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The standard deviation of the final kinetic energy distribution (σe) as a function of mass of final fragments (m) from low energy fission
of 234U , measured with the Lohengrin spectrometer by Belhafafet al., presents a peak aroundm = 109 and another aroundm = 122.
The authors attribute the first peak to the evaporation of a large number of neutrons around the corresponding mass number,i.e. there is
no peak on the standard deviation of the primary kinetic energy distribution (σE) as a function of primary fragment mass (A). The second
peak is attributed to a real peak onσE(A). However, theoretical calculations related to primary distributions made by H.R. Faust and Z.
Bao do not suggest any peak onσE(A). In order to clarify this apparent controversy, we have made a numerical experiment in which the
masses and the kinetic energy of final fragments are calculated, assuming an initial distribution of the kinetic energy without structures on
the standard deviation as function of fragment mass. As a result we obtain a pronounced peak onσe(m) curve aroundm = 109, a depletion
from m = 121 to m = 129, and an small peak aroundm = 122, which is not as great as that measured by Belhafafet al.Our simulation
also reproduces the experimental results on the yield of the final massY (m), the average number of emitted neutrons as a function of the
provisional mass (calculated from the values of the final kinetic energy of the complementary fragments) and the average value of fragment
kinetic energy as a function of the final mass (ē). From our results we conclude that there are no peaks on theσE(A) curve, and the observed
peaks onσe(m) are due to the emitted neutron multiplicity and the variation of the average fragment kinetic energy as a function of primary
fragment mass.
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Las mediciones sobre la desviación est́andar de la distribución de enerǵıa cińetica final (σe) en funcíon de la masa final (m) de los fragmentos
de la fisíon de baja energı́a del234U , hechas por Belhafafet al., presentan un pico alrededor dem = 109 y otro alrededor dem = 122.
Los autores atribuyen el primer pico a la evaporación de un elevado ńumero de neutrones alrededor del correspondiente número ḿasico, es
decir que no hay un pico en la desviación est́andar de la distribución de enerǵıa cińetica primaria en función de la masa primaria (σE(A)). El
segundo pico es atribuida a un pico real enσE(A). Sin embargo, ćalculos téoricos relacionados con la distribución primaria, hechos por H.R.
Faust and Z. Bao, no sugieren ningún pico enσE(A). Para clarificar esta aparente controversia, hemos hecho un experimento numérico en
el que la distribucíon de masa y energı́a cińetica final es calculada suponiendo una distribución inicial de enerǵıa cińetica sin estructuras en
su desviacíon est́andar en funcíon de la masa inicial de los fragmentos. Como resultado obtenemos un pico pronunciado en la curvaσe(m)
alrededor dem = 109, una depresión desdem = 121 hastam = 129, un pequẽno pico alrededor dem = 122, el que no es tan grande como
el medido por Belhafafet al.Nuestra simulación tambíen reproduce los resultados experimentales del rendimiento de la masa final (Y (m),
el promedio del ńumero de neutrones emitidos en función de la masa provisional (calculada a partir de los valores de la energı́a cińetica de
los fragmentos complementarios) y del valor promedio de la energı́a cińetica como funcíon de la masa final (̄e(m)). De nuestros resultados
concluimos que no hay picos enσE(A) y los picos enσe(m) son debidos a la multiplicidad de neutrones emitidos y a la variación de la
enerǵıa cińetica promedio en función de la masa primaria.

Descriptores: Monte-Carlo; fisíon de baja energı́a; 234U ; enerǵıa cińetica de fragmentos; desviación est́andar.
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1. Introduction

One of the most studied quantities to understand the fis-
sion process is the fission fragment mass and kinetic energy
distribution, which is very closely related to the topologi-
cal features in the multi-dimensional potential energy sur-
face [1]. Structures on the distribution of primary (before
neutron emission) mass and kinetic energy may be inter-
preted by shell effects on potential energy of the fissioning

system, determined by the Strutinsky prescription and dis-
cussed by Dickmannet al. [2] and Wilkinset al. [3].

One expression of the above mentioned primary kinetic
energy distribution is constituted by the average value (Ē)
and the standard deviation (σE) as a function of primary mass
(A). The difficulty is that only final fragments -after neutron
emission- are accessible to experimental instruments.

Considering that reality, the distribution of final fragment
kinetic energy (e) as a function of final fragment mass (m),
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from thermal neutron induced fission of233U , was measured
by Belhafafet al.[4], using the Lohengrin spectrometer. This
distribution was represented by the average value of kinetic
energy (̄e) and the standard deviation (SD)σe as a function of
m. The results present a first peak onσe(m) aroundm = 108
and a second one aroundm = 122 (see Fig. 1).

The authors attribute the first peak to a large number of
evaporated neutrons (ν) around the corresponding primary
mass(A), i.e. there is no peak onσE(A).

Based on the small number of emitted neutrons measured
aroundA = 122, the second peak is attributed to the distri-
bution of the primary fragment kinetic energy (E). In other
words Belhafafet al. assume that the standard deviation of
primary fragment kinetic energyσE as a function of primary
mass (A) have a peak aroundA = 122.

Belhafafet al.take the supposed peaks on theσE curve as
a reflection of the existence of multiple minima in the poten-
tial energy surface of the fissioning system near the scission
configuration. Their conclusion is that for a given mass and
charge split; the multiple minima of the potential energy map
do not seem to be sufficient to account for the broadening of
the experimental kinetic energy distribution. In order to in-
terpret the supposed peak onσE(A) aroundA = 122, they
take into account the superposition of two or three different
charge splits for a given mass division.

However, more recent theoretical calculations made by
Faustet al.[5] do not suggest any peak in SD for the distribu-
tion of primary fragment kinetic energyσE aroundA = 122.

In order to clarify the apparent controversy between re-
sults obtained by Belhafafet al. and Faustet al., respectively,
it is crucial to find the relation between the primary and the
final kinetic energy distributions; the relation between the pri-
mary (Y (A)) and the final mass yield (Y (m)); as well as the
relation between the average value of the number of emitted
neutron (̄ν) as a function of the primary fragment mass and
the values corresponding to the experimental results. To ad-

FIGURE 1. SD of the final fragment kinetic energy distribution as
a function of the final massm (• and∗) as measured by Belhafaf
et al. [4], and Faustet al. [5], respectively; and SD as a function of
primary mass (◦) as calculated by Faustet al. [5]

dress this question, we present a Monte-Carlo simulation for
an experiment measuring kinetic energy and mass distribu-
tion of final fragments from thermal neutron induced fission
of 233U i.e. low energy fission of234U .

2. Monte Carlo simulation model

In our Monte Carlo simulation, the input quantities are the
primary fragment yield (Y ), the average kinetic energy (Ē),
the SD of the kinetic energy distribution (σE) and the aver-
age number of emitted neutrons (ν̄) as a function of primary
fragment mass (A). The output of the simulation for the fi-
nal fragments are the yield (Y ), the SD of the kinetic energy
distribution (σe) and the average number of emitted neutrons
(ν̄) as a function of the final fragment massm. The idea is to
see if a [σE(A)] curve without structure as input can produce
a [σe(m)] curve with structures.

2.1. Fragment kinetic energy and neutron multiplicity

In order to simplify calculation, we also make some assump-
tions in relation to neutron emission. We assume that

i) theE values have a Gaussian distribution,

ii) the average number of emitted neutrons (ν̄) corre-
sponds to the fragments with the average value of ki-
netic energyĒ, and

iii) there is a negative linear relation between the number
of neutrons emitted and the fragment kinetic energy

(this assumption is based on the fact that the number emitted
increases with the excitation energy, which decreases when
the kinetic energy increases); then

ν = ν̄

[
1− β

(
E − Ē

σE

)]
, (1)

whereβ is a free parameter.

2.2. Simulation process

We make several iterative simulations. After each simulation
result (final distribution), we change input values (primary
distribution) for a new simulation in order to get output values
(new final distribution) closer to experimental results. For the
first simulation, we takeY andĒ from Ref. 4. The first SD
σE curve is an extrapolation of calculation results obtained
by Faustet al. [5]. Then, we adjustY (A), ν(A), Ē(A) and
σE(A) in order to getY (m), ν̄, ē(m), σe(m) in agreement
with experimental data.

In the simulation, for each primary massA, the kinetic
energy of the fission fragments is chosen randomly from a
Gaussian distribution

P (E) =
1√

2πσE

exp
[
− (E − E)2

2σ2
E

]
, (2)
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whereP (E) is the probability density of energy with average
valueE and SDσE .

For eachE value, the simulated number of neutrons N is
calculated taking into account the relation (1). The final mass
of the fragment will be

m = A−N. (3)

Furthermore, assuming that the fragments lose energy
only by neutron evaporation and not by gamma emission or
any other process, and neglecting the recoil effect due to neu-
tron emission, then the kinetic energye(m) of the final frag-
ment will be given by

e(m) = (1− N

A
)E. (4)

With the ensemble of values corresponding tom, e andN ,
we calculateY (m), ē(m), σe(m) andν(m). To obtain ac-
ceptable statistics during the simulation, we have considered
a total number of fission events of234U of the order of108,
and we have computed the SD of all the relevant quantities
by means of the following expression:

σ2(m) =

∑Nj(m)
j=1 e2

j (m)
Nj(m)

− ē2(m), (5)

whereē(m) is the average value of the kinetic energy of final
fragments with a given massm, andNj(m) is the number of
fission events corresponding to that mass.

3. Results and interpretation

The simulated final mass yield curveY (m) and the primary
mass yieldY (A) are illustrated in Fig. 2. As expected, due
to neutron emission, theY (m) curve is shifted fromY (A)
towards smaller fragment masses.

The simulated curve of the average number of emitted
neutrons̄ν(m) is shifted fromν̄(A) in a similar way toY (m)
with respect toY (A) (see Fig. 3).

FIGURE 2. Simulation results for the primary (4) and final (̄ )
mass yields are presented together with experimental data (•),
taken from Ref. 4.

FIGURE 3.The average number of emitted neutrons from fission of
234U : as a function of the primary (4) and final fragment mass
(¯), both as a result of simulation and experimental data (•), taken
from Ref. 6.

As stated in Sec. 2, the primary kinetic energy (E(A)) is
generated from a Gaussian distribution, while the final kinetic
energy (e(m)) is calculated through Eq. (4).

The plots of the simulated average kinetic energy for the
primary and final fragments as a function of their correspond-
ing masses are shown in Fig. 4. In general, the simulated av-
erage final kinetic energy curve as a function of the final mass
(ē(m)) displays a shift roughly similar to that of theY (m)
curve. It is clearly noticed that shifts onY (m) andē(m) rel-
ative toY (A) andĒ(A), respectively, are greater for higher
neutron multiplicity.

Furthermore, Fig. 5 displays the standard deviation of the
kinetic energy distribution of the primary fragments and the
SD of the kinetic energy of the final fragments (σe(m)). The
simulated (σE(A)) curve does not present any peak.

The plots ofσe(m) reveal the presence of a pronounced
peak aroundm = 109, in agreement with the experimental
results obtained by Belhafafet al. [4] and Faustet al. [5],
respectively.

FIGURE 4. Average kinetic energy of the primary (4) and the final
fragment (̄ ), as a result of simulation in this work, to be compared
to experimental data (• ) from [4].
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FIGURE 5. SD of primary fragments kinetic energy distribution
(4), as simulated in this work, compared to results of calculations
(¦) made by Faustet al.[5]; and SD of final fragment kinetic energy
distribution (◦) compared to experimental data (•) as measured by
Belhafafet al. [4].

The peak on the SD aroundm = 122 resulting from our
simulation is not as great as that obtained by Belhafafet al.
Moreover, a depletion on the SD in the mass region from
m = 121 to m = 129 is obtained as a result of simulation.

These results were obtained with a simulated primary
fragment (σE(A)) without peaks in the range of fragment
massesA from 90 to 145 [see Fig. 5 (4)]. If one simulates
an additional source of energy dispersion inσE , without any
peak, no peak will be observed onσe.

Both the shape and height of the peaks ofσe(m) are sen-
sitive to the value of parameterβ appearing in Eq. (1). The
effect ofβ on peak depends to a great extent on mass region.
For the regionm = 109, a higher value ofβ will produce a
larger peak ofσe. The simulated results forσe(m) presented
in Fig. 5 were obtained withβ=0.35. The presence of a peak
at m = 109 could be associated with neutron emission char-
acteristics (approximatelȳν = 2) and a very sharp fall in
kinetic energy fromE =96 MeV toE =90 MeV, correspond-
ing to A=109 andA=111, respectively. A similar result was
obtained for low energy fission of236U [7].

4. Schematic analytical interpretation

We are going to use a simple analytical way to interpret the
effects of neutron emission, examining separately the influ-
ence ofĒ(A) andY (A) variations, respectively, onσe(m).

4.1. Influence of average kinetic energy variation on
standard deviation of final kinetic energy distribu-
tion

In order to analytically evaluate the influence of the variation
of Ē on σe(m), we assume that i) Y(A) andσE(A) are con-
stant and ii) fragments withE > Ē do not emit neutrons and
fragments withE < Ē emit one neutron. Then, for each final
massm there is a contribution from fragments with primary

FIGURE 6. SD of final fragments kinetic energy distribu-
tion calculated under the assumption that i) Y(A) is constant,
ii) σE(A) = 5 MeV. E(A) values are taken from Fig. 4.

massm that do not emit any neutron and from fragments with
primary massm + 1 that emit one neutron. With these con-
ditions we can show that,

σe(m) =

[
σ2

E −
√

2
π

σE∆Ē +
(

∆Ē

2

)2
] 1

2

, (6)

where∆Ē = Ē(m + 1)− Ē(m).
As we can see on Fig. 6, theσe(m) curve, calculated with

relation (6), presents a peak aroundm = 109 in agreement
with the experimental data. In that region∆Ē < 0, so from
relation (6) it follows thatσe(m) > σE(A).

The depletion on the simulatedσe(m) on the mass region
betweenm = 121 andm = 129 is explained by the fact that
in that mass region,∆Ē > 0. Using relation (6), we obtain
thatσe(m) < σE(A).

If we assume that fragments withE > Ē emit one neu-
tron and fragments withE < Ē do not emit neutrons, then

FIGURE 7. SD of final fragments kinetic energy distribu-
tion, calculated under the assumption thar ii) Y(A) is constant,
ii) σE(A) = 5 MeV. iii) fragments withE > Ē emit one neutron
and fragments withE < Ē do not emit neutrons.E(A) values are
taken from Fig. 4.
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FIGURE 8. SD of final fragments kinetic energy distribu-
tion, calculated under the assumption that i)σE(A)=5 MeV
(ii) Ē(m+1)=Ē(m) iii) fragments withE > Ē do not emit neu-
trons and fragments withE < Ē emit one neutron.Y (A) values
are taken from Fig. 2.

for each final massm there is a contribution from fragments
with primary massm that do not emit any neutron and from
fragments with primary massm + 1 that emit one neutron.
With these conditions we get,

σe(m) =

[
σ2

E +

√
2
π

σE∆Ē +
(

∆Ē

2

)2
] 1

2

, (7)

where∆Ē = Ē(m + 1)− Ē(m)
This results shows how sensitiveσe(m) is to variation of

Ē as a function ofA.
As we can see in Fig. 7, theσe(m) curve, calculated with

relation (7), presents a peak aroundm = 122 in agreement
with the experimental data. In that region∆Ē > 0, so that
from relation (7) it follows thatσe(m) > σE(A). The de-
pletion in the simulatedσe(m)on the mass region around
m = 109 is explained by the fact that in this mass region,
∆Ē < 0. Using relation (7), we obtain thatσe(m) < σE(A).

4.2. Influence of mass yield variation on standard devi-
ation of final kinetic energy distribution

In order to analytically evaluate the influence of the variation
of Y (A) onσe(m), we assume that

i) Y (A + 1) = r Y (A),

ii) σE(A) are constant,

iii) Ē(m + 1) = Ē(m) and

iv) neutron emission have no recoil effect on fragment ki-
netic energy.

Then we can show that,

σe(m) = σE

[
1− 2

π

(
1− r

1 + r

)2
] 1

2

, (8)

The SD curve calculated with relation (8) is presented
in Fig. 8. We can get a peak atm = 122 assuming that
around this massY increases very rapidly withA except at
Y (123) = Y (122). However, we can not reproduce the pro-
nounced peak obtained by Belhafafet al. [4]

5. Conclusions

From results of our Monte Carlo simulation (validated by an
simple analytical model) of an experiment measuring final
mass and kinetic energy distribution of fragment from low
energy fission of234U , we may conclude that:

i) there is no structures on the standard deviation of pri-
mary kinetic energy energy as a function of primary
mass;

ii) the peak aroundm = 109 on standard deviation of fi-
nal fragment kinetic energy as a function of final mass
σe(m), observed by Belhafafet al. [4] and Faustet
al. [5], are a result of high multiplicity of neutron emis-
sion and the variation of average kinetic energy in the
neighboring of that mass value;

iii) our assumption of non-existence of a peak on stan-
dard deviation of primary kinetic energy distribu-
tion as a function of primary mass agrees with re-
sults of theoretical calculations obtained by Faustet
al. [5], as opposed to the assumption of the exis-
tence of a peak around aroundA = 122 proposed by
Belhafafet al. [4].

This result suggests that shell effects on potential energy
of the fissioning system234U are not necessarily reflected in
the standard deviation of primary fragments kinetic energy as
a function of mass.
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