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The performance of an endoreversible Carnot heat engine cycle is analyzed and optimized using the theory of finite time thermodynamics
based on Agrawal and Menofsodel of finite speed of the piston on the four branches and Curzon and Ahlbaonodel of finite rate of

heat transfer. The finite speeds of the piston on the four branches are further assumed to be different, which is unlike the model of constant
speed of the piston on the four branches. The analytical formula between power and efficiency of the cycle is derived for a fixed cycle period.
There exist optimal ratios of the finite piston speeds on the four branches. The effects of the temperature ratio of the heat reservoirs on the
dimensionless power versus efficiency of the cycle and isothermal expansion ratio are obtained by numerical examples.

Keywords: Finite time thermodynamics; endoreversible Carnot heat engine; finite speed of the piston; finite rate of heat transfer; power;
efficiency.

Se analiza y optimiza el funcionamientilico de un motor endoreversible de Carnot, utilizando laitetarmodiamica de tiempo finito
basada en el modelo de Agrawal y Mehde velocidad finita del piéh en los cuatro cilindros, y en el modelo de rapidez finita de transporte
de calor de Curzon y Ahlboth Tambgn se supone que las velocidades delopisin los cuatro cilindros son diferentes. Se deduce la
formula andtica de la potencia y la eficiencia para unipdp del ciclo. Resultan cocientéptimos para las velocidades finitas del pist

en los cuatro cilindros. Se obtienen, mediante ejemplosénigos, los efectos del cociente de temperatura de los fécosdos sobre la
potencia versus la eficiencia del ciclo y el coeficiente de dilataisioermica.

Descriptores:Termodiramica de tiempo finito; motor endoreversible de Carnot; velocidad finita déhpisbtencia; eficiencia.

PACS: 05.70.-a; 05.30-d

1. Introduction the model of finite rate of heat transfer established by Curzon
and Ahlborn [3] and the model of finite speed of piston es-
Since the new efficiency limit, characterized by finite rate, fi-tablished by Agrawal and Menon [19], to study the behavior
nite duration and finite size, was first derived by Novikov [1] of power output in terms of isothermal expansion ratio and
and Chambdal [2] simultaneously and rediscovered by Curthe temperature differences presented at the hot- and cold-
zon and Ahlborn [3], the analysis and optimization of reservoir branches.
all kinds ct))f the.rmo?y.r’:an;m c;iﬁles hgs made tTTzendc:us Obviously, Agrawal and Menon's [19] and
progress by using finite time thermodynamics [4-12]. nAgrawal’s [20] work greatly enriched the theory of finite

the r_esearch field of remprocatlng_heat englne_cycles, ad fime thermodynamics. Their cycle models can be extended
abatic processes are always considered to be instantane

Ytirther. The finite speeds of the piston on adiabatic branches

compared with the isothermal processes. This may be al%re much larger than those in heating and cooling branches

plicable for some problems, pUt sometimes it wil degradem practical heat engines. Therefore, Agrawal and Menon’s
the overall cycle performance in other problems. Petrescu

assumption that the finite speeds of the piston on the four
al. analyzed the problem, and two fundamental and power; P P b

ful tools, named the First Law of Thermodynamics for F)ro_branches are equal can be improved. On the basis of Refs. 3,
L . .~ 19, and 20, this paper will fix the cycle period and assume
cesses-wnh F|n|te Speed and_the D|regt Method, were Nt at the finite speeds of the piston on the four branches are
duced in th-e|r work. Meanwhile, a series of WOT" had bee nequal. Then, the analytical formula relating power and
perforrl’nedfmhRefs. 33 to 18, anqhthg vyell-estatc)jllshed fundaéfficiency of the cycle is derived. The focus of this paper is
Qg\],;[,i sinoth-;ire;rggl igzm'gigv:;eg'z;t?rsgeig (()-:—:S)ar\?; ear o search the optimal ratios of the finite piston speeds on the
and Agrawal and Myenoﬁ [19] calculated the c?/clegtime of our branches for a fixed cycle period. Moreover, the effects
- : of the temperature ratio of the heat reservoirs on the dimen-
each branch of a finite speed Carnot engine on the assum

Qi'onless ower versus efficiency of the cycle and isothermal
tion that the finite speeds of the piston on the four branche P Y y

: . . Xpansion ratio are obtained by numerical examples.
are equal. Based on this cycle model, they investigated the re- P y P

lation between power and efficiency of a finite speed Carnot
engine, and reached the conclusion that the temperature r%-

tio and the isothermal expansion ratio at maximum dimen<- Cycle model

sionless power were not affected by the finite speed of the

piston. Furthermore, Agrawal [20] combined the two mod-A finite speed endoreversible Carnot heat engine cycle model
els of achieving finite power output in a Carnot engine, between an infinite heat source at temperafyyeand an in-
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- 3. Performance analysis
S According to the heat transfer between the working fluid and
heat reservoirs and the properties of working fluid, the rate of
FIGURE 1. Cycle model. heat transfer@ g ) supplied by the heat source, and the rate of
heat transfer@ ) released to the heat sink are, respectively,
finite heat sink at temperatuf@&, is shown in Fig. 1 [3,20]. given by
In this T-s diagram, the processes between 1 and 2, as well as Qu = aFy (Ty — Ty) ts = mRTy In V5 (8)
. . 3
between 3 and 4, are two adiabatic branches; the process be- .
tween 2 and 3 is one isothermal heating branch, and the pro- Qr=pF (Ty —Tp)ts = mRT1 InV; (C))

cess between 4 and 1 is one isothermal cooling branch. They..q, andp (kW/m? - K) are the heat transfer coefficients
volumeV and temperaturé of the gas at the four corners of between the working fluid and heat reservoifs, and F,

the cycle are labelled by the corresponding suffixes. The tem(m2) are the heat transfer surface areas of the heat reservoirs,

perature ra_ltio of tht_a heat reservoirs is qefined asTy/Ty. m (kg) is the mass of the working fluid, a@[k.J/ (kg - K)]
The following relations are well-known: is the gas constant.

Combining Egs. (1) with (8) and (9) gives
I _ T

== =13 ) W=Qu—-Qr=mR(T—T1)lnVy
o Ty —1
1 _+3 *
Vi Vi (TS)’“ B (T*)k11 @ = i mRIT51InV; (20)
A —\ 7 - 3
2 Vs Ta Consider the endoreversible cydle-2 -3 —4 — 1. Ap-
Vs Vi _ v 3) plying the second law of thermodynamics gives
v, wo P
20 AS=Qy/T:—QL/Ti =0 (11)
where T; is the isothermal temperature ratid}* is the From Egs. (1), (10) and (11), one has
isothermal expansion ratio, aridis the ratio of the specific Ti=Ty/Ty =1/ (1 - W/Qpu) =1/ (1 —1n) (12)

heats.

. . wheren is the thermal efficiency of the cycle. Combining
Unlike the cycle model in Refs. 19 and 20, one can aS'Eqs. (5), (8) with (12) gives

sume that the finite speeds of the piston on the four branches

are constants but unequal. The change rates of the volume on = vaby Ty (V5 —1) (1 —n) (13)
the four branches — 2,2 — 3,3 — 4 and4 — 1, that (uimRIn V) /Vo + o (V5f — 1) aFy

is, the product of the f|p|te speed of.the piston and the cross- B waFy Ty (Vi — 1)

sectional area of the piston, are definediasus, u3 anduy, T = Cam B V) [Va + 2 (Vi —1)aF (14)
respectively. Furthermore, the change rates of the volume on ! 3//72 3 !

the two adiabatic branches are assumed to be equal, that is, From Egs. (7), (9), (12) and (13), one has

uy = ug. Also, two rati(_m:_: yl/uQ andy _:_ul/U4are de- mRIn Vy

fined. z andy are the distributions of the finite speeds of the .

piston on the four branches. The times taken by the piston to BEy(L =)= (V= 1) Va/uy

move on the four branchds— 2,2 — 3,3 — 4and4 — 1 (uymRIn V) /Vo + z (V5 — 1) aFy

are defined as,, t,, t; andt,, respectively. They are =1- aFrer (Ve —1)(1=1) (15)
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Setting the cycle periotlas a constant, from Egs. (4)-(7), one has
V —1 —1 —
t=ti+ta+tz+ts= 172 {(1 =T = 14a(Ve = 1)+ Vel —n)F1 = V5 +y(1 _77)'“7‘11(‘/3* -1 (16)
1

From Egs. (15) and (16), one has

.
af [r— (1 )] [N | (U0 e ) _ (ol ) 4

T = - a7
20 [r — (1 - )1 L% ;11)‘/2
%_(‘/3*4_1) {1—(1—77)ﬁ
Y= *
Vi—1
_ urt— (V5 +1)(1— )k%llVg (V5 +1) Vo mRIn V5 (aFiTmRIn Vy'
— (18)
20 [r — (1 - )1 00T
where
H={aF [r= (1= [t= (V5 +1) (1= )= Va/ur + (V5 + D)Va/w] + (R VZ) /(1= n)
2
— (aFirmRInV;) | (BF) } —daF [r—(1-n)]
X [t= (V3 + 1) (L= )= Va/us + (Vi + 1) Va/ur | (mRIVE) /(1 =) (19)
Combining Egs. (10), (12), (14) with (17) gives the power output
w TyInln Vs
Py =— = 20
Y TR — A=) IV + I/(mR)] (20)
where
I =aoF; [T — (1 — n)_l] [t — (V?)* + 1) (1 — n)k;—llVQ/Tm + (V3* + 1) Vg/ul}
+ (mRInVy) /(1 —n) — (aFyrmRInVy) / (BFy) + VH (21)
From Eg. (20), one has the dimensionless power 0utput|4. Numerical example
Py
p= b Ty To illustrate the preceding analysis, a numerical example is
Inln Vo provided. In the calculations, it is set tHEt=320K, 7=2.5,
MY gy [2[r—(1 - )] InV5+I/(mR)] (22) m=4.553 x 10~*kg[21], t=100ms, V5 /u;=15ms, k=1.4,

@ R=0.287k.J/(kg-K), and aF}=8F,=1.2 x 1073kW / K.

From Eq. (22), one can see that the dimensionless powevioreover, when one discusses the effects ahd1,/u; on
(p) is related to the efficiency,( of the cycle, the isothermal the dimensionless power output versus efficiency of the cycle
expansion ratio¥(;), the starting valuel(;/u;), the cycle  and isothermal expansion ratio,is set a.4, 2.5, and2.6,
period ¢), the temperature ratior{ of the heat reservoirs, respectively}s/u; is setas 14 ms,15ms, and 16 ms, respec-
and the productsa(F; and 3F3) of heat transfer coefficient tively.
and heat transfer surface area. When- 0, t5 > 0, t3 > 0, Figure 2 shows the effect of the temperature ratio of the
ty >0,z >0,y >0V > 1andH > 0, one may find that heat reservoirs on the dimensionless power output versus the
for a fixedVs /uy, t, 7, aFy and(Fs, there exist an efficiency isothermal expansion ratio with the efficiengy= 0.24 of the
(n,) and an isothermal expansion ratig;{) corresponding cycle and the starting valué /u; = 15ms. One can see that
to the maximum power output. SubstitutingandVz), into  there exists an optimal isothermal expansion rafjp cor-
Egs. (17) and (18) yields the correspondingandy, at max-  responding to the maximum power output point. Moreover,
imum power output point, which are also the optimal distri- for a fixed V5", the dimensionless power outputncreases
butions of the finite piston speeds on the four branches. monotonically whenrr increases.
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sponding optimal ratios of the finite piston speeds on the four
branches become = 22.07 andy = 11.26, respectively.
The proportions of the change rates of the volume on the four
branches aret; : us : uz : ug = 22.07 : 1 : 22.07 : 1.96.
This is the major result different from that of Ref. 20.

Figure 4 shows the effect df;/u; on the dimension-
less power output versus the isothermal expansion ratio with
7 = 2.5 andn = 0.24. One can see that, for a fixdd",
the dimensionless power outpptdecreases monotonically
whenVs/u; increases. Figure 5 shows the effectl@f/u,
on the dimensionless power output versus efficiency of the
cycle withT = 2.5 and V5 = 1.1. One can see that, for
a fixed efficiencyn, the dimensionless power outputde-
creases monotonically whéf /u, increases.

FIGURE 2. Effect of 7 on the dimensionless power output versus

the isothermal expansion ratio. sl =25 n=0.24
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FIGURE 4. Effect of V2/u1 on the dimensionless power output
- versus the isothermal expansion ratio.
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FIGURE 3. Effect of  on the dimensionless power output versus
efficiency of the cycle.

Figure 3 shows the effect of the temperature ratio of the .
heat reservoirs on the dimensionless power output versus the
efficiency of the cycle with the isothermal expansion ratio
V3 = 1.1 and the starting valu&;/u; = 15ms. One can
see that there exists an optimal efficiemgycorresponding to
the maximum power output. For a fixedthe dimensionless
power outputp increases monotonically whenincreases.

3
Furthermore, numerical calculations show that, with the tem- 29'°f
perature ratio of the heat reservoirs= 2.5 and the starting
value V3 /u; = 15ms, the maximum dimensionless power

output ispnax = 0.0195, and the corresponding optimal
isothermal heating and cooling temperatures of working fluid
areT, = 609.18K andT; = 459.93K, the corresponding

=25 V=11

2
00195 |
Ry,

optimal efficiency of the cycle ig = 0.245, the correspond-
ing optimal isothermal expansion ratioli§* = 1.101. Sub-

stituting the corresponding optimal efficiency and optimal Ficure 5. Effect of V2 /u; on the dimensionless power output
isothermal expansion ratio into Eqgs. (17) and (18), the correversus efficiency of the cycle.
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Nomenclature

F heat transfer surface area)m
k ratio of the specific heats

m mass of the working fluid (kg)

W work output of the cycle (kJ)

Pw power output of the cycle (kW)

P dimensionless power output

Q rate of heat transfer (kJ)

Ag entropy generation of the cycle (kJK)
t cycle period (s)

t;(1=1,2,3,4) time taken by the piston to move on each branche (s)

T temperature (K)

T3 isothermal temperature ratio

U product of the finite speed of the piston and the cross-sectional area of the pidtsh (m
\% volume (n¥)

Vs isothermal expansion ratio

z,y distributions of the finite speeds of the piston

Greek symbols

e heat-transfer coefficient (kW/(Kn?))

7 efficiency

T temperature ratio of the heat reservoirs

Subscripts

H hot side/heat source

L cold side/heat sink

P power

1,2,3,4 state points of the model cycle
5. Conclusion power output versus efficiency of the cycle and isothermal ex-

pansion ratio are obtained by numerical examples. One can

On the basis of the model of finite piston speed on the fouF€e that the work of optimizing the ratios of the finite piston
branches of Carnot engine in Refs. 19 and 20 and the mod&Peeds of the cycle model is necessary, and can provide some
of finite rate heat transfer of endoreversible Carnot heat erfh€oretical guidelines for the design of practical heat engines.
gine in Refs. 3 and 20, this paper extends cycle model
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