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Entanglement generated by the Heisenberg model has been studied by several authors in order to understand its relation to the magnetic
properties of materials, using mainly particular cases in one or two dimensions for two or more particles. In this work, the evolution of the
Heisenberg model is solved for two particles including an inhomogeneous magnetic field in three dimensions, giving a detailed study of the
entanglement properties derived from this interaction. Some relations between entanglement and energy or spin are verified, based on known
relations for these observables. Finally, some possible quantum control operations are suggested to drive bipartite qubits with an external
magnetic field, controlling their evolution into a periodical behavior. These operations become useful to preserve the system properties as
well as to transfer information between two parts which can be exploited in engineering applicatipgsgntum computation or quantum
information).
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El enmar&amiento generado por el modelo de Heisenberg ha sido estudiado por diversos autores con la finalidad de comprender su relaci
con las propiedades magficas de los materiales, usando para ello casos particulares para la ibtesatoe dos o @s pariculas en una

y dos dimensiones. En este trabajo, la evd@lnaiel modelo de Heisenberg es resuelta para tres dimensiones y doslagrincluyendo

aden@s un campo mag@tico no homogneo, dando un estudio detallado de las propiedades del drand@esnto generado por esta inter-
accbn. Algunas relaciones del enmagamniento con la energ o el esfn son revisadas, de acuerdo a propiedades conocidas para estos
observables. Finalmente, algunas operaciones de control son sugeridas para qubits bipartitas bajode eagipos magticos externos
induciendo a la evolubn hacia un comportamiento pedico. Estas operaciones resultdites para conservar las propiedades del sistema o
bien para transferir informatn entre las dos partes que la conforman para aplicacidiles ingeniela clantica €.g. computo céntico o
informacibn clantica).

Descriptores: Modelo de Heisenberg; enmé@miento; control cantico.

PACS: 03.67.Bg; 03.65.Ud; 03.67.-a

1. Introduction els, rather than to study lattice properties. These results are

extended in a parallel work about control on entangled bipar-
Entanglement is used in quantum computing as a central agte qubits [18].

pect to improve information processing to take advantage of
the special features of quantum mechanics [1, 2]. For this
reason, entanglement is the subject of intense research to u? Heisenberg interaction and variants

derstand completely its complexity, properties and potential

benefits [3-5]. In this last sense, entanglement control is Onﬁeisenberg models are motivated mainly by the far-field

Of. the most important aspects [6, 7];_qeverthelg§s |_ts StUd)étrength of a magnetic dipole interaction between two par-
will not have a complete road map until its quantification andticles in which the binding energy is given by:

its behavior can be understood.
Nielsen [8] was the first to report entanglement results wo o oL
in magnetic systems based on two spin systems using the = 3 (W M, — 30y - g - ) @)
Heisenberg model with an external magnetic field. After that,
different authors have extended this research for more comwherer is the relative position vector between particiegs
plex systems involving external parameters (temperature ar@ssociated unitary vector amd; is the magnetic momentum
external field strength) [9, 10], considering different Heisen-of particle ;. In addition, a model which relates magnetic
berg models (XX, XY, XYZ depending on the focus given by momentum to spin is:
each one in order to reproduce calculations related to lattices
in one or two dimensions) [11-17]. m; =g;-§; 2
In this paper we study bipartite systems in three dimen-
sions to learn about entanglement behavior, control operawvhereg; is a tensor. Combining the last two expressions we
tions and information transfer processes in Heisenberg modsbtain:
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Depending on the,; values, the Heisenberg-like inter-  £//
actions give rise to different models which have been tried by
several authors in entanglement studies [12—16]. The original
Heisenberg model given by;; proportional to the identity
matrix (see Appendix A) is:

E =—J8 -8, (4) W

This kind of interactions were first used in statistical
physics to describe the magnetic behavior of lattices by
Ising [19, 20] in statistical physics and later by Heisen- 2
berg [21] in quantum mechanics by introducigigpropor-
tional to Pauli matrices. Works listed before [12-16] andFiGure 1. Energy eigenvalues as functions of magnetic field
more recent ones show transference and control of entanglearametersB_/J and B./J). From E1/J (darkest) toE,/J
ment in bipartite qubits [22] and lattices [23,24] but normally (lightest). Note howt,/.J is separated, suggesting a different be-
focused on describing magnetic properties of materials rehavior_whic_h can be verified trough some properties of the corre-
lated to entanglement. Cai [25], on the other hand, has corsPonding eigenstate.
sidered a more general model witty, diagonal in order to
study the entanglement relation with local information. Ina  Precisely by diagonalizing the Hamiltonian (6), it is clear
similar way, this work is focused on the Heisenberg modethat a more suitable selection of parameters is (to reduce
in three dimensions, in order to explore some entanglemergome intermediate expressions in the calculations):
properties which arise between particles including an inho-

mogeneous external magnetic field in theirection: b, = B, /R, b.—B_/Re[-1,1],
H=-Jd, 02+ Bio1, + Booa, (5) j:J/RE[O,l/Q], t' = Rt 9)
and to prescribe some operations that one could apply in dif-
ferent situations to control the entanglement. We will not drop the prime in the time variable in order to
Using an explicit form of the Pauli matrices we obtain in warn the reader about the actual selection of parameters and
matrix form for (5): to avoid misconceptions, because nevertheless we use it [set
of variables of Eq. (9)] in almost all calculations, at the end,
By—J 0 0 0 in final expressions, we preserve the original parameters [set
_ 0 B_+J  =2J 0 of variables in Eq. (7)], in order to analize some results based
H= (6) :
0 -2J —-B_+J 0 on physical parameters.
0 0 0 —B+=J Thus, we can obtain the evolution operator in Dirac nota-
where: tion, which becomes:
B, =B+ By,B_. =B —By,R=+/B%2 +4J%2 (7) Ut') = e~ (by—3) |0102) (0105
Our Hamiltonian has the eigenvalues (Fig. 1): +e " (cost! —ib_sint’) [0115) (011
El = _J— B+ + ’L'2j6_it/j sint’ |0112> <1102|
Ey=—-J+B. +i2je” " sint’ |1,05) (0114
Es=J—R + e " (cost! +ib_sint’) [1105) (1,0
E,=J+R 8) + e D) |151,) (141 (10)
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3. Evolution and properties in the Ising model  and|1,1,) respectively. On the other hand, the remaning two
for bipartite systems statesks = —J and £, = 3J are unchanged and indepen-

dent of the only invariant Bell statelg}y; ) and|511).
3.1. Generalities

The corresponding eigenvectors for eigenvalues (8) are: 3.2.3. Inhomogeneous magnetic field

In the general case, when the magnetic field is inhomoge-
neous, energy of the two unfolded separable eigenstates re-
. 101 15) 1,0,) mains unchanged. Nevertheless, the previous maximal en-
lug) = V2j T 0 + =% tangled eigenstates become just partially entangled with en-
\/ T o \/ T ergiesks =J - R < —J,Ey = J+ R > 3J. Otherwise,
11,00) ) an one can prove than the last two eigenvectig) and|uy),

lu1) = 10102) lug) = |1112)

are not separable unleg8_| — oo’. By direct calculation
one can show that for a separable (see appendix B):

e 10112)
us) = V2 <\/1—b_ JIrb

so, these states are invariant under interaction (10). As a
consequence, if the magnetic field is homogeneous, then

[us) = |Bo1) and|u) = |f1) remain invariant, andoo) \perens — Max{.J+|B_|,|B.|}. Inthis case, the Hamilto-
and |B10) are invariant only in absence of magnetic field

X ian is no longer an entanglement witness (even in the homo-
(()P:}eg;glé@;)ire the usual notation for Bell states, see Ref. %eneous field case) given thak. | H |Bi1) =3.J + B_=FEy,

and thereforeF;; together withE, do not necessarily fall
within the interval given in (13), depending on the magnetic
field parameters3, andB_. In some sense, the complexity

It is well known that Heisenberg-like interactions generate2nd the difference in intensity of the magnetic field appear to
entanglement [12]. Energy and spin are normally relatedl€stroy the energy-entanglement relation present only in the
to entanglement. The present section makes some remarR@sence of a field.

about the relation between energy and spin with entangle- The connection between entanglement and the product of
ment. We will begin from the simplest scenario and move toWO Spin operators is well known [27]. In our case, the eigen-
the most general one. values ofz, - & are:

E=(|H[Y) e [-M,M] (13)

3.2. Energy, spin and entanglement

3.2.1. Absence of magnetic field Aoz =104 =-3 (14)

From Section A, in the absence of magnetic field, all Bellwith eigenvectors:
states are invariant under evolution (10) until a global phase.

In addition, one can show by direct calculation that for a sep- |v1) = [0102) [v2) = [1112)
arable statéy) (see Appendix B): 1
lvg) = 7(\0112> + [1102)) = [Bo1)

E= (| H|$) €[], J]] (12) 12
this means that the Hamiltonian operator could be used to |va) = ﬁqoll?) = [1102)) = [Au) (15)
define an entanglement witness operator [26] (this is obvious
because proportionality betweéhandd, - &5 in the absence An important issue is that foj)) separable (see Ap-
of a magnetic field) sincé3;1 |H| 511) = 3J. Indeed, inthis  pendix B):
casg0,0,), |1112) (or alternatively|Boo), |310)). |01 ), form
an invariant subspace 2 (all states obtained by combin- (01 - Ga) = (Y| F1 - G2 [¥) € [-1,1] (16)
ing these states become invariant) isolated ftGm). In this
case, the states are degenerated in a triplet &ith; = —J, so thed, - g2 operator can be used as an entanglement wit-
while for the fourth state, a singlet, we haife = 3.J. Inthe ~ ness, given that:
absence of a field, non a invariant evolution is only possible
by combining both subspaces. (Bo1| &1 - 72 |Bo1) = —3 a7
3.2.2.  Homogeneous magnetic field The usefulness of entanglement witnesses in bipartite

systems is relative because entanglement is well understood
If we add a homogeneous field, two of the first threeand entanglement entropy is a robust measure to identify en-
degenerate eigenstates become unfolded with energi¢angled states. Nevertheless, states considered before are im-
E, = —-J - By, B3 = —J + By (depending on the mag- portant inputs for quantum computing, so relations of entan-
netic field, B = B, /2) with separable eigenstat 05) glement behavior with energy and spin should be understood.
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The evolution (10) o, - &5 is only dependent of the field states at these times are respectively (dropping some unitary

inhomogeneity: factors):
51 . 52(t/) = UT(tl)51 . E2U(t/) = |0102> <0102‘ ( ) ‘0 1 > o 1 ( zarctan( v 4: v sgn(t"mta b))
a,b 112) — —=
— (1 + 8jb_sin®#') [0y 12) (01| 2
F2(1 — 262 sin? ¢’ + ib_ sin2¢') |01 1s) (1,04 % [0112) +[1102) )
+ 2(1 — 2b2_ Sil’l2 t/ — ib_ sin Qt/) |1102> <01 12| 1 —1iarctan ( . 4702 sgn(tant! ))
U(ta’b) ‘1102> = — (6 b
(1 + 8jb_sin2#') [1,05) (1,0 V2
+111) (1115] 18  x10z) +[0i15)) (23)

and obviously for the energy eigenstates (1B}, - &) is ~ Wheresgn(z) = z/|z| if  # 0. They reach four times the
time independent: maximal entanglement in each cycle, excepBif /2.J| = 1.

In the last case, the maximally entangled states reached are
|Bo1), |411) (depending on the sign d3_).
Figure 2 shows the entanglement entropy versus time for
|0112) and|1,02) under this evolution (graphs are the same
4j—1€(-1,1] for both states). Note the behavior of their maximal value for
different field strengths, summarizing our findings for these
—4j—1€[-3,-1) (19) initial states.
Conversely, if we start with the Bell states at these times
noting that the last eigenstate has values corresponding tfey become separable. We do not show the evolution for
non-separable states, Verifying the fact tﬁﬁt 5:2 is an en- initial maxima”y entang|ed State|§01> and ‘511>, but the

U1 |O’1 '52|’LL1

us |51 '52|U3

{ )=
(ug |61 - 02| ug)
( )
( )=

Uy |51 '&2|U4

tanglement witness [27]. behavior is analogous. WheB? /4.J? < 1 these states reach
3.3. Entanglement and separability s a)

1
Using the evolution operator we can verify that whilg02), L

|1,1;) are invariant, the states:

a TH R 3TH T

U(t)]0112) = e~ ((cost’ —ib_ sint’) [0115) s b)
£
+ 2ijsint’ [1105)) !
U(t) [1,05) = e~ ((cost’ + ib_ sint’) |1,0,) : : I
. T T 3T T
+2ijsint’ [0115)) 20« “
1

have an interesting behavior. Calculating the Schmidt coef- ;
ficients, we note that these states are maximally entanglec
when: o T 7 T T

i d)

cos?t' +b? sin?t' = 452 sin? ¢/

= b* = —45%cos 2t/ (21)

H
0 T 2 3T T

From this we get (in terms of the non-normalized vari- g, yre 2. Entropy of entanglement behavior for the evolution
ables) the times when maximal entanglement is reached:  of |0,1,) and |1,0,) for different values of(B_/J| in which
) maximally entangled states can be reached. Using 1, the
B2 ) + nT periods shown are different: dB_/J| = 0 = T = m,
42 2 b)|B_/J|=1=T=2n/V5,¢)|B_/J|=2=T=7/V2,
B2 d)|B-/J| = 4 = T = «//5. For higher values, as in d), only
ty = — — — arccos ( ) +n=—nez (22) parti_ally entangled states are regched. Note in c), the limit case, a
R 2R 4J2 2’ maximally entangled state, precisgl§y:) or |311). Note too that
B while magnetic field is more inhomogeneous the process is faster
with T' = 27/ R, the period of the proce¥s Note that we get  put far away of limit caséB_/.J| = 2, the maximum of entropy
maximum entanglement only 2 /4J% < 1. The resulting  reached goes to zero.

1
te = R arccos (
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situable choice of we can either get a maximally entangled
state ¢ = 0,7/2) or a partially entangled state otherwise.
We find that the Schmidt coefficients become the following
after timet’:

1
)\17225 (1:|:(16j2(1—4j2) sin® ¢’ sin® 6+ sin” 260 (sin? 2t/

1
+452 sin® ¢/ cos 4jt'— j sin 2t sin 45t')) * ) (25)

Here,|b_| = y/1 — 442 has been used. Figure 3 shows
the entanglement evolution of this state for different values
of 6 andj, which exhibits the properties of the entanglement
entropy in this interaction versus time, specially for separable
states.

Appendix C shows a detailed calculation for the entan-
glement evolution properties and conditions for periodicity
of separability in the general case, which are not included
here because of their length. Some interesting results about
separability recurrence can be obtained in the non-periodical
case. In general, fgf € Q’, there is a non-periodic behavior
for that recurrence and the continuous preservation of separa-
bility recurrence coming from the neargst Q cases is not
always fulfilled (it means that prescriptions for repetitive sep-
arability coming from rationaj does not remain for closest
irrational 7). This result is in agreement with some numeri-
cal works about separability for ground states in multiqubits
systems [28] or ground state factorization [29, 30] .50y Z-
type Hamiltonians. These works use a more local approxima-
tion for the chain interaction than [31], which is centered on
mean-field solutions. All of them agree with this work about
recurrence of separable states. However, this recurrence is
sensible in regard to the interaction strength.

By comparison with the results of the previous sub-
section, one can calculate the following using (18) for
|0112>, ‘1102>:

— 8=t —— f=m/B — =4 —— 8238 — 6=mf2
FIGURE 3. Entanglement evolution for different values @fand (0112] 01 - G2(t') [0112) =—(1 + 8jb_ sin¢) € [-3,1]
j = J/R € [0,1/2]. Periodic behavior is only possible for ra- S ooy _ . 2
tional% a) 1/[16, t/))]l/& ¢) 1/4 and d)3/8. By increasingj we (1102] &1 - 72(#) [1102) =—(1 = 8jb_ sin"t) € [-3,1] (26)
increase the number of oscillations of the entropy of entanglement, iy, 8jb_ €
while for 6 = 7 /4 the maximum variation is reached in all cases.
Evolution for irrationalj is shown in e), withj = 1/4/7 ~ 3/8,
showing a non-periodic behavior.

[—2,2]. In particular,(F; - 52(t)) = —3 when

8jb_ = 2 for the first state and;jb_ = —2 for the second
state, both fot = 2n+1/2Rm, n € Z. These are pre-
cisely the times when these states becafae), so these ini-

separable states, otherwise they reach partially entangltplly separable states reach an entangled stage by the action

states. In the same way, they are invariant wBen— 0. of magnetic field. For the same reason an invariant entan-
Note that the periodic behavior shown by the initial 9'€d State in the absence of a magnetic field, sugfias or

states (23) is only a partial view of the phenomenon. This bel%11), becomes a separable state in an inhomogeneous mag-

havior is inherited from Rabi oscillations which are presentnetic field.

in this Hamiltonian, generating a swap between spin states.

Since different energy eigenvalues do not necessarily have r&,  Elementary procedures of control

tional quotients, the evolution is not periodic in general. For

example, let us take as initial state: 4.1. Evolution loops

|4) = sin 6 |Bo1) — cos @ |Bro) (24)  Rabi oscillation control has been studied for different appli-
cations [32, 33]. Our Hamiltonian could be understood in
whered is a parameter that varies frotnto =/2. With a  different ways for applications. For example, non-periodical
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behavior of states (with or without parasite fields) could beby several authors [35—-37] as simple operations to pursue the
driven into periodical behavior by adding an extra magneticspecific behavior of quantum systems. Basically, note that we
field. Otherwise, a magnetic field can be used to drive thelo not introduce here any stochastic element as considered in
information exchange of particles. Some more concrete apRefs. 6 and 7.

plications are presented in Ref. 18. An evolution loop effect is a dynamical process produced
by a cyclic Hamiltonian with period’, if at each timeT’, the
evolution operator takes the form:

Ult=NT)=e I 27)

whereN € Z, I is the identity operator andl is an arbitrary
global phase. Looking at the evolution operator (10), we note
a first condition:T" has to be a multiple integer af/ R mak-

ing zero the off-diagonal terms. A second condition is needed
for the diagonal terms in order to fit them into the form (27).
As a result, we get for the non normalized parameters:

~ 2(s—m)J
T ms—n’
B_::{ZQJ\/(%”L—m—s)(m—l—s)7
m+s—n
T - (m+s—n)w 28)

2J

with n,m,s € Z and0 < n < m + s < 2n, from which we
obtain:

UT) = (—1)"e TT (29)

It is clear that if ¥ € Z7T, then all cases with:
m,s,n, T — km, ks, kn, kT are physically equivalent. The
fastest process, withh + s — n = 1, requires stronger fields
in general, althougt3, = B_ = 0 is possible by choosing
n,m,s = 1. Figure 4 shows the entanglement evolution for
the family of states:

lpt+) = /P[0112) £ /1 = p[1102),p € [0,1]  (30)

under these evolution loops, illustrating this effect and show-
ing that entanglement evolution can have a shorter period
than the evolution loop.

4.2. Information transfer

Another control operation which could be induced is the in-
formation transfer between particles. Suppose that two parti-
cles in separate states begin to interact as in (5). Is it possible
that after some tim&’, the particle states become exchanged?
In order to get this effect, the evolution operator should have
the form:

U(T)=e "Iy (31)

oo

where ¢ is some global phase and.., is the unitary ex-

FIGURE 4. Time evolution of entanglement under evolution loops .
change operator between particles 1 and 2:

in one period for different values @f a) The casen,n,s = 1 for
lp+); the casen = 3,m = 0, s = 2 forb) |4 ) and ¢)|¢—). Note
that the period foiS is smaller tharl’, the evolution loop period. T2 = 0102) (0102] + |0112) (1102

Evolution Igops were mtrodL_Jced by M|elq|k [34] and F1110) (01 1o] + |1115) (11 1] (32)
they were applied and extended in other directions of control

Rev. Mex. Fs. 56 (1) (2010) 3039
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T 1

FIGURE 5. Time evolution of entanglement under information transfer depending on pargmetgEngm,n = 0. For the initial states:
a) lpa)=(vPl01) + VI-pll)) @ [02), b) Jou)=(P[01) + VI-—p[L)) ® (y/pl02) — VI-plls)),
€) [pe) =(vVI=pl01) + Vpl1)) ® (P[02) — VvI—pl[l2)), d) [ea)=(vIT—p[01) + /P|11)) ® (/P|02) + vI—p[l2)),
e)lpe) = /p10102) + T =p|lil2),f) |ps) = /P|0112) + /T —p|1102).

This effect could, for example, induce the following in- with n € Z*, m € Z so that the evolution operator becomes:
formation transfer:

UT) =i(-1)"e T, (35)
U(T)(]01) + B[11)) @ [),
— i® ), ® (o |02) + B]12)) (33) Notg that this ph(_e_nome_non happens only with h.omoge-
neous fields. In addition this effect could happen without a

Fitting the Ising evolution operator to (33), we obtain the Magnetic field (choosing: = 0), including the fastest pro-

following conditions for non-normalized parameters: cessy = 0. In general, repeating this process two times, we
get an evolution loop. This effect is similar to other results

B _9B — 8Jm for Heisenberg chains with' X and XY Hamiltonians pre-
S W sented for fluxes with homonymous decomposition [38, 39].
Figure 5 exhibits the time evolution of entanglement for

B_ =0, . g . !
different initial separable states for one period as a function of
T — (2n + D)m (34) parametep. Graphs suggest that in the case of initial separa-
4J ble states, the process requires intermediate entangled states.

Rev. Mex. Fs. 56 (1) (2010) 30-39
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The same behavior is observed for ) and f) (initially entanwith ¢ a constant. It € R thenJ > 0, and if¢ € T then
gled states): in the first case, entropy of entanglement res < 0.

mains unchanged, while in the second case, a weaker initial

entanglement gives rise to higher entanglement in intermedi-

ate stages.
a)

. |F]

5. Conclusions E—
2

The interaction between a single pair of qubits is rich in com- |
plexity, especially when inhomogeneous magnetic fields are | % S A A A Pl
introduced. Non-periodical behavior is one of the principal %~ V v \‘Eﬂ

aspects of complexity, so generalization to larger Heisenberg )
chains is not easy, specifically those related to entanglement 1

I
System properties for periodical behavior cases could be ex- 2 g
ploited by quantum control, with some useful features emerg-
ing as a result of information transfer, which can be driven by /—A@/—z@ r@r@
an external magnetic field (related to Ref. 25). The non-linear ©;
features of these strings may provide other noteworthy prop-
erties. Controlled generation of entanglement or separability 1!
with this kind of interaction is possible by the selection of -
an adequate external magnetic field, so the study of control
to drive this kind of systems in order to transfer information 1
in larger chains or rings or to create some input states for e
guantum information should be considered an extension of
the procedures presented here. 1A

dx an &x 10:7f
d)

Intermediate increasing of entanglement in an exchange ,| — ~H—=—]

information process should be studied in perspective to un-

derstand the deep meaning of this quantum phenomenon. f@ ﬁ %;%
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APPENDIX ; \ﬁ©§\% %@%%M«g@{

A. Reliability of symmetric Ising-Heisenberg models

g o
0 L& T

A correct selection of parametegs,; shows that (4) is al- FIGURE 6. Behavior of|F(r, ¢, j,t')| for a set of values of vari-
ways possible. For example, we can select a Symmemca&bler (decreasing with darkness). For ratiopak 1/4 exhibiting
relative position of particlest = (1/\[)(1 1,1) together 27 periodicity of the function (and therefore its roots),@a)= 0,
with: b) ¢ = 7/2 and c)¢ = =; note thatyp is related to the symmetry

of the roots. For irrationa) = 1/\ﬁ, d)¢p =0,e)¢ = /4 and
12(921 + g31) — (911 + 921) 932 f) ¢ = m; itis remarkable that some are roots accumulated around
t' = 4mp, p € Z [specially for the cases = 0,1 or ¢ = 0, 7 in
agreement with (C.12)]. For rationalthis corresponds to: = 4,
13(g22 + g32) — (912 + g22)933 which impliesj = n/(2 -_4)._Indeed, by takingr = 3 we note

thatj = 3/8 = 0.375 which is close tgj = 1/v/7 ~ 0.377....

0= —g22(g11+931) — g
0= —g23(911 + 931) — 913(921 + g31) — (911 + g21)933
0= —g23(912+932) — g

J12 = —C,g13 = C, 923 = —C We can see that the recurrence of values for entanglement is nor-
mally present in the Heisenberg model, even it they do not follow a
921 =691 = GGz =¢ (A1) strictly periodic pattern.
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B. Range for mean values for an observable of bipartite
separable states

If [¥) = (a]01) + b|11)) ® (c|02) + d|12)) is an arbi-

trary bipartite separable state, then the problem of finding

the range of the observable)| H |¢) for H in (5) reduces
to optimizing the function (this is obtained by direct calcula-
tion making the convenient selectiom:— =, b — /1 — 22,

¢ — Fy,d — /1 —y?, with z,y € [0, 1], dividing by J in
order to find the extrema):

Fla,y) = 2(ey/T—y2 £ yv/1 —22)”
+b1(20% — 1) +bo(2y* — 1) — 1 (B.1)
with z,y € [0, 1], which leads to solutions for the extrema:
{=1—=0b4,1—b_,14+b_,—1+0by} (B.2)

whereb, = by + by andb_ = b; — by, whenz = 0,1 and
y = 0,1. With this same procedure it is possible to find the
extrema of(y)| &4 - &2 |1) by settingJ = 1, B; = By = 0.

C. Periodicity of entanglement and separability in the
Heisenberg model for two qubits

Given an arbitrary initial bipartite state:
1

p(0)) = D aijlivje)

,7=0

(C.1)

(with Z;FO lai;|? = 1) we can represent it using the state
matrix:

Qo1
a11

Qo0
@10

A(0) = < (€2)

F. DELGADO

Thus, the statép(t')) will be separable at time’ iff
A(t") = 0. After some calculations we obtain:

Y Y Y
At = o127t — agraqge 2t — 2t
00 01010

X ((a%l + af)ijsin2t’ + (af, — aiy)2jb- sin® ¢
(C.8)

- 80&010[10]'2 SiIl2 t/)

Using A=A(0), agi =aqore’® one can write d0#0)™:
efi(¢7¢A’)

F(r..jt') = 5 — AP =

afy
X (IA@)] = A0 =0a)) = 912
x €972 sint (cost’ — ib_(j)sint’)+2r

—2ijt’ -2

x (isin2jt’ + 4e §%sin? t)—2ij

x e~ "0=2" gin ¢/ (cost'+ib_(j) sint’) (C.9)

whereb_(j) denotes the dependencebafon j.

Here ¢, ¢as are the phases ok, A(t') respectively.
(C.9) shows the non-periodic behavior of separability and en-
tanglement, at least for € Q. When the right side of this
equation is zero fot' > 0 and separable initial state, we have
separability again at tim&. This holds true for any value of
|A|, given thatF'(r, ¢, 7, t') vanishes, thenA(¢')| = |Al. In
addition the relative phasex: — ¢ A should be equal t@jt’
(plus an integer multiple dir). Figure 6 shows the behavior
of F(r, ¢, j,t').

F(r,¢,j,t") has some interesting properties. By writing
F(r,¢,j,t') = F.(r,¢,4,t') + iF;(r, ¢, 4,t') in terms of the

By applying the Heisenberg evolution operator (10) Wereal and the imaginary parts &f, then, for fixed values of

obtain:

Q00 (t)
10 (t)

Qo1 (t)

a1 (t) €3

)

At) = <
where:

ago(t') = agoe b+
Qo1 (t/) = €7ijt,(0501(COS t, —1b_ sint/) + Qij()élo sin t/)
ago(t') = e~ it (c12ij sint’

+ ago(cost’ +ib_sint’) + ay92ij sint’)

Oéll(lf/) = Oéllei(b++j)tl (C4)
The eigenvalues of:
+ o a b
A(t)AT(t) = < e d ) (C.5)
will be the Schmidt coefficients:
1
_ _ 1\ |4
Moo = 5 (1 + /T 4]A(1)] ) (C.6)
with?:
IA()? = (ac — [b]?)
= |a00(t’)a11(t') — am(t’)alo(t')\Q (C?)

and¢, we have that i’ (j = x,t’ = 7’) = 0 to first order:

F, . OF,

F.(x+dj, 7' +dt")= 0 _ dj+ 0 dt’
95 |y ot | .
OF; OF;

Fi(x+dj, 7'+dt')= —|  dj+ —-| dt’ (C.10)
% X7’ ot X7’

Given that it is possible to have roots of

if we slightly change the value of; by setting
F.(x +dj, 7 + dt') = F;(x + dj, 7 + dt') = 0in (C.10),
we get:

OF, OF; OF, OF;

T 5|~ ap 5| =0 (€1
7 Dy O Dy U e 900 I

By taking 7/ = mm,x = n/2m (the cases where we

know thatF vanishes forj—rational solutions), we find the
following condition:

—4mnr(r? —1)sing =0 (C.12)

which means that’ has roots for irrational values gf(see
d-fin Fig. 6), and the ones near the rational values have roots,
whenr =0,10r¢ =0, .
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. One can show that in this case the Schmidt coefficients)f 14.
|us) are 15,
1 |B_|
M= (1£— 1,0.
T2 ( R ) o 16.
Because
; 2 17.
ma R(R+ B_) = o0, 2J
and
) 18.
L lim  R(REB.)=2J", 0,
19.

the eigenvectors becomg); 12), |1102).

Actually, T = 7/ R is the period to get a maximally entangled 20.
state, but the initial state is not repeatable at this time. The pe21.

riod to get the same initial state s = 27/ R. Because of that,
it happens four times in one period (except fBr_/2.J| = 1).

|A(t)| is itself an entanglement measure because it is monotone
betweenD (separable) and/+/2 (maximally entangled state).
It means thatS(|A|) is monotone.

Caseagr = aipo = 0 exhibits separability or entanglement
invariance as was seen. Casg = 0,ap1 # 0 is similar to
this changing- — 1/r,¢ — —¢. In addition, the study of the
right side of this equation can be restrictedrte (0, 1), be-
cause cases with > 1 are obtained with the transformation
¢ — —p, b — —b_.
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