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The electromechanical analysis of a piezoresistive pressure microsensor with a square-shaped diaphragm for low-pressure biomedical appli-
cations is presented. This analysis is developed through a novel polynomial model and a finite element method (FEM) model. A microsensor
with a diaphragm 1000µm length and with three different thicknesses (10, 15, and 20µm) is studied. The electric response of this microsen-
sor is obtained with a Wheatstone bridge of four p-type piezoresistors located on the diaphragm surface. The diaphragm that is 10µm thick
exhibits a maximum deflection of 3.74µm using the polynomial model, which has a relative difference of 5.14 and 0.92% with respect to the
Timoshenko model and the FEM model, respectively. The maximum sensitivity and normal stress calculated using the polynomial model are
1.64 mV/V/kPa and 102.1 MPa, respectively. The results of the polynomial model agree well with the Timoshenko model and FEM model
for small deflections. In addition, the polynomial model can be easily used to predict the deflection, normal stress, electric response and
sensitivity of a piezoresistive pressure microsensor with a square-shaped diaphragm under small deflections.

Keywords:Finite element model; piezoresistors; polynomial model; pressure microsensor.

El ańalisis electromećanico de un microsensor de presión piezoresistivo con un diafragma de sección cuadrada para aplicaciones biomédicas
de baja presión es presentado. Este análisis es desarrollado mediante un nuevo modelo polinomial y un modelo con el método elemento
finito (FEM). Un microsensor con un diafragma de 1000µm de longitud y tres diferentes espesores (10, 15 y 20µm) es estudiado. La
respuesta eléctrica déeste microsensor es obtenida mediante un puente de Wheatstone con cuatro piezoresistores tipo p localizados sobre la
superficie del diafragma. El diafragma con 10µm de espesor presenta una deflexión máxima de 3.74µm utilizando el modelo polinomial, el
cual tiene una diferencia relativa de 5.14 and 0.92% con respecto al modelo de Timoshenko y al modelo FEM, respectivamente. La máxima
sensibilidad y esfuerzo normal calculado con el modelo polinomial son 1.64 mV/V/kPa and 102.1 MPa, respectivamente. Los resultados
del modelo polinomial concuerdan bien con el modelo de Timoshenko y el modelo FEM para pequeñas deflexiones. Adeḿas, el modelo
polinomial puede ser utilizado fácilmente para predecir la deflexión, esfuerzo normal, respuesta eléctrica y sensibilidad de un microsensor
de presíon piezoresistivo con un diafragma de sección cuadrada sujeto a pequeñas deflexiones.

Descriptores:Modelo de elemento finito; piezoresistores; modelo polinomial; microsensor de presión.

PACS: 07.10.Cm; 07.07.Df; 47.11.Fg

1. Introduction

Pressure microsensors are widely used in automotive ap-
plications, process control and biomedical applications [1].
Pressure microsensors used in biomedical applications in-
clude the measurement of blood pressure [2], intraocular eye
pressure [3], intracranial pressure, pulse rate, intrauterine
pressure, abdominal and urinary pressure [4-5]. For many
biomedical applications, the capacitive detection technique
is used mainly due to its high sensitivity. However, the ca-
pacitive pressure microsensors have problems with the her-
metic vacuum sealing of the capacitive cavity, the electrical
lead transfer between the vacuum-sealed cavity and the out-
side world [6], the high cost due to the complex fabrication
process and the difficult to use post-end circuits to compen-
sate the low linearity of these microsensors [7]. To overcome
these problems, piezoresistive pressure microsensors are an

other option for designers and researchers because these mi-
crosensors are easy to use and to fabricate [8-9]. In addi-
tion, the low sensitivity of piezoresistive pressure microsen-
sors can be improved by integrating amplifier circuits [10].

The pressure microsensors often use a thin square-shaped
diaphragm as their main sensor element. This is because
of its compatibility with bulk and surface silicon microma-
chining processes [11-12]. A pressure applied on the di-
aphragm generates an increase in its deflection until the elas-
tic force is balanced by the pressure. The pressure range
that can be measured by the diaphragm depends on its di-
mensions (surface area and thickness), geometry, edge con-
ditions, and material [13]. For example, in biomedical appli-
cations to measure the blood pressure and heart rate, pressure
microsensors are required to operate in the range of 0-40 kPa
(0-300 mmHg) [14].
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FIGURE 1. (a) Complete and b) cross-sectional views of a piezore-
sistive microsensor with a square-shaped diaphragm.

The diffused resistors on the silicon substrate are used
to measure the strain of the diaphragm of the pressure mi-
crosensors. This piezoresistive microsensor generally has
four piezoresistors in a Wheatstone bridge configuration to
measure the stresses in a silicon diaphragm under normal
pressure [15].

The electromechanical behavior of piezoresistive pres-
sure microsensors is predicted during the design phase. This
design is used to find the maximum electromechanical per-
formance of the microsensors to improve their sensitivity
and resolution. In the past, the electromechanical design of
these devices has often been studied with the Timoshenko
model for plates [16-17] and finite element method (FEM)
models [18-19]. However, the Timoshenko model contains
complicated terms and FEM models need considerable com-
puting time. Furthermore, the accuracy of a FEM model
depends on the shape and size of mesh used in these mod-
els; thus, FEM models are difficult to use between design-
ers and researches. Therefore, simple theoretical models are
needed to decrease the design time of pressure microsensors
for biomedical applications. In order to solve this problem,
this paper presents a novel polynomial model for an eas-
ier and faster prediction of the electromechanical behavior
of a piezoresistive pressure microsensor with a thin square-

shaped diaphragm, which is proposed to measure the blood
pressure and heart rate.

The paper is organized as follows. In Sec. 2, a novel poly-
nomial model for predicting the electromechanical behavior
of a piezoresistive pressure microsensor with a square-shaped
diaphragm is developed. This model is obtained with the
small-deflection theory for the bending of plates and the Ritz
method. In addition, the electromechanical response calcu-
lated with the polynomial model is compared with the Tim-
oshenko model for plates. In Sec. 3, the discussion of the
electromechanical behavior of a piezoresistive pressure mi-
crosensor obtained with the polynomial model, Timoshenko
model, and FEM model is presented.

2. Pressure microsensor design

The mechanical and electric design of a piezoresistive pres-
sure microsensor with a square-shaped diaphragm to mea-
sure blood pressure and heart rate is need to improve its elec-
tromechanical performance. Therefore, this design will help
in choosing the dimensions of the microsensor with the best
sensitivity and resolution for these biomedical applications.

2.1. Mechanical design

The diaphragm of a piezoresistive pressure microsensor can
be modeled as a square plate with four edges clamped un-
der a uniform normal pressure. In this work, the thin di-
aphragm of the piezoresistive pressure microsensor is con-
sidered as a thin plate with edges clamped. A plate is called
“thin” when its ratio of thickness to the smaller span length is
less than 1/20 [20]. Figure 1 shows the complete and cross-
sectional views of a typical piezoresistive pressure microsen-
sor with a thin square-shaped diaphragm. This microsen-
sor has a Wheatstone bridge with four p-type piezoresistors,
which are located near the edges of the diaphragm. The di-
aphragm and piezoresistors are aligned with the (110) direc-
tions in the〈100〉 crystallographic plane.

The governing equation of the deflection and normal
stress of a thin diaphragm is derived considering the funda-
mental assumptions (also known as Kirchhoff assumptions)
of the small-deflection theory for the bending of thin plates,
which are stated as follows [20]:

1. The material of the plate is elastic, homogeneous, and
isotropic.

2. The plate is initially flat.

3. The deflection of the midsurface is small compared
with the thickness of the plate and a maximum de-
flection of one-fifth of its thickness is considered the
limit of the small-deflection theory. The slope of the
deflected surface is very small and the square of the
slope is a negligible quantity with respect to unity.
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FIGURE 2. a) Schematic diagram of a rectangular-shaped di-
aphragm under an uniform normal pressure and, b) forces and mo-
ments on a differential element of the diaphragm.

4. The straight lines, normal to the midsurface before
bending, remain straight and normal to the midsurface
during the strain, and the length of such elements is not
altered. This means that the vertical shear strainsγxz

andγyz can be neglected.

5. Since the deflection of a plate is small, it is assumed
that the midsurface remains unstrained after bending.

6. The normal stress to the midsurface (σz) is small com-
pared with the other stress components and can be ne-
glected.

The diaphragm is strained when an uniform normal pres-
sure,q(x,y), is applied on the diaphragm surface, as shown
in Fig. 2a. This strain causes normal (σx, σy, σxz, andσyz)
and shear stresses (τxz andτyz) on the diaphragm. In addi-
tion, the bending (Mx, My) and twisting moments (Mxy) per
unit length of the diaphragm midsurface, as well as the shear
forces (Qx, Qy) per unit of length of the diaphragm midsur-
face, can be expressed in terms of the normal (σx andσy)

and shear stresses (τxy, τxz andτyz) [21]. That is,





Mx

My

Mxy



 =

h
2∫

−h
2





σx

σy

τxy



 zdz,

{
Qx

Qy

}
=

h
2∫

−h
2

{
τxz

τyz

}
dz, (1)

wherez is the vertical distance measured from the diaphragm
midsurface.

Based on the reciprocity law of shear stresses
(τxy andτyx), the twisting moments on perpendicular faces
of a diaphragm element are identical,i.e., Mxy=Myx. It is
important to mention that while the theory of thin plates omits
the effect of the strain componentsγxz andγyz on bending,
the vertical shear forcesQx andQy are not negligible.

Figure 2b shows the equilibrium of an element cut out of
a diaphragm, under a distributed load, by two pairs of planes
parallel to thexzandyzplanes, since the stress-resultants and
stress-couples are considered at the midsurface of this ele-
ment. Note that as this element is very small, the force and
moment components are distributed uniformly on the mid-
surface of the diaphragm element. Projecting all the forces
on the element in thez-axis, the following equations of equi-
librium are obtained [21]:

∂Qx

∂x
+

∂Qy

∂y
+ q = 0

∂Mxy

∂x
+

∂My

∂y
−Qy = 0 (2)

∂Mxy

∂y
+

∂Mx

∂x
−Qx = 0,

whereq(x,y) is a uniform load applied at the diaphragm sur-
face. From equation set (2), the relation between the uniform
load and the bending moment can be rewritten as [21]

∂2Mx

∂x2
+ 2

∂2Mxy

∂x∂y
+

∂2My

∂y2
= −q. (3)

Substituting equation set (1) into (3), a relation between
normal stress and uniform load can be obtained as

h
2∫

−h
2

(
∂2σx

∂x2
+ 2

∂2σxy

∂x∂y
+

∂2σy

∂y2

)
zdz = −q. (4)
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FIGURE 3. Top view of a Wheatstone bridge with four p-type
piezoresistors on the diaphragm surface of a pressure microsensor.

Considering the Kirchhoff assumptions for the bending
of thin plates (diaphragms) expressed above, the stress in the
z-direction and stress components (σx, σy, andσxy) can be
written in a matrix form given by




σx

σy

σxy


 =

Ez

1− ν2




1 ν 0
ν 1 0
0 0 1− ν







∂2w
∂x2

∂2w
∂y2

∂2w
∂x∂y


 , (5)

where E is Young’s modulus,ν is Poisson’s ratio of the
diaphragm material, andw is vertical deflection of the di-
aphragm.

The deflectionw(x, y) with respect to the load intensity
q(x, y) can be obtained by substituting Eq. (5) into Eq. (4);

(
∂4

∂x4
+ 2

∂4

∂x2∂y2
+

∂4

∂y4

)
w =

q

D
, (6)

whereD is the flexural stiffness per unit length of the thin
diaphragm.

A thin diaphragm exhibits greater stiffness than a beam
by a factor 1/(1-v2). This flexural stiffness per unit length is
given by

D =

h
2∫

−h
2

Ez2

1− v2
dz =

Eh3

12(1− v2)
. (7)

The analytical equations to solve the Eq. (6) must satisfy
the following boundary conditions of a clamped diaphragm:

w = 0
∂w

∂x
= 0 (x = 0, x = a)

w = 0
∂w

∂y
= 0 (y = 0, y = b). (8)

The solution of the partial differential Eq. (6) is com-
plicated and this solution is needed to find the deflection
and the normal stress components of the diaphragm. Double
trigonometric-series solutions can be used to solve Eq. (6),
but they generally are not easy to use [22]. However, the
polynomial solutions are the simplest equations to solve
equations similar to Eq. (6); however, they must be ob-
tained carefully to satisfy the boundary conditions indicated
by Eq. (8) and to keep acceptable accuracy. Therefore, in
this work a novel polynomial model is proposed for solv-
ing Eq. (6) with the boundary conditions of a clamped di-
aphragm. Thus, the proposed polynomial model is given by

w(x, y) =
r∑

m=1

s∑
n=1

cmn

[
1− x

a

]2

×
[
1− y

b

]2 (x

a

)2m (y

b

)2n

, (9)

wherew is the deflection,cmn represents coefficients to be
determined,a andb are the lengths of the diaphragm edges.

The novel polynomial model satisfies the boundary con-
ditions indicated by Eq. (8) and contains two series of poly-
nomial terms. These polynomial terms have unknown coef-
ficientscmn that can be found by variational methods. The
polynomial model considers the deflection of a diaphragm as
the superposition of polynomial curves of order 2m and 2n in
thex- andy- directions. Furthermore, ther ands terms indi-
cate the maximum number of polynomial curves in thex- and
y- directions to use in the polynomial model. The maximum
value of these terms (r ands) will depend on the designer
and the variational method used to find the coefficientscmn.

The Ritz method is a variational method based on the
principle of minimum potential energy to solve boundary
value problems of plates. In this work, the Ritz method is
considered to find the coefficientscmn of the polynomial
model. First, this model is applied to a pressure microsen-
sor with a rectangular-shaped diaphragm and afterwards is
simplified to a square-shaped diaphragm. Therefore, the Ritz
method is applied to a rectangular-shaped diaphragm with
sidesa andb under a uniform surface load. Thus, the strain
energyU associated with the bending of the diaphragm is
given by [22]

U =
1
2

∫ ∫

A

D

{(
∂2w

∂x2
+

∂2w

∂y2

)2

− 2(1− v)

×
[

∂2w

∂x2

∂2w

∂y2
−

(
∂2w

∂x∂y

)2
]}

dxdy, (10)

whereA is the area of the diaphragm surface.
The work done by the surface loadq(x, y) is

W =
∫ ∫

A

wqdxdy . (11)
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The potential energy equation is obtained byΠ = U−W :

Π =
∫ ∫

A

{
D

2

[(
∂2w

∂x2
+

∂2w

∂y2

)2

− 2(1− v)

×
[

∂2w

∂x2

∂2w

∂y2
−

(
∂2w

∂x∂y

)2
]]
− wq

}
dxdy . (12)

Assuming the boundary conditions given by Eq. (8) and
integrating the last term of Eq. (10) by parts, then the strain
energyU is reduced to

U =
D

2

∫ ∫

A

(
∂2w

∂x2
+

∂2w

∂y2

)2

dxdy. (13)

Introducing Eq. (9) into Eq. (13) yields

U =

b∫

0

a∫

0

{
r∑

m=1

s∑
n=1

cmn

(x

a

)2m (y

b

)2n

×
[[

1− y

b

]2
(

2m(2m− 1)
a2

[
1− x

a

]2 (x

a

)−2

− 8m

a2

[
1− x

a

] (x

a

)−1

+
2
a2

)

+
[
1− x

a

]2
(

2n(2n− 1)
b2

[
1− y

b

]2 (y

b

)−2

− 8n

b2

[
1− y

b

] (y

b

)−1

+
2
b2

)]}2

dxdy (14)

The work done by the uniform surface loadq(x,y) = q0

on a rectangular-shaped diaphragm is calculated by

W = q0

b∫

0

a∫

0

r∑
m=1

s∑
n=1

cmn

[
1− x

a

]2

×
[
1− y

b

]2 (x

a

)2m (y

b

)2n

dxdy. (15)

Then, Eqs. (14) and (15) are substituted into Eq. (12) and
the unknown coefficientscmn are determined by the mini-
mum potential energy principle. Thus,

∂Π
∂cmn

= 0. (16)

We use the first value ofr ands of the polynomial model
to obtain the simplest expression ofcmn; consequently, the
coefficientc11 is obtained as

c11 =
49a4b4q0

8D(7b4 + 4a2b2 + 7a4)
. (17)

Then, the deflection obtained with the polynomial model
is given by

w =
49a4b4q0

8D(7b4 + 4a2b2 + 7a4)

×
[
1− x

a

]2 [
1− y

b

]2 (x

a

)2 (y

b

)2

. (18)

For the case of a square-shaped diaphragm (a = b), the
maximum deflection (wmax) is found at its center:

wmax =
49q0a

4

36864D
. (19)

The normal stress components (σx and σy) of a
rectangular-shaped diaphragm are found through the substi-
tution of Eq. (18) into Eq. (5):

σx =
147a2b2zq0

h3(7b4 + 4a2b2 + 7a4)

{
b2

(
1− y

b

)2 (y

b

)2
[(x

a

)2

− 4x

a

(
1− x

a

)
+

(
1− x

a

)2
]

+a2v
(
1− x

a

)2 (x

a

)2

×
[(y

b

)2

− 4y

b

(
1− y

b

)
+

(
1− y

b

)2
]}

. (20)

σy =
147a2b2zq0

h3(7b4 + 4a2b2 + 7a4)

{
b2v

(
1− y

b

)2 (y

b

)2
[(x

a

)2

− 4x

a

(
1− x

a

)
+

(
1− x

a

)2
]

+a2
(
1− x

a

)2 (x

a

)2

×
[(y

b

)2

− 4y

b

(
1− y

b

)
+

(
1− y

b

)2
]}

. (21)

The maximum normal stresses are found at the middle
edges of the rectangular-shaped diaphragm at its upper sur-
face (z = h/2) and are given by

σx max =
147a2b4q0

32h2(7b4 + 4a2b2 + 7a4)

σy max =
147a4b2q0

32h2(7b4 + 4a2b2 + 7a4)
. (22)

The maximum normal stresses for a square-shaped di-
aphragm are found with the substitutiona = b into Eq. (22).

The Timoshenko model [23] for a rectangular-shaped
plate under small deflections is used to compare its results
in relation to the polynomial model. Based on the small-
deflection theory for the bending of plates, Timoshenko [23]
assumed the total deflection of a rectangular-shaped plate
with clamped edges as the sum of three components:w1, w2,
andw3. The first component,w1, comes from the deflection
of a simply supported plate under the same pressure load.
The following equations are derived for a rectangular-shaped
plate (a and b width) under a pressureq0. In addition, the
coordinate system used in these equations is located in the
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center of the rectangular-shaped plate. Therefore,

w1=
4q0a

4

π5D

∞∑
m=1,3,5,...

(−1)(m−1)/2

m5
cos

(mπx

a

)

×
[
1−αm tanh αm+2

2 cosh αm
cosh

(mπy

a

)

+
1

2 cosh αm

(mπy

a

)
sinh

(mπy

a

)]
(23)

w2 =
−a2

2π2D

∞∑
m=1,3,5,...

Em(−1)(m−1)/2

m2 coshαm

× cos
(mπx

a

) [mπy

a
sinh

(mπy

a

)

− αm tanh αm cosh
(mπy

a

)]
(24)

w3 =
−b2

2π2D

∞∑
m=1,3,5,...

Em(−1)(m−1)/2

m2 cosh βm

× cos
(mπy

b

) [mπx

b
sinh

(mπx

b

)

− βm tanh βm cosh
(mπx

b

)]
, (25)

whereEm andFm are coefficients to be determined. Also,

αm =
mπb

2a
and βm =

mπa

2b
. (26)

Hence, the total deflection of a rectangular-shaped di-
aphragm (plate) under small deflections is calculated by

wt = w1 + w2 + w3. (27)

The values ofEm andFm can be obtained by the follow-
ing equations:

4q0a
2αn

π3n4 cosh2 αn

− tanh αn =
En

n

(
tanh αn +

αn

cosh2 αn

)

+
8na

πb

∞∑
m=1,3,5,...

Fm
1

m3
(

a2

b2 + n2

m2

) (28)

4q0b
2βn

π3n4 cosh2 βn

− tanh βn =
Fn

n

(
tanh βn +

βn

cosh2 βn

)

+
8nb

πa

∞∑
m=1,3,5,...

Em
1

m3
(

a2

b2 + n2

m2

) . (29)

For the case of a square-shaped diaphragm, the follow-
ing assumptions are considered:En = Fn and the Eqs. (28)
and (29) are same. Therefore, Eqs. (28) and (29) are reduced
to

En

n

(
tanh αn +

αn

cosh2 αn

)
+

8n

π

∞∑
m=1,3,5,...

Em

m3

× 1
(
1 + n2

m2

)2 =
4q0a

2

π3n3

(
αn

cosh2 αn

− tanh αn

)
. (30)

The coefficientsEm can be determined by the method of
successive approximations. Only the first four coefficients
(E1, E3, E5, andE7) were considered because a greater in-
crease in these terms does not significantly increase the ac-
curacy of the Timoshenko model [23]; thus,E1=0.3722K,
E3=−0.0380K, E5=−0.0178K andE7=−0.0085K, where

K = −4q0a
2

π3
. (31)

The normal stress components of a square-shaped plate
can be determined by Eq. (5), considering these four coeffi-
cients (E1, E3, E5 andE7).

In the next section, the electric design of the piezoresis-
tive pressure microsensor is presented.

2.2. Electric design

The piezoresistive pressure microsensor has a Wheatstone
bridge with four p-type piezoresistors on the diaphragm sur-
face, as shown in Fig. 3. Two pairs of piezoresistors are
placed on opposite sides of the edges of the diaphragm to
increase its sensitivity to an applied pressure. Accordingly,
two piezoresistors are in parallel with the maximum normal
stress (σx) and the other two are perpendicular toσx. For
a piezoresistor subjected to parallel and perpendicular stress
components (σl andσt), the change in resistance is [24]

∆R

R
= πlσl + πtσt, (32)

whereπl and πt are the piezoresistive coefficients parallel
and perpendicular to the piezoresistor length.

The values of the piezoresistive coefficients depend on
the orientation of the wafer and the diaphragm, the type and
concentration of doping, and temperature [25]. For the (110)
directions in the〈100〉 crystallographic plane, the parallel and
perpendicular piezoresistive coefficients are given by [24]

πl = π11 − 2 (π11 − π12 − π44)
(

1
4

)

πt = π12 + (π11 − π12 − π44)
(

1
2

)
(33)

where π11, π12 and π44 are the fundamental cubic
piezoresistive coefficients. This work considered a re-
sistivity of 7.8 Ω cm for the wafer, p-type piezoresis-
tors withπ11=6.6×10−11Pa−1, π12=−1.1×10−11Pa−1 and
π44=138.1× 10−11Pa−1[15]. Thus, the parallel and perpen-
dicular piezoresistive coefficients areπl=71.8× 10−11Pa−1

andπt= − 66.3 × 10−11Pa−1. Besides,E= 169.8 GPa was
considered for the silicon and Poisson’s ratioν=0.066 [24].

The output voltage,∆V, of the Wheatstone bridge with a
supply voltage,Vin, is given by [24]

∆V

Vin
=

(∆R/R)l − (∆R/R)t

2 + (∆R/R)l + (∆R/R)t
(34)

where(
∆R

R

)

l

= πlσl + πtσt

(
∆R

R

)

t

= πlσt + πtσl. (35)
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FIGURE 4. Absolute deflection of a square-shaped diaphragm
(1000 µm length and 10µm thickness) obtained with the novel
polynomial model for an uniform normal pressure of 15 kPa.

FIGURE 5. Deflection distribution at the middle (y=b/2) of one
quadrant of a square-shaped diaphragm (1000µm length) consid-
ering three different thicknesses (10µm, 15µm, and 20µm) and
an uniform normal pressure of 15 kPa.

FIGURE 6. Normal stress distribution of a piezoresistive pressure
microsensor with a square-shape diaphragm (1000µm length and
10µm thickness) under an uniform normal pressure of 15 kPa.

The parallel and perpendicular stress components are cal-
culated using

σl = σx(0, b/2) σt = σx(a/2, 0). (36)

The sensitivity,S, of the pressure microsensor can be de-
termined by the following equation:

S =
∆V/Vin

q0
, (37)

whereq0 is the uniform-normal pressure on the diaphragm
surface.

3. Results and discussion

This section shows the result of the relations between the size,
pressure, deflection, normal stress components and electric
response of a piezoresistive pressure microsensor proposed
to measure blood pressure and heart rate. This microsen-
sor has a square-shaped silicon diaphragm 1000µm length
and in three different thicknesses (10, 15, and 20µm) un-
der a uniform normal pressure. The pressure range consid-
ered for the electromechanical analysis of this microsensor
was 0-40 kPa (0-300 mmHg) [14]. The electromechanical re-
sponse was obtained with the novel polynomial model, which
agrees well with the Timoshenko model and FEM model for
small deflections. In addition, this polynomial model predicts
the electromechanical behavior of the piezoresistive pressure
microsensor more easily and quickly.

Figure 4 shows the absolute amplitude of the deflection
distribution of a square-shaped diaphragm (1000µm length
and 10µm thickness) of the pressure microsensor, which
is obtained with the proposed polynomial model. This de-
flection distribution is caused by a uniform normal pressure
(15 kPa) on the diaphragm’s external surface. The maxi-
mum deflection (1.40µm) is located at the center of this
diaphragm. In addition, the absolute deflection distribution
over the middle (y=b/2) of one quadrant (due to symmetry)
of this diaphragm is found using the polynomial model and
Timoshenko model, as shown in Fig. 5. For this case three
thicknesses (10, 15, and 20µm) are considered, and a uni-
form normal pressure of 15 kPa on the diaphragm. The max-
imum deflection (1.40µm) is less than one-fifth (2µm) of
the smallest thickness (10µm), which satisfies the condition
for small deflections [23]. The deflections obtained by the
model polynomial agree well with the results of the Timo-
shenko model.

Figure 6 indicates the normal stress distribution (σx) of
the same square-shaped diaphragm 10µm thick as a func-
tion of x andy distances, respectively. This stress distribu-
tion was calculated using the polynomial model Eq. (20) and
considering a pressure of 15 kPa on the diaphragm. The max-
imum stresses (38.28 MPa) are found at the middle edges
(x = 0, y = 500 µm andx = 1000 µm, y = 500 µm) of the

Rev. Mex. F́ıs. 55 (1) (2009) 14–24



ELECTROMECHANICAL ANALYSIS OF A PIEZORESISTIVE PRESSURE MICROSENSOR FOR. . . 21

FIGURE 7. Deflection distribution (µm) of a FEM model of
a piezoresistive pressure microsensor with a square-shaped di-
aphragm (1000µm length) under an uniform normal pressure
(15 kPa) and considering thicknesses of 10, 15, and 20µm.

diaphragm where the parallel piezoresistors are located.
The center of the diaphragm is subjected to compressive-
type stresses, of which the highest compressive stress was
20.40 MPa.

A FEM model of the same piezoresistive pressure mi-
crosensor was made through ANSYS and its mechanical

FIGURE 8. Normal stress distribution (MPa) obtained using a
FEM model of a piezoresistive pressure microsensor with a square-
shaped diaphragm (1000µm length) under a uniform normal pres-
sure (15 kPa) and considering thicknesses of 10, 15, and 20µm.

behavior was compared with the polynomial model and the
Timoshenko model. The FEM model represents one quarter
of the pressure microsensor (due to symmetry conditions)
in order to decrease the computer time. First, the model was
drawn using CAD software (Solid Edge17) and after that was
transferred to ANSYS software. Then, the load and mesh
conditions were applied to this FEM model with elements
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FIGURE 9. Maximum deflections variation versus pressure applied
to a piezoresistive pressure microsensor with a square-shaped di-
aphragm (1000µm length) and considering thicknesses of 10, 15,
and 20µm.

FIGURE 10. Maximum normal stress variation (σx) versus pres-
sure applied to a piezoresistive pressure microsensor with a square-
shaped diaphragm (1000µm length) and considering thicknesses
of 10, 15, and 20µm.

type solid95 with three degrees of freedom each. Finally, the
FEM model was solved and its electromechanical behavior
was obtained for a pressure range from 0 to 40 kPa. This
FEM model was made and solved in an approximate time of
four hours. This computation time is greater than the time
used by the polynomial model and the Timoshenko model.
For the polynomial model, it took about 20 minutes to cap-
ture Eqs. (9), (20), (34), and (37) with Matlab software and
to define the load and material conditions. In addition, the
Matlab software needed approximately four seconds to solve
these equations. However, the time taken for the Timoshenko

FIGURE 11. Output voltage variation of a Wheatstone bridge ver-
sus pressure applied to a piezoresistive pressure microsensor with a
square-shaped diaphragm (1000µm length) and considering thick-
nesses of 10, 15, and 20µm.

model to be captured with Matlab software was about twice
as long as the time needed for the polynomial model.

First, the deflection distribution of the FEM model of the
microsensor was found by considering a square-shaped di-
aphragm (1000µm length) in three different thicknesses (10,
15, and 20µm). Figure 7 shows the results of the deflec-
tion distribution of this microsensor under a uniform normal
pressure of 15 kPa. The maximum deflection (1.39µm) was
found in the diaphragm 10µm thick. This value is 3.29 and
7.60 times greater than that obtained in the diaphragms with
15 and 20µm of thickness, respectively. In addition, the
normal stress distribution for the same diaphragm with three
different thicknesses (10, 15, and 20µm) was recorded, as
shown in Fig. 8. The maximum tensile stress (44.01 MPa)
is located at the middle edge of the diaphragm 10µm thick.
This value is 2.37 and 4.40 higher than that found in the di-
aphragms 15 and 20µm thick, respectively. The stress dis-
tribution decreases and becomes compressive at the center of
the diaphragm. In both cases, the stresses are less than the
rupture stress of 360 MPa in〈100〉 silicon [26].

Figure 9 shows the deflections of the pressure microsen-
sor considering three different thicknesses (10, 15, and
20 µm) and a uniform normal pressure from 0 to 40 kPa.
These deflections were obtained at the diaphragm center us-
ing the polynomial model, the Timoshenko model and the
FEM model. The results of the polynomial model agree well
with the other two models. The diaphragm 10µm thick ex-
hibits a maximum deflection of 3.74µm using the polynomial
model, which has a relative difference of 5.14 and 0.92% with
respect to the Timoshenko model and the FEM model, re-
spectively. The deflections for the diaphragms 15 and 20µm
thick showed a reduction of 70.38 and 87.50% with respect
to the thickness of 10µm.
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TABLE I. Sensitivity of a piezoresistive pressure microsensor with
a square-shaped diaphragm obtained using the polynomial model,
the Timoshenko model and the FEM model.

Diaphragm parameter Sensitivity (mV/V/kPa)
Length Thickness Polynomial Timoshenko FEM
(µm) (µm) model model model
1000 10 1.64 1.99 1.89
1000 15 0.73 0.89 0.80
1000 20 0.41 0.50 0.43

The result of the maximum normal stresses (σx) in the
diaphragm of the microsensor is shown in Fig. 10. This re-
sponse was obtained using the polynomial model, the Timo-
shenko model and the FEM model. For a pressure lower than
20 kPa and a thickness greater than 10µm, the maximum
normal stress calculated using the polynomial model agrees
well with the other two models. For the diaphragm 15µm
thick, the polynomial model showed a maximum stress of
45.37 MPa versus 55.17 and 49.60 MPa obtained with the
Timoshenko model and the FEM model, respectively. These
values are less than the rupture stress of〈100〉 silicon [26].
Moreover, the diaphragm 10µm thick exhibited the highest
normal stress (102.1 MPa using the polynomial model and
124.1 MPa using the Timoshenko model).

The results of the normal stress components obtained by
the three models (polynomial, Timoshenko and FEM mod-
els) were introduced into Eq. (34) to find the electric be-
havior of the Wheatstone bridge of the pressure microsensor.
Figure 11 shows the output voltage of the Wheatstone bridge
versus the pressure (0-40 kPa) applied to the diaphragm. In
this case, a supply voltage (Vin) of 1 V and three different
thicknesses for the diaphragm were considered. For the two
thicknesses with higher magnitude (15 and 20µm), the re-
sults obtained with the polynomial model agree well with the
Timoshenko model and the FEM model. In addition, the re-
sults of sensitivity (mV/V/kPa) of the pressure microsensor
are shown in Table I. The highest sensitivity was calculated
for the diaphragm 10µm thick. Using the polynomial model,
the diaphragm 10µm thick has a maximum sensitivity of
1.64 mV/V/kPa, while the two diaphragms that are 15µm

and 20µm thick have sensitivities of 0.73 mV/V/kPa and
0.41 mV/V/kPa, respectively. Therefore, the electromechani-
cal design of the piezoresistive pressure microsensor showed
that the square-shaped diaphragm 1000µm length and 10µm
thickness has an adequate sensitivity and a safe mechanical
response for measuring blood pressure and heart rate in the
pressure range from 0 to 40 kPa. This design was obtained
using the proposed polynomial model with a lower comput-
ing time than the Timoshenko model and the FEM model.

4. Conclusions

A novel polynomial model was developed to predict the elec-
tromechanical behavior of piezoresistive pressure microsen-
sors with square-shaped diaphragms more easily and quickly
for low-pressure biomedical applications. This model was
determined using the small-deflection theory for the bending
of thin plates and the Ritz method. The expressions of the
polynomial model are simpler than the classical Timoshenko
model for plates. A pressure microsensor with a square-
shaped diaphragm (1000µm length) and with three differ-
ent thicknesses (10, 20, and 30µm) was studied. For small
deflections of the diaphragm, the electromechanical behav-
ior of the pressure microsensor obtained using the polyno-
mial model agrees well with the Timoshenko model and the
FEM model. The deflections of the diaphragm (10µm thick)
calculated using the polynomial model showed a relative dif-
ference of 5.14 and 0.92% with respect to the Timoshenko
model and the FEM model, respectively. In addition, the
deflections of the diaphragm exhibited a reduction of 70.38
and 87.50% for thicknesses of 15 and 20µm, respectively. A
maximum sensitivity (1.64 mV/V/kPa) was calculated for the
diaphragm 10µm thick.
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