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Using the transfer matrix method we examine the parametric behavior of the transmittance ofTE andTM electromagnetic plane waves
propagating in frequency range which are far from the absorption bands of a periodic multilayered system. We focus on the dependence of
the transmittance on the frequency and angle of incidence of the electromagnetic wave for the case in which the periodic structure comprises
alternating material-metamaterial layers of various permittivities and permeabilities. A specific example of high transmittance at any angle
of incidence in the visible region of the spectrum is identified.
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Usando el ḿetodo de la matriz de transferencia examinamos la dependencia paramétrica de la transmitancia de las ondas planas electro-
magńeticasTE y TM en rangos de frecuencia lejanos de las bandas de absorción de un sistema multicapas periodico. Nos enfocamos en la
dependencia de la transmitancia de la frecuencia y elángulo de incidencia de la onda electromagnética para el caso en el cual la estructura
periodica contiene una alternancia de capas de material y metamaterial de varias permitividades y permeabilidades. Un ejemplo especifico
de transmitancia alta para cualquierángulo es identificado en la región del espectro visible.

Descriptores: Método de la matriz de transferencia; transmitancia; metamaterial; multicapa; periodico.

PACS: 02.30.Hq; 11.30.Pb

1. Introduction

Studies of planar multilayer structures with alternating ma-
terial and metamaterial layers are motivated by the known
common feature of planar periodic systems to generate trans-
parency bands. Some time ago, Banerjeeet al [1] calcu-
lated the intensity of the electromagnetic fields that propa-
gate through an array of periodically alternating positive in-
dex media (PIM) and negative index media (NIM). However,
they do not present their results in terms of either the angle
of incidence or the frequency of the plane wave, which are
the important parameters when one is interested in the direc-
tional and frequency selectivities of such structures. They
display the field intensity along the direction of propagation
and compare the transfer matrix method to the finite element
method concluding that the transfer matrix method provides
the same results as the latter. Their results motivated us to
use the transfer matrix method with the main goal of studying
the effect of both the angle of incidence and frequency of the
propagating plane wave on the transmittance spectrum. We
compute the values of the transmittance for different values
of ε andµ of the alternating material-metamaterial layers and
search for those values that provide wide windows of trans-
mittance for some regions of frequency as well as the com-
plementary transmittance gaps that may be useful for making
frequency filters [2].

2. The transfer matrix method

2.1. Waves at an interface

To develop the TMM we must first know how the electromag-
netic waves behave at the interface between two dielectrics.

For plane waves at an interface, the electric and magnetic
fields are given by

~E = ~E0e
i[~k·~r−ωt] (1)

~H = ~H0e
i[~k·~r−ωt] , (2)

respectively. The two media separated by the interface will
be characterized by permittivitiesε1, ε2 and permeabilities
µ1, µ2, and the geometry of the wave vectors at the interface
is illustrated in Fig. (1). In this figure, we assume that the

FIGURE 1. Electromagnetic wave vectors at the interface between
two different media.
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wave is propagating along thez-axis and the wavevector has
two components,~k = (kx, 0, kz).

Because the condition of continuity of the tangential com-
ponents of both the electric and magnetic fields

~E1t = ~E2t, ~H1t = ~H2t (3)

must be satisfied for any point of the interface, the tangential
components of~k have to be equal

k1x = k2x = kx , (4)

while the dispersion relationn2ω2/c2 = k2 as written for the
two media leads to

n2
1ω

2

c2
= k2

1 = k2
x + k2

1z, n1 =
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µ1ε1 , (5)

n2
2ω

2

c2
= k2

2 = k2
x + k2

2z, n2 =
√

µ2ε2 . (6)

If kx andkz are real, we can define the angles of incidence
and refraction as

tan θ1 =
kx

k1z
(7)

and
tan θ2 =

kx

k2z
, (8)

respectively. From Eq. (4), we can see that

kx = k1 sin θ1 = k2 sin θ2 (9)

and if we apply the dispersion relationship, we obtain

kx = n1
ω

c
sin θ1 = n2

ω

c
sin θ2 . (10)

If we now take the ratio of the last two equations we ob-
tain Snell’s law

sin θ1

sin θ2
=

n2

n1
. (11)

Considering the case of the TE polarization (s-type polar-
ization), then~E is parallel to the interface,i.e., we have

~E = (0, E, 0) (12)

and
~H = (Hx, 0,Hz) . (13)

We also have the boundary condition that says that the com-
ponent of the electric field which is parallel to the interface is
the same on both sides of the interfaces

E+
1 + E−

1 = E+
2 + E−

2 , (14)

which holds for the magnetic field

H+
1x + H−

1x = H+
2x + H−

2x (15)

as well as.
Using Maxwell’s equation

~k × ~E = +
µω

c
~H , (16)

in Eq. (15), we obtain

µ1ω

c
~H+

1x = −k1zE
+
1 , (17)

µ1ω

c
~H−

1x = k1zE
−
1 . (18)

Inserting (17) in (15) leads to

−k1zc

µ1ω
E+

1 +
k1zc

µ1ω
E−

1 = −k2zc

µ2ω
E+

2 +
k2zc

µ2ω
E−

2 . (19)

Now we can write Equations (19) and (14) in matrix form

(
1 1
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k1z

µ1
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1
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1

)

=
(

1 1
−k2z
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k2z
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2

)
(20)

or (
E+

2
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2

)
= M(s)

(
E+

1

E−
1

)
(21)

where the transfer matrix of the interface

M(s) =
1
2




1 +
µ2k1z

µ1k2z
1− µ2k1z

µ1k2z

1− µ2k1z

µ1k2z
1 +

µ2k1z

µ1k2z


 (22)

is introduced.
By a similar procedure, we can obtain the transfer matrix

for the case of the TM polarization (p-type polarization)

(
E+

2

E−
2

)
= M(p)

(
E+

1

E−
1

)
(23)

M(p)=
1
2


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1 +
ε2k1z

ε1k2z
1− ε2k1z

ε1k2z

1− ε2k1z

ε1k2z
1 +

ε2k1z

ε1k2z


 . (24)

For materials with only real dielectric constants we can
express the wave vectors as

k1z = k1 cos θ1 and k2z cos θ2 , (25)

so the transfer matrices for the TE and TM cases are written
as

M(s or p)=
1
2




1 + z21
cos θ1

cos θ2
1− z21

cos θ1

cos θ2

1− z21
cos θ1

cos θ2
1 + z21

cos θ1

cos θ2


 , (26)

where z21 = µ2k1/µ1k2 for the s-polarization and
z21 = ε2k1/ε1k2 for the p-polarization.
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FIGURE 2. Illustration of wave propagation through a slab com-
posed of three different media.

2.2. The transfer matrix for a slab

For a set of interfaces, the systems behaves as a slab (sand-
wich of media). A simple example is given in Fig. (2).

For such systems, it is enough to apply the composition
law for transfer matrices [3]. In this way, the relationship of
the coefficients of entry and exit is given by

(
E+

3

E−
3

)
= M12

(
eik2z` 0

0 e−ik2z`

)

×M23

(
E+

1

E−
1

)
, (27)

where` is the length of the slab in the direction of propaga-
tion.

From the last equation, one can obtain the transfer matrix
for the slab as

Ms
slab = M12

(
eik2z` 0

0 e−ik2z`

)
M23 , (28)

which can be used for the generalization to the multilayer
case.

2.3. Wave propagation through a multilayered system

The next step is to consider a multilayered system as illus-
trated in Fig. (3).

For a system of this class, the transfer matrix is obtained
by applying the composition law again. In this way, we have
an interfacematrix Mi,i+1 for every interface and apropa-
gationmatrix of the form

P =
(

eik2z` 0
0 e−ik2z`

)
(29)

FIGURE 3. A system formed by two types of slabs. The first one is
a PIM (blue) labeled asA in the text, and the second is a NIM (red)
labeled asB in the text.

for every slab in which the electromagnetic wave propagates.
In this manner, for a ten multilayer slab system (5A and 5B
layers) the transfer matrix is written as

M = M0A[PAMABPBMBA]4PAMABPBMB0 (30)

whereM0X is the interface matrix between air and medium
X, PX is the propagation matrix of mediumX, andMXY

is the interface matrix between mediumX and mediumY .
The M andMXY matrices are transfer matrices for the s-
polarization or the p-polarization, depending on the nature of
the incident wave.

Once the transfer matrix for the multilayered system has
been defined, one can proceed with the calculation of the
transmission amplitude based on its definition for the case
of electromagnetic waves given by [3]

t =
det M
M22

, (31)

wheredet M stands for the determinant ofM, and the trans-
mittance as its square modulus

T = |t|2 . (32)

3. Numerical simulations

The computation of the transmittance is performed by using a
simple python code [4]. The system which we model has up
to ten slabs, alternating a PIM with a NIM. The PIM is char-
acterized byµ+ andε+, while the NIM byµ− andε−. The
frequency of the incident wave is inc/(`

√
ε0) units, where

the chosen numerical value for` is 1.0µm, and the angle of
incidenceθ goes from−π/2 < θ < π/2 which we normal-
ize toθ0 = π/2 in the figures. The plots of the transmittance
versus frequency are obtained for an angle of incidence of
π/3 radians. The range of frequencies goes from 300 THz
to 1200 THz, which entails the frequency band of the visible
light (430-770 THz). In the units of the plots, the band of fre-
quencies of the visible light is [1.4-2.5] and is indicated by
two horizontal black solid lines in the contour figures.
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FIGURE 4. Plots corresponding to the case of variable number of blocks. Left panel: the TE mode. Right panel: the TM mode. In these
graphs we can see that the valleys of the transmittance get deeper as we increase the number of blocks. This is congruent with the formation
of transmission bands in the case of superlattices.

TABLE I. The values of the permeabilities and permittivities of the
AB slabs used for the case of a variable number of blocks.

Parameter Value

ε0 1.0

ε+ 2.0

ε− -1.0

µ0 1.0

µ+ 2.0

µ− -1.2

nb 2,3,5

3.1. The effect of the number of layers

We begin by analyzing the effect of the number of layers upon
the transmission spectrum. With this task in mind, we vary
the number of periods “AB” crossed by the propagating wave
using the values of the parameters given in Table I, where
the parametersε0 andµ0 correspond to the respective values
for the relative permittivity and permittivity of the medium
(usually air) in front and at the end of the “AB” multilayer
structure. We call the “AB” period a block. In Fig. (7), the
number of blocks is increased from two to five, (in terms of
interfaces, from five to eleven), and each panel is labeled by
the corresponding number of blocks. The regions of high
transmittance show up as three symmetrical bubbles. Upon
increasing the number of blocks in the system, one can see
that the number of peaks inside each of the bubbles increases.
The number of peaks,npeaks, is equal to twice the number of
blocks,nb, minus one,npeaks= 2nb − 1. This might be seen
alike to the case of quantum systems if the number of quan-

tum wells is put in correspondence with the number of peaks
in the transmittance. One can also see that when the num-
ber of blocks increases the transmittance between the bub-
bles of high transmittance becomes smaller. This is a con-
sequence of the change in the transmittance values that one
can see in Fig. (4), where we can also notice that the trans-
mittance bands get wider as the number of blocks increases.
Moreover, in Fig. (7), we can see that we have a bubble of
high transmittance inside the limits of the visible frequencies
(black horizontal lines), which could be useful for camou-
flage purposes. In addition, as we increase the number of
blocks, this high transmittance region entails a wider range
of angular values. On the other hand, if we increase the num-
ber of blocks enough the simulation ends up in a completely
opaque material with zero transmittance, as expected.

3.2. The effect ofε+ and ε−

Knowing that the number of blocks generates a series of
transmittance bands, one naturally may ask if there is a way

TABLE II. The values of the permeability and permittivity used
when the number of blocks is kept fixed.

Parameter Value

ε0 1.0

ε+ 1.5, 2.0, 3.0

ε− -1.5, -2.0, -3.0

µ0 1.0

µ+ 2.0

µ− -1.2

nb 3
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FIGURE 5. Plots corresponding to the case of fixed angle of incidenceθ = π/3. The left panel corresponds to the case of variableε+ and
the right panel corresponds to the case of variableε−. In these graphs, we can see the shifting of the peaks in transmittance only for the case
with increasingε+.

to control the width of these bands by means of the electric
permittivities of the slabs. The values of the parameters that
we use for this computation are given in Table II.

The results are presented in Fig. (8). We can see that the
effect of increasingε+ while keepingε− fixed at−1.0, is to
tighten the bubbles of high transmittance, and the magnitude
of this effect is proportional to the increase inε+. Whenε+ is
high enough, the bubbles lose the connection between them
and become independent ovals. For this case, we see that the
effect is similar for both the TE and TM modes, but for the
TM mode the bubbles are more separated and there appears
a series of smaller bubbles of high transmittance. Moreover,
for both types of modes there is a shift to lower frequencies
of these bubbles of high transmittance. This can be seen in
the left panel of Fig. (5).

On the other hand, if we increase the value of|ε−| while
keepingε+ fixed at 2.0 we can see from Fig. (9) that the bub-
bles of high transmittance are absent and in their place a wide
band with horizontal spikes occurs. Therefore, we conclude
that the occurrence of bubbles depend on the chosen values
of ε+. Whenε− increases, we can see that the wide band
is fragmented in three sections, and the separation between
sections is proportional to the increment in|ε−|. In this case,
there is no shift to lower frequencies. This fact can be ob-
served in the right panel of Fig. (5). The effect is similar for
both TE and TM modes, but in the TM case the decrease in
transmittance is less but in a wider range of frequencies.

In general, we can say that the value ofε+ determines
the form of the transmittance bands and the frequency range
where they occur. On the other hand, the value ofε− deter-
mines the width of the horizontal transmittance spikes.

TABLE III. The parameters used when theµ values are changed.

Parameter Value

ε0 1.0

ε+ 2.0

ε− -1.0

µ0 1.0

µ+ 1.5, 2.0, 3.0

µ− -1.5, 2.0, 3.0

nb 5

3.3. The effect ofµ+ and µ−

We move now to the study of the effects of increasing the val-
ues of the permeabilities of the system. For this task, we use
the values from Table III for the parameters under control.

From Fig. (6), we see that if we increase the magnitude
of µ+ the bubbles of high transmittance have a shift to lower
frequencies which is proportional to the magnitude ofµ+.
Unlike the case of varyingε+, we see that the bubbles remain
connected, and as the value ofµ+ increases the contact area
between bubbles increases as well as. This is opposite to the
case of varyingε+ and occurs for both the TE and TM modes.

From the left panel of Fig. (11), we can appreciate easily
a shifting effect to lower frequencies. Also, and even more
interesting, we see that if we increase the value ofµ+ the
valleys (regions of low transmittance) become less apparent.
Thus, increasingµ+ has the effect of rising the valleys of
transmittance diminishing the relative borders of the trans-
mittance bands.

Rev. Mex. Fis.63 (2017) 402-410
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FIGURE 6. Plots corresponding to the case of fixed angle of incidenceθ = π/3. Left panel: case of variableµ+. Right panel: case of
variableµ−. One can see that the shifting of the peaks in transmittance occurs only upon increasingµ+ (left panel) and there is no shifting
effect when|µ−| is increased (right panel).

FIGURE 7. Contour plots. The top row correspond to the TE mode (s-polarization) while the bottom row correspond to the TM mode
(p-polarization). The number of blocks takes the valuesnb = 2, 3, 5. Thex-axis corresponds to the angle of incidence, they-axis to the
frequency of incidence in

√
ε0`/c units, and the color bar correspond to transmittance. The black horizontal lines indicate the limits of the

frequencies of the visible range.

In the case of increasing the values of|µ−|, Fig. (11)
shows that the main effect is to diminish the transmittance
between the three regions of high transmittance. This effect
is also visible on both the TE and TM modes. However, in

this case, we notice that there is no shifting effect, which can
be seen easily from the right panel of Fig. (6).

In addition, Figs. (7)-(11) show that the regions of high
transmittance do not vary with the angle of incidence, which
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FIGURE 8. Contour plots. The top row correspond to the TE mode while the bottom row correspond to the TM mode. The positive
permeability takes valuesε+ = 1.5, 2, 3 while ε− is fixed at -1.0.

FIGURE 9. Contour plots. The top row correspond to the TE mode while the bottom row correspond to the TM mode. The positive
permeability takes valuesε− = 1.5, 2, 3 while ε+ is fixed at 2.0.
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FIGURE 10. Contour plots. The top row correspond to the TE mode while the bottom row correspond to the TM mode.µ− is fixed at -1.2.

FIGURE 11. Contour plots. The top row correspond to the TE mode while the bottom row correspond to the TM mode.µ+ is fixed at 1.2.
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may be related to the independence of the polarization angle
of the incident wave as also reported in [5]. Considering that
the reflectance and transmittance are complementary proper-
ties, our findings regarding the transmittance spectrum seem
to be in agreement with those reported in [6] for an Ag-TiO2

multilayer system, which is the standard multilayer candidate
with high transmittance in the visible region.

4. Conclusion

We have obtained the transmission properties of a multilay-
ered structure of alternating positive index media and nega-
tive index media using the TMM. We have sought for profiles
of high transmittance at any angle of incidence in the visible
region of the spectrum. In this respect, our results suggest
a system with the properties displayed in Fig. (7),i.e., with
ε+ = 2.0, ε− = −1.0, µ+ = 2.0, andµ− = −1.2, for the
case of five blocks,nb = 5, which present an almost uni-
form region of high transmittance in the visible part of the
electromagnetic spectrum.

In addition, we have studied the manner in which the per-
meability and permittivity parameters affect the transmission

properties in an alternation of material and metamaterial. We
have observed that positive permeabilities may have the ef-
fect of reversing the appearance of the transmission bands
that one may see in multilayered structures. On the contrary,
positive permittivities have the effect of making the transmit-
tance bands more pronounced. Somewhat surprisingly, the
negative values of the electromagnetic material parameters
do not have relevant effects in these settings.

The results obtained in this paper are valid far from the
absorption bands of the multilayer structure to avoid numer-
ical instability problems which are known to occur when the
absorption is included [7]. However, the results we report for
the visible region may still remain valid for some metamate-
rials, such as the hyperbolic ones, for which the absorption
bands lie in the ultraviolet region [8].
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