) by
structure, in which one of the main challenges for its mod-
eling is probably the coupling to the malleus. s(x,y,t) =0;  (2,y,t) € 0Dy x [0,400).  (5)
In this paper a simple and different modeling of the TM
including the coupling to the malleus is presented. Vibrations
of a forced elastic membrane model the TM, whereas the ef?®
fect of the manubrium is introduced through a forced semi- 0, (0) = sin nm @—a), n=1,2,3 ©6)
membrane. We propose the superposition of these wave- T—« ’
forms as a model for vibrations of the coupled system of the Therefore, the modes of vibration for a semi-membrane
tympanum-malleus. Both waveforms have analytical reprez o
sentations leading to simple computations. Vibrations of this
system correspond satisfactorily to that observed experimen- (. 9y = J, . (6"’k r) sin — 0 —a),
tally for the TM. ’ b 2 — «

We observe that iib,, the function® (6) is no longerr-
eriodic. After some algebra we get

n=1,23,... (7)

2. The mathematical model whereJ, is the Bessel function of order.

2.1. Circular elastic membrane So, the solution of the IBVP (1), (2) and (5) can be writ-
ten in the form

Let an elastic membrane occupy, the disk of radiu$ cen- o oo

tered at the origin, and I€t its boundary. A model for vibra- (z,y,t) Z > Sk (t) Fug (1,0), (8)

tions of this type of elastic membrane is the wave equation n=1k=1

92u where the function? is just as defined in (2.7). As before,
5= Viutw (z,y,t);  (2,y,t) € Dx[0,+00), (1) tisfies th tiofi” (t) + 22T (t) = 0, with
2 Y5 t); 'Y ; ; s,k Satisfies the equatiofi (¢) + ¢*p*T (t) = 0, with an
inhomogeneous right-hand side.
subject to initial conditions
2.3. A model for vibration of the TM

ou
u\zr,y, 0) = Z, ) a; LY, 0) = €, ; . . . .
(@,5,0) = f(@,y) ot (@5,0) =g () We assume that a circle is a good approximation to the ac-

(z,y) € D. 2) tual geometry of the TM, as can be seen from Figure 1. Un-
der this assumption, it is reasonable to consider radial data.
In (1), w (z,y,t) isthe forcing term and® = T'/p, where  Thus, considering that the initial conditiohér, y), g (=, y)
T is the tension ang the density, both assumed to be con-and the source term (x,y,t) are independent @, namely
stants. If the membrane is fixed@f the following boundary  f (z,y) = f (r), g (z,y) = g (r), andw (z,y,t) = w (r,t)
condition holds: then Eq. (4), which represents the solution of the membrane,
becomes
u(z,y,t) =0; (x,y,t) € C x[0,+00). 3)
Solving the initial-boundary value problem (IBVP) (@51 Z vok (1) Rok (1),
(1)-(3), we are led to the solution

Iy, ;}; unk nk(rae) o ~
R F) =3 F®or(r). g(r) = gu®o (r)
k=1 k=1

+ Un,k (t) \Ijn,k (Tv 9)) ; (4)

where only the terms with, = 0 are non-trivial. Hence, as-
suming the representations
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and malleus .
NS

where

1
= — @
Ji Ip (@o1)? /D Tox

and similarly forg (r) andw (r, t), the solution becomes

M8

s(x,y,t) = Z Son—1k (t) Fan—15 (r,0) . (9)
n=1

~
Il

1

trmpanic membrane

A model for vibration of the TM is the superposition of £ 5yge 1. A simple diagram of the middle ear anatomy, showing
the waveforms (9) and (9). the tympanic membrane and the malleus.

2.5. Model parameters
2.4. Superposition of leading modes
The small deflectiomw (z, y) of a thin membrane under uni-
It is well known that in linear elastic systems, the leadingform tensionT’, fixed to a boundary” and subject to a net
term represents satisfactorily the vibration of the whole sysuniform pressure, satisfies
tgm. In light of.this, the model we propose is the superposi- ) Ow (x,y)  0%w(z,y) D
tion of the leading terms in (9) and (9). Vw (z,y) oz T T
In polar coordinates, vibrations of the TM are represented ] . ) S
Herew is taken to be positive or “upward” in the direction
of increasingz, andp is the excess of upward pressure over
Aos > downward pressure.

by

z (7’, g,t) = U071 (t) JO <

T?" Let us introduce a procedure to estimdte Recall that
for a functiony () the curvatures () is defined by
01,1 1 "
i (Br)singe. 0 -l a
L+ (¢ (2))”

To derive an explicit expression of(r, 6, t), let us spec-

ify the initial data and source term. In the absence of sound}otice thatify’ () is small, thers (z) ~ |¢” (z)] .
the equilibrium position of the TM is shaped as a cap with L€t the membrane occupy the disoof radiusb, centered

a rather small curvature (see Fig. 1). Hence, the initiaPt (0, 0). Assume that the deflection(z, y) is spherical, and
deformation of the circular membrane is taken of the form®o = w (0,0) is known. Also

f(r) = m(b* —r?), with m = 0.05 corresponding to the 82w (0,0)  8%w (0,0)

natural shape of the tympanum. Vibration is a result of sound, oz 07

which is external. Consequently, the initial velocity is zero,

g(r)=0. Because) is small, we can approximate the tensibrirom

the equatior2kg = % whereky is the curvature of the circle
passing through the point9(-0), (0, wo), (b, 0) andk is the
reciprocal of the radius of curvaturethat iskg = 1/r; then
it is readily seen that

For the source termy (r,t), a periodic pressure of the
form Pysinwt is considered. Herel, is a constant pres-
sure determined by both the intensity and the frequency
of the sound that impinges on the tympanum. With re-

gard to the semi-membrane, the source term is that of the 1 5 > 12
membrane. Furthermore, we assume that it begins at rest: r=3 (b + 0%+ 2 (wg +b )> : (12)
f(r)=0,9(r)=0.
During vibration, the coupling to the malleus manifests3  Numerical simulation
itself as a damping mechanism in the area surrounding it,

where vibrations are significantly smaller. We shall see thatn Sec. 2 we got a mathematical model to describe the be-
simulations of (10) model this behaviour satisfactorily. haviour of the coupled system of the tympanum-malleus. For
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the simulation we consider a membrane of radig.5 cm,

which is approximately that of the tympanum and a sound

frequencyw = 2kHz, which corresponds to the range com- b
monly employed in several tests. The pressure of the sound B, = /
wave used was in the range determined by the minimum au- 0
dible pressure, 210-° Pa, and the maximum one, 20 Pa, just

when pain starts to appear. Maple 5.0 and Mathematica 8.8"

softwares were employed.

b
From (10), expressions for; ; (t) andug; () can be J d
found to be 0 T "
0
B w sin (071/271t) — sinwt
si1(t) =4 2 2 ’ (13) Results of the simulation of (16) performed in MAPLE
w (0’71/2,1) . P
environment are shown in Figs. 2-4.
where
b . . .
A 4P, 61721 4. Discussion and conclusions
= 2] (5 3 J1/2 TT Td?"
/2107572 (0121) g In this paper the vibratory patterns of the coupled system of
and the tympanum-malleus have been assessed by a simple nu-
merical simulation.
o1 (t) = fi cos (cuo’lt)JrBwsm (20“0 1t) — S;IWt7 (14)  Theresults of the simulation presented in Fig. 2 for the
w? — (cpio,1) vibration mode (1,1) show an amplitude for the membrane

larger than those for the handle of the malleus. The maximum
amplitude obtained was arounduin, at a test frequency of
) 2 kHz (see Fig. 3). Also, Fig. 4 shows the level curves cor-

where

b
o[
Clo, 1b2 J1 )\01 0

Hence, the model for simulation is

responding to the data in Fig. 2. It is important to emphasize
that this frequency was chosen for the simulation because, as
was demonstrated by Khanna and Tonndorf [23], the vibra-
tory patterns of the TM remain essentially unchanged in their
first mode up to a frequency of 2 kHz, with higher modes
occurring above that value.

. N sinot
z(r,0,t) = <f1 cos (c,u071t)+Bwsm (cpo1t) — sinw )

w2 — (cpo,1)?

T <A0’1r> N (Aw sin (ey1/2,1t) — sjnwt)
b w? — (e71/2,1)
01,1 1 rigd regioﬁ-fﬂ ) flexible region
- J1/2 <br> - 50 (15) (handle of malleus) (membrane)
and
- 1 (0 fim1/2V
t) = Z Ami/2J1/2 ( mbl/Qr) sin <2) cos ( m11)/2 t)
m=1
4BmJ Em m t
LR
b2J5 (pm) b
4C,, Py Jy (“T"‘r) w sin (”’”TCt) — Ercesinwt (16)
PLtmbIT () W2 — L ’
where

b 2w
Apij2= —55—F7— 22 //TFTG
3/2 /~Lm1/2 0 0 FIGURE 2. First mode of vibration of the TM obtained in MAPLE
9 environment. An amplitude for the membrane (flexible region)
XJ1/2 (%r) sin (2> drdp, larger than those for the handle of malleus (rigid region) is ob-
served.
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FIGURE 3. Maximum vibration amplitude for the TMx{ 1 um) at
a test frequency of 2 kHz.

FIGURE4. Level curves corresponding to the data shown in Fig. 2.
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Our results for the vibrating amplitude are in reasonable
agreement with several measurements reported in the liter-
ature. Rutteret al. [24], using a SQUID magnetometer,
measured the displacement amplitude in the temporal bone
of an isolated human ME. They found maximum values near
0.5 um for the vibration amplitude, at frequencies of about
1 kHz, in response to a constant input sound level of 90 db
SPL.

Very similar results were also reported by Sosh
al. [25,26], who performed TM vibration amplitude measure-
ments on excised human temporal bones, by using a mag-
netic probe based on the measurements of the magnetic flux
changes produced by the vibrations of a small magnet at-
tached to the TM. They found maximum values near; b
for the TM vibration amplitude, at frequencies up to 1.5 kHz,
in response to a constant input sound level of 100 db SPL.

On the other hand, in general, any pathology that affects
the ME results in changes in the vibration amplitude of the
TM. Otosclerosis, which is a fixation of the ossicular chain
of the ME, results in a stiffening of the TM, and therefore
in a decreasing of the displacement amplitude. On the other
hand, a disarticulation of the ossicular joints results in an in-
crease in compliance at the TM.

Finally, the numerical simulation can be easily handled
to change input parameters, such as sound pressure on the
TM and frequency, and also to introduce parameters that re-
flect different pathological conditions. Other situations such
as the conical shape of the TM or some asymmetries could
be easily considered.
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