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An important consequence which comes from noncommutativity (NC) is undoubtedly the energy density characterized by a microscopic free
parameter; indeed a Trans-Planckian parameter. However, its functional form is an interesting and useful equation which can be analyzed in
astrophysical scenarios giving now astrophysical constraints. In this sense, this paper is devoted to explore the astrophysical consequences
of an energy density with the same functional form of NC; mainly in stellar dynamics and rotation curves of galaxies. We start exploring toy
models of stars with incompressible and polytropic fluids respectively, with the addition and coexistence with this new fluid. In both cases,
we propose an appropriate constriction based on the difference between a correct and an anomalous behavior. As a complement, we explore
the rotation curves of galaxies assuming that the halo is a fluid with the same characteristic of a NC equation, obtaining the range of values
for the free parameter through the analysis of eighteen LSB galaxies. Our results are compared with traditional models studied in literature
like Pseudoisothermal (PISO), Navarro-Frenk-White (NFW), Burkert and WaveDM dark matter models. Finally, we have computed the
surface density,ρiri for each dark matter model, wherei is for PISO, NFW, Burkert, WaveDM and NC macroscopic version. In the later
case, following the results found using SPARC galaxy catalog, we have found a theoretical value of 116.97 M¯ pc−2 while the data analysis
gives us a value of 144.21 M̄pc−2. The values of the surface densityρiri are roughly constant and their mean values depend on the dark
matter model. Also we have computed the mass of each dark matter model within300 pc and found that there is a common mass for spiral
galaxies of the order of 107 M¯, that is in agreement with the results for dSph Milky Way satellites. This would give a central density for
the halo of∼ 0.1 M¯ pc−2 independent of the dark matter model.
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1. Introduction

One of the most successful outcomes of string theory is that
the space-time coordinates may become NC operators and
lead us to a NC version of a gauge theory via the Seiberg
and Witten map [1]. After this result was published, a large
number of papers related with NC in gauge theories, quan-
tum mechanics, classical mechanics, quantum field theory
and gravity has been published. In addition it is possible to
note that the NC parameter has been bounded by different
observations or experiments, mainly leading to an extremely
small value [2].

A different NC formulation of quantum field theory,
based on coherent state formulation, can be achieved using
the Feynman path integral on the NC plane which is a used
framework for quantum mechanics and field theory [3]. In
a recent paper [4] the authors discuss the gravitational ana-
logue of the NC modification of quantum field theory, point-
ing out that NC is an intrinsic property of the manifold itself
and affects gravity in an indirect way. The energy-momentum
density determines space-time curvature. Thus in General
Relativity (GR), the effects of NC can be taken into account
by keeping the standard form of Einstein curvature tensor
and introducing a modified energy-momentum tensor. The

NC eliminates the point-like structures and replace them by
smeared objects. The effect of smearing is implemented by
using a Gaussian distribution of minimal width

√
γ instead of

a Dirac-delta function where the spherically symmetric and
particle-like gravitational source can be written as:

ργ(r) =
MNC

(4πγ)3/2
exp

(
− r2

4γ

)
, (1)

whereMNC is the total mass parameter andγ the NC pa-
rameter of the energy density related with the smearing of the
NC energy density distribution. In traditional literature, NC
free parameter has only been studied in quantum scenarios,
constraining the value at Trans-Planckian scales [5-7], only
having important effects in quantum gravity theories.

Hence, in order to study large scales, we relate the follow-
ing functions and we change the NC parameter which comes
from a quantum theory for a new macroscopic parameterθ,
applicable to astrophysical issues, following the recipe:

ργ(r) → ρθ(r), MNC → MNED and γ → θ. (2)

The parameter are constrained by observations or under argu-
ments of a behavior that fits with the the traditional literature.
Indeed, if we assume that this fluid permeates the galaxies
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structures, it is natural to study the presence of this fluid, also
in the stellar dynamics.

Therefore, to start the study we will call this new fluid
as noncommutativity energy density (NED) for the inspi-
ration that comes from NC; then we give ourselves to
the task of study the previous statements, proposing two
exercises to analyze the dynamics in a scenario where
baryons and NED coexist (without mutual interaction),i.e.
T eff

µν = T bar
µν + TNED

µν , where the first one is related with
the baryonic matter and the second one is related with NED,
producing the astrophysical dynamics observed and with this,
constraint the NED parameter with observables. These two
exercises analyze the new dynamic produced by the presence
of NED, mainly in the evolution and dynamic of the stars and
in rotation curves of galaxies.

In this sense, there has been extensive studies in stellar
dynamics since the advent of GR [8]; in such a way that ob-
serving the imprints of NED in the dynamics must be clear,
showing deviations to GR predictions. For instance it is pos-
sible to assume that hypothetical NED particles are so heavy,
forming a dense core in the star center allowing the applied
treatment in the following sections. In this vein, stars with
uniform density and white dwarfs are studied due that are
excellent laboratories to study possible extensions to the GR
background. It is important to remark that extensive studies
about NC, can be seen in [9].

In addition, the functional form of Eq. (1) with the
recipe (2), inspire to be used as a density profile to repro-
duce the velocity rotation curves of galaxies, due to its sim-
ilarity with Einasto’s model [10] withn′ = 0.5. In galactic
dynamic the NED matter is concentrated mainly in the halo,
with a Gaussian density profile and thus giving restrictions
to the free parameter

√
θ; constraining where NED parame-

ter generates important effects. Other interesting dark matter
(DM) proposals can be checked in Refs. 11 to 16 or for an
excellent review see Ref. 17.

Recapitulating, we remark that the recipe shown in
Eq. (2) as a macroscopic phenomena, will generate con-
straints of theθ parameter also, of the order of macroscopic
scales. This of course contributes to generate a macroscopic
bounds, which was left out by Ref. 18, contributing to
strengthen these previous research. In this sense, we will pro-
vide a table of the constraints of this parameter, which will be
subject to the theoretical model under study or the observa-
tions with which it is contrasted.

From here, it is possible to organize the paper as follows:
In Sec. 2, we analyze a Newtonian star in two cases, where
it is composed by an uniform density (incompressible fluid)
coexisting with the NED matter and when it is composed by
a polytropic matter and the core contains a NED fluid, show-
ing a modified Lane-Emden equation, constraining the NED
free parameter and fixing the NED mass as a subdominant
component. In Sec. 3 we implement an analysis of galactic
rotation curves, assuming that the DM halo can be modeled
by NED density matter. In this case, we use a sample of
eighteen LSB galaxies without photometry with the aim of

constraint the NED parameters (ρNED and
√

θ) and compare
with traditional density profile models like pseudoisother-
mal (PISO), Navarro-Frenk-White (NFW), Burkert and the
WaveDM studied in these two Refs. 19 and 20, it is an ultra-
light scalar model motivated by large scale simulations [21].
Finally in Sec. 4 we give a discussion and conclusions about
the results obtained through the paper.

In what follows, we work in units in whichc = ~ = 1,
unless explicitly written.

2. Toy model stars with a NED component

In this section, we study the stellar dynamics with a compo-
nent of NED, together with the traditional baryonic matter.
We start using the approach of a Newtonian star, composed
by this fluid and baryonic matter with uniform density (in-
compressible fluid). After that, we study a most generic star
through the Lane-Emden (LE) equation, under the assump-
tion that the star is composed by a polytrope and also con-
tains a NED. Both models are considered under the premise
that ordinary matter does not interact with the NED and fixes
one of the free parameters, with the argument of a subdomi-
nant NED.

2.1. NED matter on stars with uniform density in New-
tonian approach

These stars are of interest, because they are simple enough
to allow an exact solution in Newtonian background. Then,
stars with uniform density consist of an incompressible fluid
with equation of state (EoS),ρI = constant, in such a way
that a generalization with the addition of NED is simple, be-
ing excellent laboratories to understand the physics behind
such processes.

In a Newtonian approach, dynamic equation for the evo-
lution of a star can be written as:

r2 dp(r)
dr

= −GM(r)ρeff (r), (3)

beingG the Newtonian gravitational constant,ρeff (r) the ef-
fective density andM(r) the stellar mass written in the form:

M(r) = 4π

r∫

0

r′2ρeff (r′)dr′. (4)

Eqs. (3) and (4) are considered as the equations of motion
for stellar dynamics in Newtonian approach. In addition, we
propose that the star density is composed by an uniform com-
ponent density and a NED in the following form:

ρeff (r) = ρI +
MNED

(4πθ)3/2
exp

(
− r2

4θ

)
, (5)

whereρI is a constant and there is not mutual interaction be-
tween the components. In order to have a numerical solution
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of the equations of motion we assume the following dimen-
sionless variables:

x =

√
GM

R

( r

R

)
, M̄(r) =

√
G3M

R3
M(r), (6a)

p̄(r) =
4πR3

M
p(r), θ̄ =

4GM

R3
θ,

ρ̄I =
4πR3

3M
ρI , (6b)

M̄NED = 8

√
G3M

πR3
MNED, (6c)

and integrating Eq. (4) we have:

M̄(x) = ρ̄Ix
3 +

M̄NED

θ̄3/2

[
√

π

(
θ̄

4

)3/2

× Erf
(

x√
θ̄

)
− θ̄

4
x exp

(
−x2

θ̄

) ]
, (7)

whereErf(x) is the error function defined as:

Erf(x) = (2/
√

π)

x∫

0

exp(−t2)dt.

The behavior can be seen in Fig. 1 (Top) for different
values ofθ̄. In this case, we propose the extreme case for the
free parameters in the form:̄ρI = 0.9 andM̄NED = 0.1,
considering domination of baryonic matter over NED com-
ponent. It is important to mention that a greater amount of
NED material, compromises the stability of the star.

Also, we analyze an extreme Newtonian star fulfilling the
compactness relationGM/R = 0.44. Indeed, it is possible
to observe that the dimensionless NED parameterθ̄ dictates
the behavior of the stellar mass.

In addition, Eq. (3) can be written in terms of dimension-
less variables as:

dp̄(x)
dx

= −M̄(x)
x2

[
3ρ̄I +

M̄NED

2̄θ
3/2

exp
(
−x2

θ̄

)]
, (8)

and its numerical integration can be observed in Fig. 1 (Bot-
tom) for different values of the NED parameter. It is noto-
rious how for values below̄θ = 10−1, pressure and mass
present important differences in comparison with the other
cases when the NED parameter plays a role.

Thus, small values of NED parameter shown the conver-
gence to the traditional behavior without NED for pressure
and mass in a Newtonian star with uniform density.

From both results we conclude that it is necessary that
θ̄ < 1 to obtain the traditional behavior found in litera-
ture (stars with only uniform density) for pressure and mass.
Then, based on the results shown in Figs. 2 and with the aim
of mimic the well known stellar behavior, it is possible to
establish a bound of the NED parameter as:

√
θ <

1
2

√
R

GM
R, (9)

FIGURE 1. Behavior ofM̄ and p̄ vs x, assuming the following
free parameters:̄ρB = 0.9, M̄NED = 0.1 andGM/R = 0.44;
together with the initial condition̄p(0.663) = 0 for Eq. (8). (Top)
In this case it is possible to note how mass shows almost the tradi-
tional behavior when̄θ < 1, other upper values, present important
contributions that comes from NED. (Bottom) Pressure behavior
for different values of̄θ, blue line is the threshold between the stan-
dard behavior and the behavior when NED play an important role
for an incompressible fluid.

where for a star in the limit of stellar stability as it is our case,
we have

√
θ < 0.753R; which it is highly dependent on the

stellar radius and the value must be macroscopic in order that
fits to stellar dynamics.

2.2. Dwarf stars with NED

A dwarf star is mainly composed by a polytropic matter with
equation of state (EoS)P = Kρ(n+1)/n, beingK the poly-
tropic constant andn the polytropic index. This kind of stars
are the most studied in literature due that it is possible to
model them by just specifying the values ofK andn, hav-
ing in mind the appropriate limits of both stellar structuresi.

However now we consider a NED component in the ef-
fective density of the star. Starting from Eq. (3) it is possible
to write the modified LE equation as:

1
ζ2

d

dζ
ζ2 dΘ

dζ
+ Θn =

M0
NED

θ̄3/2
exp

(
−(1 + n)

ζ2

θ̄

)
, (10)
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FIGURE 2. Behavior of Θ vs ζ, with the initial conditions
Θ(0) = 1, Θ′(0) = 0. Top, from left to right and similarly from
the figures in the bottom, we useM0

NED = 0.1.

where it was proposed the following dimensionless variables:

r = ζ

(
K(1 + n)

4πG

)1/2

ρ(0)(1−n)/2n, ρ = ρ(0)Θn, (11a)

P = Kρ(0)(1+n)/nΘn+1, θ =
Kρ(0)(1−n)/n

16πG
θ̄, (11b)

MNED =
(

4πKρ(0)(1−n)/n

16πG

)3/2

M0
NED. (11c)

Notice thatρ(0) is the density at the center of the star. More-
over, we assume the same initial conditions for the problem
of LE as:Θ(0) = 1, Θ′(0) = 0 and in case of Dwarf stars, it

is assumed a polytropic indexn = 3. The results are shown
in Fig. 2, restricting a subdominantM0

NED = 0.1 and θ̄ is
related with the presence of NED term in LE equation and
being the two free parameters of the theory. Here, the results
are more restrictive, showing that for values10−4 > θ̄ and
θ̄ > 1, it is recovered the traditional case. Therefore, using
Eq. (11b), it is possible to constraint the NED parameter as

κ > 102
√

θ and κ 6
√

θ, (12)

where

κ ≡
[

5
192π3G

(
3π2

mNµ

)4/3 1
ρ(0)2/3

]1/2

, (13)

beingµ the number of nucleons per electron,mN is the nu-
cleon mass [8] andρ(0) is shown in Table I for different
Dwarf Stars reported in literature [22-24]. Inside of the re-
gion, the NED presence is predominant and therefore, not
having a traditional behavior of the stellar dynamics.

Also, we report the values of the NED parameters for the
fifteen white dwarfs shown in Table I, constraining the NED
parameter with observables to obtain a traditional behavior
shown in literature.

3. NED in galaxy rotation velocities

To complement our analysis we study rotation curves of
galaxies at the weak gravitational field limit in order to study

TABLE I. From left to right the columns read; name of the star, mass in solar units M¯, radius in R̄ , density asρ(0) = 3M/4πR3 in MeV4

and NED parameter in MeV−1 deduced from the constraint mentioned in text. Here we use a catalogue of fifteen white dwarfs reported in
Refs. 22 to 24.

White Dwarf sample

Observational data

White Dwarf Mass (M̄ ) Radius (R̄ ) ρ(0) (MeV4)
√

θ(1018MeV−1 > / 6 10−2)

Sirius B 1.034 0.0084 10.5993 3.87583

Procyon B 0.604 0.0096 4.1478 5.29888

40 Eri B 0.501 0.0136 1.21009 7.98947

EG 50 0.50 0.0104 2.70063 6.11367

GD 140 0.79 0.0085 7.81565 4.29011

CD-38 10980 0.74 0.01245 2.3298 6.4222

W485A 0.59 0.0150 1.06212 8.34448

G154-B5B 0.46 0.0129 1.3006 7.79966

LP 347-6 0.56 0.0124 1.7827 7.02152

G181-B5B 0.54 0.0125 1.6781 7.16447

WD1550+130 0.535 0.0211 0.3456 12.132

Stein 2051B 0.48 0.0111 2.13023 6.6168

G107-70AB 0.65 0.0127 1.926 6.84287

L268-92 0.70 0.0149 1.28438 7.83236

G156-64 0.59 0.0110 2.69047 6.12135
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TABLE II. Sample of LSB galaxies without photometry as given in Ref. 27. In column (1) we give the name of each galaxy; in column (2)
we give the morphology of each galaxy; column (3) is the distance to the galaxy in Mpc; column (4) is the heliocentric systemic velocity;
column (5) is the absolute magnitude in B-band of each galaxy; column (6) is distance in kpc where the maximum velocity is reached;
column (7) is the maximum velocity of each rotation curve.

Galaxy sample

Observational data

Galaxy Morphology D Vhel Mabs(B) Rmax Vmax

(Mpc) (km/s) (mag) (kpc) (km/s)

(1) (2) (3) (4) (5) (6) (7)

(1) ESO 0140040 Spiral 212 16064 -21.6 29.2 263

(2) ESO 0840411 Edge-on 80 6200 -18.1 8.9 61

(3) ESO 1200211 Fuzzy Magellanic bar 15 1314 -15.6 3.5 25

(4) ESO 1870510 Irregular spiral, floculent 18 1410 -16.5 3.0 40

(5) ESO 2060140 Spiral 60 4704 -19.2 11.6 118

(6) ESO 3020120 Spiral, hint of bar? 69 5311 -19.1 11.0 86

(7) ESO 3050090 Barred spiral 11 1019 -17.3 4.8 54

(8) ESO 4250180 Spiral 86 6637 -20.5 14.4 145

(9) ESO 4880049 Inclined Magellanic bar 22 1800 -16.8 6.0 97

(10) F730-V1 Spiral 144 10714 -19.2 11.9 145

(11) UGC 4115 Fuzzy 3.2 343 -12.4 1.0 40

(12) UGC 11454 Fuzzy spiral, small core 91 6628 -18.6 11.9 152

(13) UGC 11557 Fuzzy spiral, small core 22 1390 -20.0 6.2 95

(14) UGC 11583 Faint Magellanic bar 5 128 -14.0 1.5 36

(15) UGC 11616 Fuzzy, irregular 73 5244 -20.3 9.6 143

(16) UGC 11648 Irregular 48 3350 -21.0 12.7 145

(17) UGC 11748 Irregular, bright core/bar? 73 5265 -22.9 21.0 242

(18) UGC 11819 Fuzzy 60 4261 -20.3 11.7 153

NED parameters. We start modeling the halo of the galaxy
with the energy density of the NED shown in Eqs. (1) and (2).

Moreover, it is important to notice some important char-
acteristics of NED profile. Implementing an appropriate se-
ries expansion of the NED of the orderr ¿

√
θ, we generate

a functional form similar to PISO [11]. In this context, this
density profile is valid only at the center of galaxies. How-
ever, PISO density profile is an empirical profile designed for
modeling DM in spirals galaxies and it has been applied not
only at the center of galaxies but also in the outer spatial re-
gions. Also, it is possible to observe that NED is a particular
case of Einasto’s density profile [10] (see Eq. (14)) when
n′ = 0.5

ρEin = ρ−2 exp

(
−2n′

[(
r

r−2

)1/n′

− 1

])
, (14)

wherer−2 is the radius where the density profile has a slope
−2 andρ−2 is the local density at that radius; the parameter

n′ is known as Einasto index which describes the shape of
the density profile.

In general, the NED distribution can provide with ex-
tra information than other models can not (see for exam-
ple [11-13]), mainly due to the advantage that comes natu-
rally from the geometric properties of space-time and it is
not just chosen by observations or numerical simulations.

On the other hand, we have that the rotation velocity is
obtained from the absolute value of the effective potential as:

V 2(r) = r

∣∣∣∣
dΦ(r)

dr

∣∣∣∣ =
GM(r)

r
, (15)

whereΦ(r) is the gravitational potential andM(r) is the to-
tal mass which describes the galactic dynamics and it is ex-
pressed in the same way as it is shown in Eq. A.2 or as given
in Eq. (A.1) for the mass,MDM (r), steaming for a dark mat-
ter (DM) distribution.
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TABLE III. Best fitting parameters for PISO DM model and derived quantities.

PISO DM Model

Best Fitting Parameters

Galaxy ρp rp µDM MDM (300 pc) MDM (rmax) χ2
red

(10−3M¯/pc3) (kpc) (M¯/pc2) (107M¯) (1011M¯)

(1) (2) (3) (4) (5) (6) (7)

(1) ESO 0140040 249.301±100.439 2.559±0.657 11.798 2.797 5.374 0.180

(2) ESO 0840411 5.235±2.031 6.376±3.308 0.617 0.059 0.087 0.050

(3) ESO 1200211 45.952±45.122 0.573±0.382 0.487 0.448 0.005 0.078

(4) ESO 1870510 54.231±29.375 0.967±0.448 0.970 0.580 0.012 0.028

(5) ESO 2060140 233.076±79.144 1.164±0.239 5.016 2.536 0.408 0.106

(6) ESO 3020120 54.204±26.987 1.895±0.707 1.900 0.604 0.216 0.034

(7) ESO 3050090 27.322±13.025 2.091±1.005 1.057 0.305 0.038 0.048

(8) ESO 4250180 30.192±37.443 4.398±4.190 2.456 0.341 0.686 0.095

(9) ESO 4880049 102.348±38.523 1.622±0.469 3.071 1.134 0.138 0.017

(10) F730-V1 214.024±69.305 1.472±0.304 5.828 2.362 0.587 0.083

(11) UGC 4115 149.748±63.661 0.931±0.765 2.579 1.595 0.004 0.004

(12) UGC 11454 151.154±29.156 1.926±0.246 5.385 1.685 0.668 0.382

(13) UGC 11557 15.453±6.272 5.378±3.683 1.537 0.174 0.093 0.051

(14) UGC 11583 119.175±72.692 0.633±0.355 1.394 1.191 0.005 0.106

(15) UGC 11616 199.314±43.504 1.498±0.223 5.521 2.201 0.431 0.171

(16) UGC 11648 105.879±19.255 1.948±0.235 3.814 1.181 0.511 3.739

(17) UGC 11748 8165.259±3307.033 0.367±0.078 55.482 67.067 2.857 5.719

(18) UGC 11819 88.880±14.071 2.933±0.387 4.821 0.999 0.769 0.316

3.1. NED rotation velocity

The rotation velocity for the NED can be obtained through
the NED distribution, giving the following relationship:

V 2
NED(r) =

4πGθ3/2ρNED

r

×
[√

πErf
(

r

2
√

θ

)
− r√

θ
exp

(
− r2

4θ

)]
, (16)

where again,Erf(x) is the error function. This expression
can be rewritten as

V 2
NED(r) = 4πG

√
θ µDM V̂ (r/2

√
θ), (17)

whereV̂ (x) is a dimensionless function and we have defined
µDM =

√
θ ρNED (Eq. (A.3)), which has turned out to be a

very important quantity, characterizing the dark matter mod-
els in galaxies [25]. It has units of surface density. The rota-
tion curve equations for PISO, NFW, Burkert and WaveDM
models can also be written similarly as (17) (see Appendix ).

Let as first make a comparison of rotation curves asso-
ciated with PISO, NFW and Burkert (See Appendix A) ver-
sus NED. Here we do not considere WaveDM model. The
comparison between these three models and the NED rota-

tion curves is shown in Fig. 3. In Fig. 3(a) we have plot-
ted all the DM models with the same parameters values just
to see their behavior. Given thatµDM is the same for all
the four models their different behavior came alone from the
dimensionless function̂V (r/ri) timesri, even dori values
are the same. In Fig. 3(b) we tried to reproduce almost the
same behavior of the PISO rotation curve which has been
produced withµDM = 92.47 M¯/pc2 andrp = 2.5 kpc,
by adjusting the parameters values of the other three models:
NED: µDM = 59.18 M¯/pc2 and

√
θ = 3.2 kpc; NFW:

µDM = 55.48 M¯/pc2 and rn = 20 kpc; and Burkert:
µDM = 166.45 M¯/pc2 andrb = 4.8 kpc. It has been found
thatµDM is almost constant for cored mass models [25].

3.2. Constraints with LSB galaxies

The main goal of this section, is to compare the results of
galaxy rotation curves, comparing the NED parameters fit
with parameters fit given by the four most successful mod-
els studied in literature which are PISO, NFW, Burkert and
WaveDM densities profiles (See Appendix for details of the
formulae used to fit observations).

In this sense, it is necessary to obtain the best fit, by max-
imizing the likelihoodL(Θ) ∝ exp[−χ2(Θ)/2], where
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FIGURE 3. This figure shows a comparison of rotation curves for NED, PISO, NFW and Burkert models i.e. Eqs. (16), (A.6), (A.9) and
(A.12). In (a) we plot all models with the same parameters values (µDM = 92.47 M¯/pc2 andri = 2.5 kpc, i for each one of the models).
In (b) we have chosen parameters values of NED, NFW and Burkert in order to the rotation curves almost resemble the one of PISO.

TABLE IV. Best fitting parameters for NFW dark matter model and derived quantities.

NFW DM Model

Best Fitting Parameters

Galaxy ρn rn µDM MDM (300 pc) MDM (rmax) χ2
red

(10−3M¯/pc3) (kpc) (M¯/pc2) (107M¯) (1011M¯)

(1) (2) (3) (4) (5) (6) (7)

(1) ESO 0140040 25.478±11.506 16.148±4.602 7.609 22.701 5.392 0.142

(2) ESO 0840411 0.011±0.023 1157.493±2464.316 0.233 0.713 0.071 1.728

(3) ESO 1200211 2.419±5.244 5.705±9.200 0.255 0.729 0.006 0.239

(4) ESO 1870510 0.753±3.829 31.828±150.341 0.443 1.338 0.013 0.057

(5) ESO 2060140 19.886±9.262 8.110±2.327 2.983 8.688 0.415 0.420

(6) ESO 3020120 2.622±3.451 19.720±20.010 0.956 2.865 0.230 0.328

(7) ESO 3050090 0.031±0.178 756.541±4367.991 0.428 1.308 0.036 0.221

(8) ESO 4250180 0.525±3.747 119.446±770.596 1.159 3.531 0.756 0.013

(9) ESO 4880049 1.339±4.116 54.813±154.449 1.357 4.119 0.154 0.165

(10) F730-V1 10.636±6.141 14.707±5.937 2.893 8.611 0.641 1.027

(11) UGC 4115 0.151±0.642 313.106±1332.018 0.872 2.662 0.003 0.785

(12) UGC 11454 7.970±2.933 19.013±5.070 2.802 8.392 0.722 2.887

(13) UGC 11557 0.048±0.105 640.186±1399.355 0.566 1.728 0.075 1.452

(14) UGC 11583 0.124±0.598 258.501±1241.261 0.592 1.808 0.005 0.716

(15) UGC 11616 11.667±5.467 13.811±4.723 2.980 8.854 0.468 1.460

(16) UGC 11648 4.041±1.447 24.409±6.565 1.824 5.488 0.580 0.941

(17) UGC 11748 498.342±92.553 3.191±0.288 29.411 79.738 2.370 3.546

(18) UGC 11819 2.400±2.014 52.692±38.773 2.339 7.099 0.856 1.397

χ2(Θ) =
N∑

j=1

(
V j

obs − VDM(rj , Θ)

δV j
obs

)2

, (18)

hereV i
obs and δV i

obs is the observed velocity and its corre-
sponding uncertainty at the observed radial distancerj . Θ
corresponds to the free parameters of DM model. The re-
ducedχ2 is defined byχ2

red = χ2/(N − p) whereN is
the total number of data andp is the number of free parame-
ters [26]. Errors in the estimated parameters were computed
using the covariance matrix as is described in Ref. 26.

For the DM models analyzed in this work we have two
parameters: a scale length,ri, and the density at the center
of the galaxy,ρi; i is for PISO, NFW, Burkert, WaveDM or
NED models, Eqs. (A.4), (A.7), (A.10), (A.13) and (A.16).
As we have already say, we defined in Eq. (A.3), the sur-
face density,µDM , which has turned out to be a very impor-
tant quantity, characterizing the dark matter models in galax-
ies [25].

We analyze a sample of eighteen high resolution rotation
curves of LSB galaxies with no photometry: an optical ro-

Rev. Mex. Fis.63 (2017) 423-438
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TABLE V. Best fitting parameters for Burkert DM model and derived quantities.

Burkert DM Model

Best Fitting Parameters

Galaxy ρb rb µDM MDM (300 pc) MDM (rmax) χ2
red

(10−3M¯/pc3) (kpc) (M¯/pc2) (107M¯) (1011M¯)

(1) (2) (3) (4) (5) (6) (7)

(1) ESO 0140040 174.894±37.361 5.973±0.807 19.320 1.903 4.811 0.556

(2) ESO 0840411 5.848±2.402 10.423±6.001 1.127 0.065 0.088 0.034

(3) ESO 1200211 47.651±39.331 1.010±0.529 0.890 0.420 0.005 0.070

(4) ESO 1870510 59.656±28.150 1.603±0.628 1.768 0.580 0.012 0.031

(5) ESO 2060140 190.003±46.654 2.480±0.336 8.713 1.954 0.363 0.193

(6) ESO 3020120 56.685±23.031 3.372±0.960 3.535 0.598 0.200 0.006

(7) ESO 3050090 30.689±14.441 3.376±1.581 1.916 0.324 0.038 0.042

(8) ESO 4250180 30.713±30.272 7.695±5.812 4.371 0.337 0.676 0.111

(9) ESO 4880049 110.947±37.263 2.729±0.669 5.599 1.151 0.133 0.046

(10) F730-V1 191.278±50.734 2.931±0.460 10.370 1.997 0.533 0.569

(11) UGC 4115 167.708±81.223 1.543±1.520 4.787 1.621 0.004 0.002

(12) UGC 11454 138.988±20.518 3.705±0.342 9.524 1.476 0.629 0.981

(13) UGC 11557 17.308±7.708 8.880±7.056 2.843 0.191 0.094 0.046

(14) UGC 11583 138.330±81.382 0.990±0.517 2.533 1.213 0.005 0.111

(15) UGC 11616 195.956±33.714 2.751±0.304 9.971 2.035 0.392 0.326

(16) UGC 11648 81.798±10.504 4.217±0.352 6.380 0.876 0.507 5.450

(17) UGC 11748 1438.345±179.750 1.932±0.115 51.384 14.376 2.216 2.164

(18) UGC 11819 98.280±13.412 4.843±0.531 8.803 1.060 0.724 0.189

tation curve were available but no optical or H I photometry
[27]. Accordingly we neglect the visible components, such
as gas and stars. The sample of analyzed galaxies is given in
Table II. See Ref. 27 for technical details. We remark that in
this subsection we use units such thatG = 1, velocities are
in km/s, and distances are given in kpc.

Results are summarized in Tables III for PISO model, IV
for NFW model, V for Burkert model, VI for NED model
and VII for WaveDM model. In those tables we show for
each of the studied galaxies the fitting parametersρi andri

for each one of the five models, columns (2) and (3) and the
correspondingχ2

red is in column (7). Also shown are the esti-
mated fitting errors and the derived quantities like:µDM , the
mass up to 300 pc and the mass up to the outer spatial point
measured,rmax, columns (4), (5) and (6) respectively. Results
for parametersρi andri for PISO and NFW models are very
similar to those found in Ref. 27, except in the estimated er-
rors. This could be due to the method used to fit the data and
the method to estimate the fitting errors. As we mentioned
before we use the covariance matrix to compute the errors
following Ref. 26 were its diagonal elements gives the errors
in the estimated parameters. However, some programs do not
include the factor

√
2.30 that Ref. 26 does take into account.

In this way the estimated errors in the parameters reported
here will diminish a great deal.

In Fig. 4, it is shown, for each galaxy in the sample of
the LSB galaxies, the theoretical fitted curve to a preferred
NED value (blue solid line) that best fit to the corresponding
observational data (black symbols).

Notice how galaxies UGC 11648 and UGC 11748 are the
worst fitted cases. This was also the case in Ref. 27 for PISO
and NFW models. For NEDχ2

red = 11.531 and16.596, re-
spectively. Also notice that we have found a preferred range
of
√

θ values, from0.5 to 4.8 kpc, approximately.
In Ref. 28 was found for PISO model that the surface

densityµDM has nearly a constant value of the order of 100
M¯/pc2. This work was extended to include more galaxies
and other cored DM models in [25,29]. Authors found that
its value is almost constant for galaxies in a width range of
magnitude values. This indicates thatµDM should be a quan-
tity characterizing dark matter in galaxies. Following the re-
sults in Ref. 30 that used the newly SPARC galaxy catalog,
a theoretical study was done in Ref. 19. We redo these the-
oretical estimations to find the theoretical values for the DM
models we are interested in: PISO, NFW, Burkert, NED and
WaveDM. There were differences among PISO and Burkert
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FIGURE 4. We show, for each one of the galaxies in the sample in Table , the plots of the NED theoretical rotation curve (blue solid line),
that best fit of the corresponding observational data (black symbols).
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TABLE VI. Best fitting parameters for NED dark matter model and derived quantities.

NED DM Model

Best Fitting Parameters

Galaxy ρNED

√
θ µDM MDM (300 pc) MDM (rmax) χ2

red

(10−3M¯/pc3) (kpc) (M¯/pc2) (107M¯) (1011M¯)

(1) (2) (3) (4) (5) (6) (7)

(1) ESO 0140040 74.830±7.787 4.795±0.278 6.636 0.846 3.674 2.678

(2) ESO 0840411 4.858±1.557 4.141±1.516 0.372 0.055 0.084 0.083

(3) ESO 1200211 23.382±13.305 0.693±0.221 0.300 0.257 0.003 0.160

(4) ESO 1870510 37.574±11.172 0.902±0.192 0.627 0.418 0.011 0.115

(5) ESO 2060140 76.224±12.544 2.004±0.151 2.826 0.859 0.273 2.311

(6) ESO 3020120 33.054±9.507 2.202±0.364 1.346 0.373 0.157 0.172

(7) ESO 3050090 23.122±8.218 1.592±0.448 0.681 0.260 0.034 0.082

(8) ESO 4250180 16.372±8.696 4.752±1.960 1.439 0.185 0.647 0.244

(9) ESO 4880049 66.721±15.229 1.599±0.220 1.974 0.751 0.115 0.408

(10) F730-V1 80.499±17.124 2.271±0.253 3.381 0.908 0.419 5.403

(11) UGC 4115 144.243±50.285 0.556±0.340 1.484 1.562 0.004 0.006

(12) UGC 11454 61.686±5.589 2.724±0.137 3.107 0.696 0.545 6.318

(13) UGC 11557 14.532±4.656 3.360±1.691 0.903 0.164 0.092 0.068

(14) UGC 11583 99.834±40.813 0.486±0.143 0.898 1.067 0.004 0.054

(15) UGC 11616 98.889±11.088 1.879±0.115 3.436 1.114 0.291 2.800

(16) UGC 11648 35.237±2.594 3.179±0.136 2.072 0.398 0.483 11.531

(17) UGC 11748 327.142±18.981 2.217±0.056 13.412 3.690 1.587 16.596

(18) UGC 11819 60.543±5.211 2.782±0.168 3.115 0.684 0.565 0.453

values we have obtained with the values reported in Ref. 19.
In Tables III for PISO model, IV for NFW model, V for Burk-
ert model, VI for NED model and VII for WaveDM model,
we reported this surface density values, column (4) in each
table. In Fig. 5 we have plottedµDM versusMabs(B) for all
models.

For PISO model the mean value ofµDM is
341.64 M̄ /pc2 while the theoretical value we found, fol-
lowing [19], is 193 M̄ /pc2. For NFW: µDM is 179.34
M¯/pc2 versus the theoretical value of 89 M̄/pc2. For
Burkert:µDM is 462.11 M̄ /pc2 versus the theoretical value
of 348.69 M̄ /pc2. For NED DM model we have that the
mean value ofµDM is 144.21 M̄ /pc2 versus its theoretical
value ofµDM is 116.97 M̄ /pc2. And for WaveDM model
we obtained that the mean value ofµDM is 797.59 M̄ /pc2

while the theoretical value is 648.58 M̄/pc2. This work
should be extended to consider more galaxies in order to test
more throughly the theoretical predictions as it was done in
Ref. 25.

In column (5) of each one of the Tables III, IV, V
and VI, we have reported values of the masses of the DM
models up to300 pc, MDM (300 pc), and they were plot-
ted versusMabs(B) (lower filled circles) for all models in
Fig. 6. To guide the eye we have plotted the mean values of

MDM (300 pc). The mean values we found for each one of
the models are: PISO:4.85×107 M¯; NFW: 0.95×108 M¯;
Burkert: 1.79 × 107 M¯; NED: 0.79 × 107 M¯; WaveDM:
0.85× 107 M¯. In Ref. 31 was reported this mass within the
central 300 pc for 18 dSph Milky Way satellites. The value
found is about107 M¯ which is consistent with the mean val-
ues we found except for NFW DM model whose value is an
order of magnitude larger. This would indicate that NFW is a
model that can not explain rotation curves in spiral galaxies.

Also, in Tables III, IV, V, VI and VII, column (6), we re-
ported values for the total mass of the DM models up to the
last spatial point measured,rmax. This mass, MDM (rmax),
was plotted in Fig. 6 (upper filled circles). Values of this to-
tal mass fail to follow the constant mean value, almost of the
order of1010 M¯ for all models. In the case of NED, this is
in tension with the result reported in Ref. 9. But we believe
more work is needed in order to make a final conclusion.

Finally, for NED model, Fig. 7 shows in (a) the fitted
values of parameters

√
θ versusρNED that include the error

bars. In (b) it is shown contour plots for each galaxy at1σ
and2σ. This latter plot shows that

√
θ andρNED are anti-

correlated as is always the case for this kind of rotation curve
models described by two parameters in a general form similar
to Eq. (17).
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FIGURE 5. Plots ofµDM versus the absolute magnitude in the B-band of each galaxy (column (5), Table II). In (a) is the PISO model; (b)
NFW model; (c) Burkert model;(d) NED model and (e) WaveDM model. The mean value ofµDM is shown to guide the eye (solid line) in
each plot.

4. Discussion and conclusions

In this paper we have assumed that NED is an important com-
ponent in Universe dynamics affecting the stellar equations
of motion and the dynamic of galaxies in special the rota-
tion curves. From here, it is possible to discuss the research
shown in this paper in two main cases:

In the first case, we use the dynamic equations for the
evolution of stars with the aim of investigate the behavior
dictated by the presence of an uniform density (incompress-
ible fluid) and NED. We find a constraint for the parameter√

θ under the premise of observing important effects in the
dynamics of effective pressure and mass, always comparing
with the traditional knowledge of the uniform density stars.

In this vein, we give to the task of constraint the NED param-
eter as:

√
θ < 0.753R, emphasizing how the effects induced

by NED, generates a not expected behavior.
In addition, with polytropic stars it is possible to model

Dwarf Stars with indexn = 3. Here we also add NED which
does not interact with the polytropic fluid, presenting a mod-
ified Lane-Emden equation to describe the dynamics of the
star, our results present important effects in the dynamics ex-
cept for values that fulfill the conditionsκ > 102

√
θ and

κ 6
√

θ. We establish our bounds, with a plot in which the
correction is negligible, that is, when̄θ → 0, hence, we can
infer those that are mimicked with the traditional limit

The second case took into account the corresponding ro-
tation velocity of galaxies, assuming that NED is related with
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FIGURE 6. Plots of theMDM versus the absolute magnitude in the B-band of each galaxy (column (5), Table II). In (a) is the PISO model;
(b) NFW model; (c) Burkert model; (d) NED model and (e) WaveDM model. The mean value ofMDM (300 pc) andMDM (rmax) is shown
to guide the eye (solid line).

the galaxy halo. From here, we compute the rotation veloc-
ity associated with this model and was compared with four
of the most studied and accepted models in literature, which
are: PISO, NFW, Burkert and WaveDM. The analysis was
implemented through aχ2 best fit, with eighteen high resolu-
tion rotation curves of LSB galaxies with no photometry. The
range of values predicted by the method was from' 0.5 kpc
to ' 5 kpc. Also, theχ2 best fit for NED was not the most
accurate in comparison with the other standard models (see
Tables III, IV and V); however it is important to remark that
although it was not the best fitting model, the advantage lies
in the comparison with NC which is inspired by the internal
property of the space-time and not relinquish to this charac-
teristics.

For each DM model and for each galaxy in the ana-
lyzed sample we computed three important quantities that
should give us information about galaxy formation and evo-
lution that are summarized in Table VIII: the surface den-
sity µDM and the masses within the 300 pc, MDM (300
pc), and MDM (rmax) for the DM haloes. From other stud-
ies it was expected that these quantities were nearly con-
stants, independent of the absolute magnitude of the galax-
ies [9,19,28,31]. The general tendency, found in this work, is
that these quantities are roughly constant (except the behavior
of MDM (rmax)). We found like in [31], for dwarf spheroidal
galaxies, that also must be a common mass for spiral galaxies
within 300 pc and with the same order of magnitud,107 M¯.
This would give a central density for DM of∼ 0.1 M¯pc−3,
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FIGURE 7.(a) Plots of
√

θ versusρNED for the NED model, errors
bars are also shown. In (b) is the plot of contours at1σ and2σ of
the estimated parameters for each one of the rotation curves of the
galaxies studied in this work.

independent of the DM model with the exception of NFW
model whose value is an order of magnitud larger. If this re-
sult is confirmed NFW would have problems to explain the
observed rotation curves of spiral galaxies. The theoretical
and observational predictions give that the surface density,
µDM , is constant, independent of the absolute magnitud of
the galaxy, but it depends on the DM model. We also found a
roughly constant behavior in the surface density in each one
of the analyzed models. On the other hand the total mass up
to the outer spatial point,rmax fail to have this behavior, this
is in tension with a previous result found in Ref. 9. However,
we believe that it is needed a more systematic study with a
better sample of galaxies to reach a final conclusion.

Our results about NED parameter are summarized in
Table IX showing the difference between each constraint.
It is possible to observe that stellar dynamics provides a
lower bound for the free parameter meanwhile galaxy rota-
tion curves provides a higher bounds: an interval of values

for the NED parameter. Nevertheless, the rotation curves
analysis is less restrictive unlike the toy model cases of stel-
lar analysis; presenting the first one a better confidence in the
value. We emphasize that it is necessary to perform a further
analysis in both cases to uncover and narrow the free param-
eter for thismatter inspired by NED models. Each model
provide us with different results, which are subjected to the
astrophysical system to which it is being addressed. How-
ever, it is possible to establish a range of values where the
NED parameter must fit in.

The results provided by this paper, contributes to gener-
ate astrophysical bounds of theθ parameter which was stud-
ied previously in Ref. 18, but leaving aside the contrast with
real data. Of course, we remark that our results are not about
NC, instead is just a model that was motivated by NC. NC it
is a quantum-gravity theory which has not important effects
at macroscopic scales.

As a final note, we remark that the density profile inspired
by NC can be used in cosmological analysis like structure
formation, the statistics of the distribution of galaxy clusters,
the temperature anisotropies of the cosmic microwave back-
ground radiation (CMB) and with other astrophysical studies.
However, this work is in progress and will be reported else-
where.

Appendix

A. PISO, NFW, Burkert and NED Rotation
Curves

Here we give a brief summary of three important models
found in the literature [11-13] and the NED rotation curve
model. In general, given a dark matter model with a mass
profile,MDM (r), a rotation curve is described by (15) writ-
ten in the following form

V 2
DM(r) =

GMDM(r)
r

, (A.1)

where the mass at a given radiusr is given by

MDM(r) = 4π

r∫

0

dr′r′2ρDM (r′/rc). (A.2)

The functionρDM (r/rc) is a function ofr/rc multiplied by
ρc. Parametersρc andrc characterize the DM density pro-
file. The density at the core of the halo isρc andrc is its scale
length. It have turned out that the quantity

µDM (r) = ρc rc , (A.3)

is almost a constant when we fit to observations.

a) Pseudo isothermal profile.Here we consider that DM
density profile is given by PISO [11] written as:

ρPISO(r) =
ρp

1 + (r/rp)2
. (A.4)
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TABLE VII. Best fitting parameters for WaveDM model and derived quantities.

WaveDM Model

Best Fitting Parameters

Galaxy ρw rw µDM MDM (300 pc) MDM (rmax) χ2
red

(10−3M¯/pc3) (kpc) (M¯/pc2) (107M¯) (1011M¯)

(1) (2) (3) (4) (5) (6) (7)

(1) ESO 0140040 79.214±8.781 24.751±1.576 36.260 0.895 3.794 2.324

(2) ESO 0840411 4.903±1.610 22.717±8.684 2.060 0.055 0.085 0.078

(3) ESO 1200211 25.106±14.740 3.592±1.190 1.668 0.275 0.004 0.132

(4) ESO 1870510 38.935±12.248 4.793±1.107 3.452 0.432 0.011 0.098

(5) ESO 2060140 82.166±13.814 10.321±0.815 15.684 0.926 0.285 1.866

(6) ESO 3020120 34.495±10.131 11.499±1.992 7.336 0.389 0.163 0.116

(7) ESO 3050090 23.541±8.625 8.603±2.582 3.746 0.265 0.035 0.077

(8) ESO 4250180 17.341±10.170 24.965±11.206 8.006 0.196 0.648 0.223

(9) ESO 4880049 69.977±16.824 8.430±1.254 10.910 0.787 0.117 0.334

(10) F730-V1 87.966±18.401 11.636±1.277 18.930 0.992 0.433 4.428

(11) UGC 4115 144.859±51.666 3.083±1.955 8.259 1.566 0.004 0.006

(12) UGC 11454 66.896±6.449 14.024±0.759 17.350 0.755 0.554 5.262

(13) UGC 11557 25.866±6.737 10.000±1.747 4.784 0.291 0.065 1.078

(14) UGC 11583 102.235±43.907 2.615±0.830 4.944 1.086 0.004 0.056

(15) UGC 11616 104.803±12.177 9.795±0.635 18.986 1.180 0.305 2.219

(16) UGC 11648 37.922±2.977 16.424±0.767 11.519 0.428 0.486 10.683

(17) UGC 11748 357.566±21.695 11.261±0.300 74.470 4.030 1.624 13.950

(18) UGC 11819 62.928±5.724 14.740±0.959 17.154 0.710 0.590 0.336

TABLE VIII. Compilation of the results forµDM and MDM (300 pc) shown through the paper. Herêr = r/ri, where the theoretical
maximum is found for the dimensionless accelerationĝ [19], ri is the scale length for each model, and〈µDM 〉 and〈MDM (300 pc)〉 are the
mean value ofµDM and MDM (300 pc), respectively, we found for each galaxy in the analyzed sample.〈µDM 〉 andµDM are in M̄ /pc2

and MDM (300 pc) is in 107 M¯.

Results Compilation forµDM and MDM (300 pc)

PISO NFW Burkert NED WaveDM

r̂ 1.52 0 0.96 1.94 0.36

ĝmax 2.89 2π 1.60 4.77 0.86

〈µDM 〉 341.64 179.34 462.11 144.21 797.59

µDM 193.00 88.73 348.69 116.97 648.58

〈MDM (300 pc)〉 4.85 9.5 1.79 0.79 0.85

TABLE IX. Compilation of the results shown through the paper for the constriction of NED parameter.

Results Compilation

Star with uniform density Star with polytropic fluid Galaxy rotation curves
√

θ < 1
2

√
R

GM
R κ > 102

√
θ and κ 6

√
θ 0.5 kpc<

√
θ < 5 kpc
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With this density profile it is possible to obtain the
mass at a given radiusr

MPISO(r) = 4πr3
pρp

(
r

rp
− arctan

(
r

rp

))
, (A.5)

and from (A.1) together with (A.5) we have

V 2
PISO(r) =

GMPISO(r)
r

, (A.6)

known as PISO rotation velocity [11].

b) Navarro-Frenk-White profile. Another interesting
case (motivated by cosmologicalN -body simulations)
is the NFW density profile, which is given by [12]:

ρNFW(r) =
ρn

(r/rn)(1 + r/rn)2
. (A.7)

From (A.2) with the above density profile we have

MNFW(r) = 4πr3
nρn

×
(

ln(1 + r/rn)− r/rn

1 + r/rn

)
. (A.8)

From (A.1), together with (A.8) we obtain the follow-
ing rotation velocity:

V 2
NFW(r) =

GMNFW(r)
r

, (A.9)

this equation is known as NFW rotation velocity.

c) Burkert profile. Another density profile proposed by
Burkert [13] is:

ρBurk =
ρb

(1 + r/rb)(1 + (r/rb)2)
. (A.10)

Again from (A.2) with the above density profile we
have

MBurk(r)=4πr3
bρb

1
4
(
ln

[
(1 + r/rb)2(1 + (r/rb)2)

]

− 2 tan−1(r/rb)
)
. (A.11)

Again, from (A.1), together with (A.10) we obtain the
following rotation velocity:

V 2
Burk(r) =

GMBurk(r)
r

, (A.12)

which is known as Burkert rotation velocity [13].

d) NED profile. Here we consider that DM density pro-
file is given by NED density profile:

ρNED(r) = ρNED exp(−r2/4r2
NED), (A.13)

whererNED =
√

θ. As before with this density profile
it is possible to obtain the mass at a given radiusr

MNED(r) = 4πr3
NED ρNED2

[√
π erf(r/2rNED)

− (r/rNED) exp(−r2/4r2
NED)

]
, (A.14)

and from (A.1) together with (A.14) we have

V 2
NED(r) =

GMNED(r)
r

, (A.15)

known as NED rotation velocity.

e) WaveDM profile. Here we consider that DM density
profile is given by WaveDM density profile [20]:

ρWDM(r) =
ρw

(1 + (r/rw)2)8
. (A.16)

As before with this density profile it is possible to ob-
tain the mass at a given radiusr

MWDM(r) = 4πr3
w ρw




1

215040
((

r
rw

)2

+ 1
)7

×
(

48580
(

r

rw

)3

− 3465r

rw

+ 101376
(

r

rw

)7

+ 92323
(

r

rw

)5

+ 23100
(

r

rw

)11

+ 65373
(

r

rw

)9

+ 3465
(

r

rw

)13

+3465

((
r

rw

)2

+1

)7

× tan−1

(
r

rw

)]
, (A.17)

and from (A.1) together with (A.17) we have

V 2
WDM(r) =

GMWDM(r)
r

, (A.18)

known as WaveDM rotation velocity.

Acknowledgments

We would like to thank referee for his/her comments that
were very useful to improve the manuscript. MARM thanks
the helpful guide from Celia Escamilla-Rivera to improve the
Mathematica notebooks used to make the calculations pre-
sented in Sec. 3. The authors acknowledge support from
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i. Neutron stars should be modeled by the Tolman-Oppenheimer-
Vokoff equations,i.e., the strong field limit.
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