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We use the Saez-Ballester theory on anisotropic Bianchi I cosmological model, with barotropic flui and cosmological constant. We obtain
the classical solution by using the Hamilton-Jacobi approach. Also the quantum regime is constructed and exact solutions to the Wheeler-

DeWitt equation are found.
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Usamos la teoria de Saez-Ballester en el modelo anisotropico Bianchi I con un fluid barotrdpico y constante cosmoldgica. Obtenemos las
soluciones clasicas usando el enfoque de Hamilton-Jacobi. El regimen cuantico también es construido y soluciones exactas a la ecuacion de

Wheeler-DeWitt son encontradas.
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1. Introduction

In the 80’s Saez and Ballester [1] formulated a scalar-tensor
theory of gravity in which the metric is coupled to a dimen-
sionless scalar field several papers in the classical regime
have been written [2-5], yet a study of anisotropic models,
where the anisotropy is introduced in the line element, has
been connected. In this theory of gravity the strength of the
coupling between gravity and the scalar fiel is determined by
an arbitrary coupling function wj; one particularly interesting
result is the appearance of an antigravity regime, which sug-
gests a possible connection to the missing matter problem in
non-fla FRW cosmologies. In particular, Armendariz-Picon,
et al, related this scenario to K-essenc§6], which is charac-
terized by a scalar fiel with a non-canonical kinetic energy.
Usually K-essence models are restricted to lagrangian densi-
ties of the form

S = / d'x =g 1(6) (V6)? (1)

one of the motivations for considering this type of lagrangian
originates from string theory [7] and is relation to the Dark
energy problem (for more details for K-essence applied to
dark energy, see Ref. 8 and reference therein).

Furthermore, the quantization program of the theory is
an open problem; this is related to the difficultie of building
the ADM formalism. In order to proceed with the quanti-
zation program, we transform this theory to a conventional
one, by interpreting the dimensionless scalar fiel as part of
the energy-momentum tensor as an exotic matter component;
this is achieved by an appropriate transformation of the cou-
pling function w, so that we can use this modifie theory
where the ADM formalism is well known [9].

In this paper we use this formulation to obtain classical
and quantum solutions for the anisotropic Bianchi type I cos-
mological model with cosmological constant A. The firs step
is to write Saez-Ballester formalism in the usual manner, that
is, we calculate the corresponding energy-momentum tensor
to the scalar fiel and give the equivalent lagrangian density.
Next, we proceed to obtain the corresponding canonical la-
grangian for the Bianchi type I metric and calculate the clas-
sical hamiltonian constraint 7, and finall fin the Wheeler-
DeWitt (WDW) equation for the model.

The simplest generalization of the lagrangian density for
the Saez-Ballester theory [1] with cosmological constant, is

Lgeo = (R =20 = F($)d1¢7), @

where ¢ = ¢7*¢ , R is the scalar curvature, and F'(¢) a
dimensionless functional of the scalar field In classical fiel
theory, this formalism corresponds to null potential for ¢, but
with an exotic kinetic term due to the presence of F'(¢).
From the lagrangian (2) we can build the complete action

I = /\/jg(ﬁgeo + Lmat)d4xa (3)
z

where L4+ 1s the matter lagrangian, and g is the determinant
of metric tensor. The fiel equations for this theory are

1
Gap +gaﬁA_F(¢) <¢,a b8~ 5&16 @~ ¢’7) =81G T3,

dF
2F (@) pia+=—0,,¢7=0, )
do
where G is the gravitational constant and as usual the semi-
colon means a covariant derivative.
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This set of Egs. (4) can be obtained using the general rel-
ativity lagrangian with a particular energy-momentum tensor
for the fiel ¢,

Ly =F(9)g*¢.a0s,
1
Taﬁ(¢) = F((Z)) (¢,a¢,6 - 2gaﬁ¢,7¢ﬂ> )

and we can rewrite action (3) as

- /,ﬁ_g(R—zAJrﬁmt +L4)dx
>

)

(6)

consequently, the classical equivalence between the two the-
ories is established through the equations of motion. We can
infer that this correspondence can be carried to the quantum
regime, because only the hamiltonian constraint [9] is modi-
fied

This work is arranged as follows, in Sec. 2 we construct
the hamiltonian density for the cosmological model. In Sec. 3
the classical solutions using the Hamilton-Jacobi formalism
are found. Here, we have used a barotropic perfect flui as
a matter content and a cosmological constant, obtaining the
solutions for different epochs of evolution. In Sec. 4 the
quantization scheme is presented, obtaining the correspond-
ing Wheeler-DeWitt equation and its solutions for different
values of the ~ parameter. Finally, the Sec. 5 is devoted to
discussion.
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2. The hamiltonian density

The line element for the Bianchi type I model has the form

ds? = —N2d#? + 2208+ +2V/36- (dx1)2

4 22O (94:2)7 4 20700 (g3)7 (7)
where N is the lapse function, S+ are the corresponding
anisotropic parameters in the scale factors, and ) plays
an analogous role as the scale factor in fla Friedmann-
Robertson-Walker cosmology (e = a). The total volume
for all diagonal Bianchi cosmological models is given by
V = 32t which appears in the solutions for this theory.
The corresponding lagrangian density is

r— 692639 6 ieBQ B Gﬁze:}Q
N N N
F .
+ %&39 + (16N7Gp — 2NA) &3¢,

which can be rewritten in canonical form,

Lean =ToQ + 115, 84 + 15 B + 140 — NH, (8)

with H as the hamiltonian density and the momenta define

in the usual way: IL,; = OL/0q’, where q' = (0, B4, 5_, ¢)
are the fiel coordinates for this system,
Q 3Q . I
— 62 — Q=Ne -2 ©)
12
5+e3ﬂ 5 —sa s,
=—6 N — (4 =—Ne 12 (10)
e ; _so s
= —6 N — ﬁ, = —Ne 12 (1 1)
F(¢)pe® . NII
_ F(9)ge™ ¢ =il (12)
N 2F (¢)e

The matter content is introduced as a barotropic perfect flui P = -yp where -y is a constant between —1 < v < 1, with its

energy-momentum tensor given by T, = (p +P)U,U,

— g P where U, is the four-velocity, p is the energy density and P

is the thermodynamic pressure in the fluid from this tensor we obtain the d1fferent1a1 equation 3Qp + 3QP + p = 0 and the
solution p = u, e 320147 with {1~ a constant for the corresponding scenario. Finally we obtain the following expression for

the canonical lagrangian:

. Ne_gg2 6H2
Lcan = Hqiql - T H?} — H% Hﬁ + m 3847TGM,Y BQ 1-7) + 48A66Q ’
and
e [y 2 61T 30(1— 60
H = |G - 105, — 1% +W 384Gy, e3P 4 48Ae5? | | (13)
and using the lagrange equation for the fiel N, we get the Hamiltonian constraint
2 2 2 6H2 &32(1-7) 69 _
H =1 -5, —15 + —5 — 384rGpu e + 48Ae (14)

F(¢>)
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TABLE 1. Solutions for €2 in the scenarios v = —1,0, 1

Case

Inflation v = —1 b_1 =3847Gu_1 —48A >0

Dust,v =10 bo = 3847Guo, A <0

A\/b_ \/b—
an \‘ 1 <e T 1AT _45267 ) 1AT>J
3 4,/b_1

i1n [ (e\/mmri 4\/1103/\)27452 :|

161/ —3AeV—3AAT

Stiff matter, v = 1 =¢2 4 3847Gpui, A <0 %Ln [16 1731\ ( VZSAAT _ 4hreV 5AAT>]
TABLE II. Solutions for the anisotropic variables 5+ and fiel ¢ in the scenarios v = —1,0, 1
Case B+(1) o(7)
2
\/GAT Exp( VFAT) m
y=-1,w>0 F di tanh ! % 4229("’+2) tanh 1 — , m#E =2
Exp( 4_1 AT)
ky = —V3k_ Exp Tz 49 tanh ! — ,  m=-2
2
_ 2k 1 [ —bg+4/—3ReV BAAT 20(m+2) —1 [ —bo+4v/—3AeV3AAT\ ] m+2
vy=0 + 5 tanh™ (OSJﬁg > [igfth (Osﬁg , m#E =2
/=3ReV3RAT
w>0 Exp [ig%j tanh™? (_b°+48\7¥325 e )] . m=-2,
2 V=3 (m+2) V=3RA =5
_ Kt —1 [ eV 20T 20(m+2 1 (evV™ 4 m
y=1w>0 :F3\/Etanh (%/E) [:Fﬁtnh < SN ﬂ , m# =2
_1 [ oV=BRAT
ky =—/3k_ Exp [:F\/gfjtanh ! ( NG )], m=-2

3. Classical regimen: Hamilton-Jacobi
approach

Employing the Hamilton-Jacobi formulation, the momenta
are IT, = 9S,/0q and S, is the superpotential function; then
the hamiltonian takes the following form:

95a\> [ 0Ss, S5 \* 6
<3Q>_<8ﬂ+) <8ﬂ—)+F(¢)
<85¢> Q(1—7) 602
X | =+ | —384rGp, e3 T+ 48Ae™ =0, (15)

99

and solving for €2 we have

dSq 2 _ 855 2
2 ) 384G, 20 148N = [
(fm) o TR =\ B,

() e (5~

Using (9), we obtain the following integral equation that de-
pends on the time parameter Ndt = dr, and so we have
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d
SQ \/52 + 3847 G, e32(1=7) — 48Ae69
0
= 12e39fl— (16)
T
12
dQ (17)

/€269 384G, e—320+7) —48A

where ¢ is a separation constant. This equation does not have
a general solution, but we can solve for the particular values
of the ; these solutions are presented in the Table I.

The corresponding solutions for the anisotropic functions
and the fiel ¢ appear in Table II. For fiel ¢ we consider

6 IS¢ _ 2 2 2 _ p2
(¢)(6¢>> T e =0
F(¢)

dS¢_ P\P) ) @39
o Ve V=20

&4 ni + k2, and with the cuadrature solutions

/ V@) do = 236 / 3r) dr,

Now considering the original Saez-Ballester theory,
F(¢) = wo™, the corresponding solutions for all m are show
in Table II.

This set of solutions satisfie Einstein’s fiel equations (4)
(these solutions were checked using the REDUCE package
for symbolic calculations).

with 62 =

(18)

4. Quantum regime: Wheeler-DeWitt equa-
tion

For the quantum regime, we calculate the Wheeler-DeWitt

equation

N R R R 6112 ™
fw = {13 - 113, — 113+ —>—

~ 3847G, 207 1 487 fw = 0

where the momentum operators are given by fIq = —ihd/dq,
¥ is the wave function of the universe, and we have chosen
h = 1; thus
~ 82 32 62 6 gz/)7m
AU = { -
( a2 T 90 ) 962 T 92w
2

x 8% — 3847 G 321~ 7>+48Ae69} — 0, (19)

where we have used (—9%/0Q? + Q0/99) to address the

factor ordering problem. Applying the separation method,
U =A(Q)B(8+)C(8-)D(¢), we obtain

LA VA 1B 1 dC
A d?

Hoamt teaE
—— ——— ——— —384m Gy Y +48Ae69} 0,
w

AdQ BB
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yielding the following set of differential equations:

1d*A 1dA _
_]W + QXE - 38471’G,U,,Y639(1 )
+48Ae%t = —a2, (20)
14’8,
= Taz — 42, (21)
Bdp? P
1d2%C
CaE - a3, (22)
1 6¢ m d2 5
D w dgz ¥ @)

where the following relation between the separation variables
arises: a3 = —a?+a3+a3, where the sign for these constants
is arbitrary.

The solution to Egs. (21) and (22) has the generic form

B= eia2ﬁ+’ C = e:‘:33577

(24)

The solution to Eq. (23) is more complicated, due to the
dependence on m, which is a parameter in Saez-Ballester the-
ory. This equation is rewritten as d>D/d¢? —wa3¢™ /6 D=0,
which is analogous to the equation found in Ref. 10,
y" —az"y=0, with a = wa?/6 and n = m.

1. Case m=-2 corresponds to the Euler equation, whose
solution has the following structure [10]:

cLPt +cop™" si oa> —%
c¢1 + colng si a= —i 25)
¢y sin (uLng) + co cos (plng)

: 1
S1 a<—z

D=1/

where
p=(1/2)/|1 + 4a| >

2. In the case m=-4, we introduce the following transfor-
mation: z = 1/¢ and u/z = D. The resulting equation
has the following solution:

¢y sinh (y/ag) +co cosh (v/ag) si a>0
D= ¢y sin (\/HQS) +co cos (\/E(ﬁ) si a<0 (26)

the case a=0 is discarded as it implies w = 0 (GR

limit).

3. When m satisfie 2/(m + 2) = 2n + 1, where n is an
integer, the general solution takes the form
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n+1 q
¢172qi> [D(;Exp ( @ ) + D7Exp <7 ML” si n>0
D= ( dé » \/g d 6 2 27)
(220) " oo (V) s omo (VEE)] 5 o
where Dg, D7 are integration constants and |
g=(m+2)/2=1/(2n+1). by making the transformation z=e3! and

4. General solution for any m: the solution is expressed
in terms of the Bessel and modifie Bessel functions;
for ¢,

D=\/47, (*fas) : (28)

where Z, is a generic Bessel function, v = 1/2q is
the order of the Bessel function and g = (m + 2)/2.
If a < 0 implies that w < 0, Z, becomes the modi-
fie Bessel function, ([, K,). Whena > 0,w > 0,
Z, — (J,,Y,).

On the other hand, Eq. (20) does not have a general so-
lution, but solutions for particular values of « can be found;
this is achieved by rewriting in the following form:

d2A dA
0= 4 3Q(1—7)
o Ymt (3847Giire
— 48AES — a%)A — 0, (29)
1. Any factor ordering Q and the inflatio phenomenon
v=-—1:
@ — m+ [b_le 7041]./4 O,
b_1 =384nGu_1 — 48A; (30)

thus by making the transformations z = /b1 /3¢3¢
and A = 29/6®(z) we arrive at the Bessel differen-
tial equation for the function . With this the general
solution becomes [10]

() ().

3 3

V:ﬁ:éq/Q2+4a§ 31)

where Z,, is a generic Bessel function. If b_; > 0, we
have the ordinary Bessel function; otherwise, we have
the modifie Bessel function.

2. Factor ordering Q=0 and v = 0:

d?A

T (48Ae% —Dboe®? +al) A=0,  (32)

R=27(21/3) A, the solution is constructed by the de-
generate hypergeometric functions F (a, b; z) [10]:

A=e"Exp E\/GA@‘“Q]

B(k) 2 e3¢
x Fy (18k73a1+1’)\ ) (33)
where
A= — & k=2VBR, BO=9k (Zar+1) +b
DY S T 3™ 0

3. Any factor ordering and stiff matter v = 1:
d?A _
dQ?

by = 3847Guy — ai (34)

Q% + [b1 — 48Ae%?] A =0,

in a similar way to the firs case, the transformations
z = 4y/=A/3e3? and A = 29/6®(z), the differen-
tial Bessel function appears for the function ®, then we
have the general solution

Q
_ [ A 30 ’ [ A s
A= <4 5 € ) Z, (4 3¢ ,

1
v=tV/Q2—dby, (35)

with A < 0, having the ordinary Bessel function. In the
case when the factor ordering is Q=0, we have the same
Bessel function, but the cosmological constant could
be positive or negative, yielding a modifie Bessel
function and ordinary Bessel function, respectively, but
of imaginary order in both cases v = +i\/b; /3.

5. Conclusions

An equivalent lagrangian density was constructed in order to
apply the quantum regime in the Sdez-Ballester theory, where
the constant w can be used in order to have a lorenzian or
pseudo-lorenzian signature for the Wheeler-DeWitt equation.
The values for this parameter in the classical regime are dic-
tated when we apply the reality conditions on the functions,
and are encoded in the parameter a, Eqs. (25,26). In this
sense, classical and quantum exact solutions were found for
the cosmological Bianchi type I model in the frame of Saez-
Ballester theory, for the different values of the  parameter
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{—=1,0,1}. The presence of the exotic fiel ¢ does not delay
the anisotropic behavior in this model; the classical behavior
of this fiel for large value in the parameter w it is similar to
the anisotropic parameters 3. .
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