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A model of a thermoelectric heat pump driven by a thermoelectric generator with external heat transfer irreversibility is proposed. The
performance of the combined thermoelectric heat pump device obeying Newton’s heat transfer law is analyzed using the combination of finite
time thermodynamics and non-equilibrium thermodynamics. Two analytical formulae for heating load versus working electrical current, and
the coefficient of performance (COP) versus working electrical current, are derived. For a fixed total heat transfer surface area of four
heat exchangers, the allocations of the heat transfer surface area among the four heat exchangers are optimized for maximizing the heating
load and the COP of the combined thermoelectric heat pump device. For a fixed total number of thermoelectric elements, the ratio of the
number of thermoelectric elements of the generator to the total number of thermoelectric elements is also optimized for maximizing both the
heating load and the COP of the combined thermoelectric heat pump device. The influences of thermoelectric element allocation and heat
transfer area allocation are analyzed by detailed numerical examples. The optimum working electrical currents for maximum heating load
and maximum COP at different total numbers of thermoelectric elements and different total heat transfer areas are provided, respectively.

Keywords:Combined thermoelectric device; thermoelectric generator; thermoelectric heat pump; heat transfer; finite-time thermodynamics;
non-equilibrium thermodynamics.

En el presente trabajo se propone un modelo de una bomba de calor termoeléctrica controlada por un generador termoeléctrico con trans-
ferencia de calor externa irreversible. Se analiza el desempeño de la bomba de calor combinada, la cual obedece a la ley de Newton de
transferencia de calor, usando la combinación de termodińamica de tiempo finito y termodinámica fuera de equilibrio. Se obtienen dos
fórmulas analı́ticas: para la carga de calor y para el coeficiente de desempeño, ambas en función del trabajo de corriente eléctrica. Se realiza
una optimizacíon de la posicíon de la superficie de transferencia de calor entre cuatro intercambiadores para maximizar la carga de calor y el
coeficiente de desempeño de la bomba de calor termoeléctrica combinada. Para este mismo fin, se optimiza también la raźon entre el ńumero
de elementos termoeléctricos del generador y el total. Se analiza, mediante ejemplos numéricos detallados, la influencia entre las posiciones
del elemento termoeléctrico y delárea de transferencia de calor.

Descriptores:Dispositivo termoeĺectrico combinado; generador termoeléctrico; bomba de calor termoeléctrica; transferencia de calor; ter-
modińamica de tiempo finito; termodinámica fuera de equilibrio.

PACS: 05.30-d; 05.70.-a; 05.60.Gg

1. Introduction

Semiconductor thermoelectric power generation, based on
the Seebeck effect, and semiconductor thermoelectric cool-
ing, based on the Peltier effect, have very interesting capabil-
ities with respect to conventional power generation, cooling
systems and heating systems [1-3]. The absence of moving
components results in an increase in reliability, a reduction in
maintenance, and an increase in system life; the modularity
allows for application in a wide-scale range without signif-
icant losses in performance; the absence of a working fluid
prevents dangerous environmental leakage; and the noise re-
duction appears also to be an important feature. Thermoelec-
tric generators, refrigerators, and heat pumps have been used
in military, aerospace, instruments, and industrial or com-
mercial products, as power generating, cooling or heating de-
vices for specific purposes. Many researchers are concerned
with the physical properties of thermoelectric material and
the manufacturing technique of thermoelectric modules. In
addition to the improvement of the thermoelectric material
and module, the system analysis and optimization of thermo-
electric generators, refrigerators and heat pumps are equally

important in designing high-performance thermoelectric gen-
erators, refrigerators and heat pumps.

In general, conventional non-equilibrium thermodynam-
ics [1,4] is used to analyze the performance of single-stage
one- or multiple-element thermoelectric generators [5-13]
and heat pumps [14-18]. All objects of this research are inde-
pendent thermoelectric devices, that is, they generate direct-
current power source for users (thermoelectric generator) or
need a direct-current power source to provide direct current
(thermoelectric heat pump). In some special fields, the heat
rejected from the thermal machine may drive a thermoelec-
tric refrigerator or a thermoelectric heat pump through the use
of a thermoelectric generator, so that the thermoelectric re-
frigerator or heat pump does not need an independent power
source. This type of new system is different from the tra-
ditional thermoelectric systems merely consisting of a ther-
moelectric generator, a thermoelectric refrigerator or a heat
pump. These systems dispense with complicated pipelines
and heat insulation, so they can be used in many special fields
such as aircraft, submarine, and so on. Chenet al. [19] and
Khattabet al. [20] built a model of this kind of combined
system,i.e. single-stage thermoelectric refrigerator driven by
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single-stage thermoelectric generator, and analyzed the per-
formance of the device. Menget al. [21] built a model of a
single-stage thermoelectric heat pump driven by single-stage
thermoelectric generator, and analyzed the performance of
the device.

The theory of finite-time thermodynamics or entropy gen-
eration minimization [22-40] is a powerful tool for perfor-
mance analysis and optimization of practice thermodynamic
processes and devices. Some authors have investigated the
performances of thermoelectric generators [41-55] and heat
pumps [56-60] using the combination of finite-time thermo-
dynamics and non-equilibrium thermodynamics. They an-
alyzed the effects of finite-rate heat transfer between the
thermoelectric device and its external heat reservoirs on the
performances of single-stage single-element thermoelectric
generators [42-48] and heat pumps [56,57]. They also in-
vestigated the characteristics of single-stage multi-element
thermoelectric generators [49-54] and heat pumps [58,59]
and those of two-stage multi-element thermoelectric genera-
tors [55] and heat pumps [60] with the irreversibility of finite-
rate heat transfer, Joulean heat inside the thermoelectric de-
vice, and the heat leakage through the thermoelectric couple
leg. However, all of those were performed only for indepen-
dent thermoelectric devices. There has been no study on per-
formance analysis and optimization for a single-stage ther-
moelectric heat pump driven by a single-stage thermoelectric
generator published in the open literature using the combina-
tion of finite-time thermodynamics and non-equilibrium ther-
modynamics.

On the basis of the exo-reversible model of a single-
stage thermoelectric heat pump driven by a single-stage ther-
moelectric generator without external irreversibility built in
Ref. 21, a model of a thermoelectric generator-driven ther-
moelectric heat pump with internal irreversibilities and exter-
nal heat transfer irreversibility is built. The performance of
the combined thermoelectric device obeying Newton’s heat
transfer law is analyzed and optimized using the combination
of finite-time thermodynamics and non-equilibrium thermo-
dynamics. Two analytical formulae for heating load versus
working electrical current, and the coefficient of performance
(COP) versus working electrical current, are derived. For a
fixed total heat transfer surface area of four heat exchangers,
the allocations of the heat transfer surface areas among the
four heat exchangers are optimized for maximizing the heat-
ing load and the COP of the combined thermoelectric device.
For a fixed total number of thermoelectric elements, the ratio
of the number of thermoelectric elements of the generator to
the total number of thermoelectric elements is also optimized
for maximizing both the heating load and the COP of the
combined thermoelectric device. The influences of thermo-
electric element allocation and heat transfer area allocation
are analyzed by detailed numerical examples. The optimum
working electrical currents for maximum heating load and
maximum COP at different total numbers of thermoelectric
elements and different total heat transfer areas, respectively,
are provided.

FIGURE 1. Schematic diagram of the combined thermoelectric de-
vice

2. Finite-time thermodynamic model of a ther-
moelectric heat pump driven by a thermo-
electric generator device

A schematic diagram of a combined thermoelectric device,
i.e. a thermoelectric heat pump driven by a thermoelectric
generator, is shown in Fig. 1. The device consists of an irre-
versible single-stage multi-element thermoelectric generator
and an irreversible single-stage multi-element thermoelectric
heat pump in series with internal and external irreversibili-
ties. The direct-current power source of the heat pump is the
direct-current power output of the generator.

The irreversible thermoelectric generator is composed
of m pairs of thermoelectric elements. Each element is com-
posed of P-type and N-type semiconductor legs. The ther-
moelectric power generation element is assumed to be insu-
lated, both electrically and thermally, from its surroundings,
except at the junction-reservoir contacts. The internal irre-
versibility is caused by Joulean electrical resistive loss and
heat conduction loss through the semiconductor between the
hot and cold junctions. The Joulean loss generates an internal
heatI2R, whereR is the total internal electrical resistance of
the semiconductor couple andI is the electrical current gen-
erating from the semiconductor couple. The conduction heat
loss isK(T

′
H1 − T

′
L1), whereK is the thermal conductance

of the semiconductor couple,T
′
H1 is the hot junction temper-

ature, andT
′
L1 is the cold junction temperature. Finite-rate

heat transfers,i.e. the temperature differences(TH1 − T
′
H1)

and(T
′
L1 − TL1), whereTH1 andTL1 are the temperatures

of the heat source and heat sink of the thermoelectric gener-
ator, respectively, cause the external irreversibility. For the
thermoelectric generator, the rate of heat transfer at the hot
junction isQH1, and the rate of heat transfer at the cold junc-
tion isQL1.

The irreversible thermoelectric heat pump is composed
of n pairs of thermoelectric elements. The Joulean loss
generates an internal heatI2R. The conduction heat loss
is K(T

′
H2 − T

′
L2), whereT

′
H2 is the hot junction temper-

ature andT
′
L2 is the cold junction temperature. Finite-rate

heat transfers,i.e. the temperature differences(TH1 − T
′
H1)

and(T
′
L2 − TL2), whereTH2 andTL2 are the temperatures

of the heat sink and heat source of the thermoelectric heat
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pump, respectively, cause the external irreversibility. For the
thermoelectric heat pump, the rate of heat transfer at the hot
junction isQH2, and the rate of heat transfer at the cold junc-
tion isQL2.

Assume that the four heat exchangers among the hot and
cold junctions of the thermoelectric heat pump, thermoelec-
tric generator and their respective reservoirs are counter-flow,
and the heat conductances (product of heat transfer coeffi-
cient and heat transfer surface area) of the heat exchangers
are kH1FH1, kL1FL1, kH2FH2 and kL2FL2, respectively,

wherekH1, kL1, kH2, andkL2 are the heat transfer coef-
ficients of the four heat exchangers, respectively, andFH1,
FL1, FH2 andFL2 are the heat transfer surface areas of the
four heat exchangers, respectively.

The total number (M) of thermoelectric element pairs
of the irreversible combined thermoelectric device is finite,
M = m + n. The total heat transfer surface area (F ) of
the four heat exchangers of the irreversible combined ther-
moelectric device is finite,F = F1 + F2 + F3 + F4.

Assuming that the heat transfers among the hot and cold
junctions of the thermoelectric generator and the thermoelec-
tric heat pump and their respective reservoirs obey Newton’s
law gives [49,54,58,59]

QH1 = kH1FH1

(
TH1 − T

′
H1

)
= m

[
αITH1 + K

(
T
′
H1 − T

′
L1

)
−1

2
I2R

]
(1)

QL1 = kL1FL1

(
T
′
L1 − TL1

)
= m

[
αITL1 + K

(
T
′
H1 − T

′
L1

)
+

1
2
I2R

]
(2)

QH2 = kH2FH2

(
T
′
H2 − TH2

)
= n

[
αITH2 −K

(
T
′
H2 − T

′
L2

)
+

1
2
I2R

]
(3)

QL2 = kL2FL2

(
TL2 − T

′
L2

)
= n

[
αITL2 −K

(
T
′
H2 − T

′
L2

)
− 1

2
I2R

]
(4)

whereα = αP −αN , αP andαN are the Seebeck coefficients of the P- and N- type semiconductor legs for each thermoelectric
power generation and heating element.

3. Analytical formulae for heating load and COP

Combining Eq. (1) with Eq. (2) gives the hot junction temperatureT
′
H1 and the cold junction temperatureT

′
L1 of the thermo-

electric generator.

T
′
H1=

0.5αRm2I3−(0.5m+m2K)RI2+mαTH1I−mK(kH1FH1TH1+kL1FL1TL1)−kH1FH1kL1FL1TH1

m2α2I2+mα(kH1FH1−kL1FL1)I−mK(kH1FH1+kL1FL1)−kH1FH1kL1FL1
(5)

T
′
L1=

−0.5αRm2I3−(0.5m+m2K)RI2−mαTH1I−mK(kH1FH1TH1+kL1FL1TL1)−kH1FH1kL1FL1TH1

m2α2I2+mα(kH1FH1−kL1FL1)I−mK(kH1FH1+kL1FL1)−kH1FH1kL1FL1
(6)

Combining Eq. (3) with Eq. (4) gives the hot junction temperatureT
′
H2 and the cold junction temperatureT

′
L2 of the

thermoelectric heat pump.

T
′
H2=

−0.5αRn2I3−(0.5n + n2K)RI2−nαTH2I−nK(kH2FH2TH2+kL2FL2TL2)−kH2FH2kL2FL2TH2

n2α2I2+nα(kL2FL2−kH2FH2)I−nK(kH2FH2+kL2FL2)−kH2FH2kL2FL2
(7)

T
′
L2=

−0.5αRn2I3−(0.5n + n2K)RI2+nαTH2I−nK(kH2FH2TH2+kL2FL2TL2)−kH2FH2kL2FL2TH2

n2α2I2+nα(kL2FL2−kH2FH2)I−nK(kH2FH2+kL2FL2)−kH2FH2kL2FL2
(8)

Substituting Eqs. (5)- (8) into Eqs. (1)- (4) yields

QH1 = kH1FH1{TH1 − [0.5αRm2I3 − (0.5m + m2K)RI2 + mαTH1I

−mK(kH1FH1TH1 + kL1FL1TL1)− kH1FH1kL1FL1TH1]/[m2α2I2

+ mα(kH1FH1 − kL1FL1)I −mK(kH1FH1 + kL1FL1)− kH1FH1kL1FL1]} (9)
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QL1 = kL1FL1{[−0.5αRm2I3 − (0.5m + m2K)RI2 −mαTH1I

−mK(kH1FH1TH1 + kL1FL1TL1)− kH1FH1kL1FL1TH1]/[m2α2I2

+ mα(kH1FH1 − kL1FL1)I −mK(kH1FH1 + kL1FL1)− kH1FH1kL1FL1]− TL1} (10)

QH2 = kH2FH2{TH2 − [−0.5αRn2I3 − (0.5n + n2K)RI2 − nαTH2I − nK(kH2FH2TH2

+ kL2FL2TL2)− kH2FH2kL2FL2TH2]/[n2α2I2 + nα(kL2FL2 − kH2FH2)I

− nK(kH2FH2 + kL2FL2)− kH2FH2kL2FL2]} (11)

QL2 = kL2FL2{[−0.5αRn2I3 − (0.5n + n2K)RI2 + nαTH2I − nK(kH2FH2TH2

+ kL2FL2TL2)− kH2FH2kL2FL2TH2]/[n2α2I2 + nα(kL2FL2 − kH2FH2)I

− nK(kH2FH2 + kL2FL2)− kH2FH2kL2FL2]− TL2} (12)

The overall system is a closed loop circuit, and the heat flow of the system is in equilibrium; one has

QH1 + QL2 = QL1 + QH2. (13)

Substituting Eqs. (9)- (12) into Eq. (13) and re-arranging the results yields the equation that the system stable working
electrical current should be satisfied:

A4I
4 + A3I

3 + A2I
2 + A1I + A0 = 0 (14)

where

A4 = α3m2n2R(kL1FL1 − kH1FH1 − kL2FL2 + kH2FH2) (15)

A3 = α2mn[mn(2kH2FH2KR + 2kH2FH2TH2α
2 + 2kL2FL2KR + 2kH1FH1KR

+ 2kL2FL2TL2a
2 + 2α2kL1FL1TL1 + 2kL1FL1KR + 2α2kH1FH1TH1) + m(kH2FH2RkH1FH1

− kH2FH2RkL1FL1 + kL2FL2RkL1FL1 − kL2FL2RkH1FH1 + 2kL2FL2kH2FH2R)

+ n(−kH2FH2RkL1FL1 + 2kH1FH1kL1FL1R− kL2FL2RkH1FH1

+ kL2FL2RkL1FL1 + kH2FH2RkH1FH1)] (16)

A2 = α[m2n(−3kL1FL1KRkH2FH2 − 2α2kL1FL1TL1kH2FH2 + 2α2kL1FL1TL1kL2FL2

+ 2α2kH1FH1TH1kL2FL2 + kL1FL1KRkL2FL2 − 2α2kH1FH1TH1kH2FH2

− 2kL2FL2TL2α
2kH2FH2 + 2kH2FH2TH2α

2kL2FL2 − kH1FH1KRkH2FH2

+ 3kH1FH1KRkL2FL2) + mn2(−kL1FL1KRkL2FL2 + 2α2kL2FL2TL2kH1FH1

+ 3kH1FH1KRkL2FL2 − 2α2kH1FH1TH1kL1FL1 + 2α2kH2FH2TH2kH1FH1

− kL2FL2TL2α
2kL1FL1 + kH1FH1KRkH2FH2 − 3kL1FL1KRkH2FH2

+ 2α2kL1FL1TL1kH1FH1 − 2kH2FH2TH2α
2kL1FL1)

+ m2(−kL1FL1RkH2FH2kL2FL2 − kH1FH1RkH2FH2kL2FL2)

+ n2(kL2FL2RkL1FL1kH1FH1 − kH2FH2RkL1FL1kH1FH1)

+ mn(2kL2FL2RkL1FL1kH1FH1 + 2kL1FL1RkH2FH2kL2FL2

+ 2kH2FH2RkL1FL1kH1FH1 + 2kH1FH1RkH2FH2kL2FL2)] (17)
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A1 = −2m2nK(kL2FL2 + kH2FH2)(kL1FL1KR + KkH1FH1R + α2kL1FL1TL1 + α2kH1FH1TH1)

− 2m n2K(kH1FH1 + kL1FL1)(KRkL2FL2 + KRkH2FH2 + α2kH2FH2TH2 + α2kL2FL2TL2)

− 2m2kL2FL2kH2FH2(KRkL1FL1 + KRkH1FH1 + α2kL1FL1TL1 + α2kH1FH1TH1)

− 2n2kL1FL1kH1FH1(KRkL2FL2 + KRkH2FH2 + a2kH2FH2TH2 + α2kL2FL2TL2)

+ 2mn[α2(kH1FH1kL1FL1kH2FH2TH1 − kL2FL2kH2FH2kH1FH1TL2 + kL1FL1kH1FH1kL2FL2TL1

− kH2FH2kL2FL2kL1FL1TH2 − kL1FL1kH1FH1kH2FH2TL1 + kL2FL2kH2FH2kL1FL1TL2

− kH1FH1kL1FL1kL2FL2TH1 + kH2FH2kL2FL2kH1FH1TH2)−RK(kH2FH2kL1FL1kH1FH1

+ kL2FL2kH2FH2kH1FH1 + kL2FL2kL1FL1kH1FH1 + kL1FL1kL2FL2kH2FH2)]

− 2mRkH1FH1 kL1FL1kH2FH2kL2FL2 − 2nRkL2FL2 kH2FH2kL1FL1kH1FH1 (18)

A0 = 2mn(KkL1FL1kH1FH1TH1kH2FH2 −KkL1FL1kH1FH1TL1kH2FH2

+ KkL1FL1kH1FH1TH1kL2FL2 −KkL1FL1kH1FH1TL1kL2FL2

−KkL2FL2kH2FH2TH2kL1FL1 + KkL2FL2kH2FH2TL2kH1FH1

+ KkL2FL2TL2kH2FH2kL1FL1 −KkL2FL2kH2FH2TH2kH1FH1)

+ 2m(kH1FH1kL1FL1kH2FH2kL2FL2TH1 − kL1FL1kH1FH1kH2FH2kL2FL2TL1)

+ 2n(kL2FL2TL2kH2FH2kL1FL1kH1FH1 − kH2FH2kL2FL2kL1FL1kH1FH1TH2) (19)

The coefficients of the equation are functions of the parameters of thermoelectric element pairs and parameters concerning
heat transfer, so the parameters influence the coefficients of the equation, and then influence the working electrical current and
the performance of the device.

For the fixed parameters, one can obtain four theoretical solutions by solving Eq. (14). Analysis showed that there is only
one solutionIs, which satisfiesI > 0, QH1 > 0, QL1 > 0, andQL2 > 0. On top of that, one has the cooling load and COP of
the combined thermoelectric device as follows:

QH2 = kH2FH2{TH2 − [−0.5αRn2I3 − (0.5n + n2K)RI2 − nαTH2I − nK(kH2FH2TH2

+ kL2FL2TL2)− kH2FH2kL2FL2TH2]/[n2α2I2 + nα(kL2FL2 − kH2FH2)I

− nK(kH2FH2 + kL2FL2)− kH2FH2kL2FL2]} (20)

β = QH2
QH1

=

kH2FH2{TH2 − [−0.5αRn2I3 − (0.5n + n2K)RI2 − nαTH2I − nK(kH2FH2TH2

+kL2FL2TL2)− kH2FH2kL2FL2TH2]/[n2α2I2 + nα(kL2FL2 − kH2FH2)I
−nK(kH2FH2 + kL2FL2)− kH2FH2kL2FL2]}

kH1FH1{TH1 − [0.5αRm2I3 − (0.5m + m2K)RI2 + mαTH1I
−mK(kH1FH1TH1 + kL1FL1TL1)− kH1FH1kL1FL1TH1]/[m2α2I2

+mα(kH1FH1 − kL1FL1)I −mK(kH1FH1 + kL1FL1)− kH1FH1kL1FL1]}

(21)

Obviously, besides the performance parameters of thermoelectric element pairs (α, R andK), parameters concerning the
heat transfer (kH1, kL1, kH2, kL2, FH1, FL1, FH2 andFL2) would influence the device performance.

If kH1FH1 = kL1FL1 = kH2FL2 = kL2FL2.→.∞, TH1 = T
′
H1, TL1 = T

′
L1, TH2 = T

′
H2 andTL2 = T

′
L2, Eqs. (20)

and (21) become the results of conventional non-equilibrium thermodynamic analysis [21].

4. Numerical examples

4.1. Design variables and fixed parameters

For an independent thermoelectric generator or thermoelectric heat pump device, there is an optimum heat transfer area allo-
cation between the high temperature side and the low temperature side heat exchangers for the fixed total heat transfer area
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FIGURE 2. Working electrical current vs. the ratio of number of
thermoelectric elements.

FIGURE 3. Heating load vs. the ratio of number of thermoelectric
elements.

of the thermoelectric generator [54] or thermoelectric heat
pump [59]. For the combined thermoelectric device dis-
cussed here, besides optimum heat transfer surface area al-
location between the high temperature side and the low tem-
perature side, there is also an optimum heat transfer surface
area allocation between the thermoelectric generator and the
thermoelectric heat pump for the fixed total heat transfer sur-
face area of the whole device.

In order to describe the allocations of the heat transfer
area, three ratios of heat transfer surface area are defined: the
total heat transfer surface area ratiof = F1/F , i.e. the ratio
of the heat transfer surface area of the thermoelectric gener-
ator to the total heat transfer surface area of the combined
irreversible device; the generator heat transfer surface area
ratio f1 = FH1/F1, i.e. the ratio of the heat transfer sur-
face area of the high-temperature side heat exchanger of the

FIGURE 4. COP vs. the ratio of number of thermoelectric ele-
ments.

thermoelectric generator to the total heat transfer surface area
of the thermoelectric generator; and the heat pump heat trans-
fer surface area ratiof2 = FH2/F2, i.e. the ratio of the
heat transfer surface area of the high-temperature side heat
exchanger of the thermoelectric heat pump to the total heat
transfer surface area of the thermoelectric heat pump. Then,
one has

FH1 = ff1F, FL1 = f(1− f1)F,

FH2 = (1− f)f2F and FL2 = (1− f)(1− f2)F.

In order to describe the allocations of the thermoelectric
element pairs, one ratio of numbers of thermoelectric element
pairs is defined:x = m/M , i.e. the ratio of the number
of thermoelectric element pairs of the thermoelectric genera-
tor to the total number of thermoelectric element pairs of the
combined irreversible device. Then, one hasm = xM and
n = (1− x)M .

Obviously, the ranges of the variablesx, f , f1, andf2

are [0,1].
Numerical calculations are performed in order to an-

alyze and optimize the performance of the thermoelec-
tric heat pump driven by a thermoelectric generator. In
the calculations,TH1=450K, TL1=300K, TH2=320K,
TL2=300K, kH1=60W/K, kL1=15W/K, kH2=240W/K,
kL2=120W/K, α=2.1 × 10−4V/K, K=1.6 × 10−2W/K,
andR=1.2× 10−3Ω are set [53,54,58,59].

4.2. Effects of total number and allocations of thermo-
electric elements

The system working electrical current (I), heating load
(QH2) and COP (β) vs. ratio of numbers of thermoelectric
elements (x) are shown in Figs. 2-4 by solid lines, respec-
tively. In the calculations,M = 200, F = 1m2, f = 0.6,
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f1 = 0.7, andf2 = 0.4 are set. There exist two optimum
working electrical currents corresponding to maximum heat-
ing load (QH2,max) and maximum COP (βmax). The maxi-
mum heating load and maximum COP vs. the total number
of thermoelectric elements (M) are shown in Figs. 5 and 6,
respectively, by solid lines. In order to compare the results
obtained for the irreversible device by using the combination
of finite time thermodynamics and non-equilibrium thermo-
dynamics with those obtained for the exoreversible device by
using non-equilibrium thermodynamics, the non-equilibrium
thermodynamic results,i.e. the effects of heat transfer are
not taken into account, are also shown in Figs. 2-6 by dotted
lines. One can see that the effects of heat transfer are ob-
vious and should be considered in the performance analysis
and optimization of the combined irreversible thermoelectric
devices.

FIGURE 5. Maximum heating load vs. total number of thermoelec-
tric elements.

FIGURE 6. Maximum COP vs. total number of thermoelectric ele-
ments.

FIGURE 7. Optimum working electrical currents vs. total number
of thermoelectric elements.

FIGURE 8. Optimum variables at maximum heating load vs. total
heat transfer surface area.

The optimum working electrical current (Iopt,QH2) cor-
responding to the maximum cooling load (QH2,max) and the
optimum working electrical current (Iopt,β) corresponding to
the maximum COP (βmax) versus the total number of ther-
moelectric element pairs (M) are shown in Fig. 7.

The optimum variables corresponding to maximum cool-
ing load (QH2,max) versus the total number of thermoelectric
element pairs (M) are shown in Fig. 8.

One can see that the working electrical current (I) is
smaller and no longer proportional tox when effects of heat
transfer are taken into account.I increases monotonically
and the slope of the curve decreases monotonically with the
increase ofx. I changes little whenx is near 1.

Practical cooling load (QH2) and COP (β) are smaller.
The minimumx, i.e. the ratio of number of thermoelectric
elements corresponding to a zero cooling load and zero COP
is greater when the effects of heat transfer are taken into ac-
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count. However, heat transfer has little influence on optimum
x, i.e. the ratios of the number of thermoelectric elements at
the maximum heating load and the maximum COP.

The maximum heating load (QH2,max) is smaller and no
longer proportional toM when the effects of heat transfer are
taken into account.QH2,max increases monotonically and the
slope of the curve decreases monotonically with the increase
in M . The maximum COP (βmax) is no longer constant and
decreases monotonically with the increase inM .

Both the optimum working electrical currentsIopt,QH2

andIopt,β decrease with the increase in the total number of
thermoelectric elements, andIopt,QH2 ≥ Iopt,β holds. When
the total number of thermoelectric elements changes, the op-
timum variablesx, f , f1 and f2 remain constant approxi-
mately.

FIGURE 9. Heating load vs. ratios of heat transfer surface areas.

FIGURE 10. COP vs. ratios of heat transfer surface areas.

FIGURE 11. Maximum heating load vs. total heat transfer surface
area.

FIGURE 12. Maximum COP vs. total heat transfer surface area.

FIGURE 13. Optimum working currents vs. total heat transfer sur-
face area.
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FIGURE 14. Optimum variables at maximum heating load vs. total
heat transfer surface area.

4.3. Effects of total heat transfer surface area and area
allocations of heat exchangers

The heating loadQH2 and the COPβ versus heat transfer
surface area ratiosf1 andf2 are shown in Figs. 9 and 10,
respectively, withM = 100, F = 1m2, andf = 0.6.

One can see that there are an optimumf1 and an optimum
f2 corresponding to the maximum heating load (QH2,max)
and maximum COP (βmax), respectively. In fact, for a fixed
total number of thermoelectric elements (M) and total heat
transfer area (F ), there are optimum variablesx, f , f1 and
f2 corresponding to the maximum heating load (QH2,max)
and the maximum COP (βmax), respectively.

Figures. 11-12 show the maximum heating loadQH2,max

and the maximum COPβmax versus the total heat trans-
fer surface areaF , respectively, withM = 100. Fig. 13
shows the optimum working electrical current (Iopt,QH2) cor-
responding to the maximum heating load and the optimum
working electrical current (Iopt,β) corresponding to the max-
imum COP versus the total heat transfer surface areaF , re-
spectively, withM = 100. One can see that both the maxi-
mum heating load and the maximum COP increase monoton-
ically with the increase inF .

The optimum variables corresponding to maximum cool-
ing load (QH2,max) versus the total heat transfer area (F ) are
shown in Fig. 14.

The optimum working electrical currentsIopt,QH2 in-
crease with the increase in total heat transfer areaF while
Iopt,β changes little andIopt,QH2 ≥ Iopt,β holds. When the
total heat transfer area changes, the optimum variablesx, f ,
f1 andf2 remain constant approximately.

5. Conclusion

A model of an internal and external irreversible thermoelec-
tric heat pump driven by an internal and external irreversible
thermoelectric generator is presented in this paper by us-
ing a combination of finite-time thermodynamics and non-
equilibrium thermodynamics. Two analytical formulae de-
scribing the heating load versus working electrical current,
and the COP versus working electrical current are derived.
The performance optimization of the combined device is per-
formed by searching for the optimum allocations of heat
transfer surface areas of the four heat exchangers and the op-
timum allocations of the number of thermoelectric element
pairs based on the optimization of the working electrical cur-
rent. All parameters should be considered in the design and
application of practice thermoelectric devices in order to ob-
tain the maximum economy benefit. The results show that
when effects of heat transfer are taken into account, the work-
ing electrical current is smaller than that by non-equilibrium
thermodynamics. The heating load is smaller and no longer
proportional to the total number of thermoelectric elements
while the COP is no longer a constant and decreases mono-
tonically with the increase in the total number of thermoelec-
tric elements. For the fixed total number of thermoelectric
elements and total heat transfer surface area, there are dif-
ferent optimum variablesx, f , f1 andf2 corresponding to
the maximum cooling load and the maximum COP, respec-
tively. The results obtained here may provide guidelines for
the design and application of practical combined thermoelec-
tric devices.
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