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Multiscroll chaotic attractors are physically implemented by using commercially available current-feedback operational amplifiers (CFOAS).
The values of the circuit elements are obtained systematically by a proposed technique based in the saturation of the CFOA to create Piece-
Wise Linear (PWL) functions. Herein the technique is verified by Spice simulations and in experimental form by using CFOAs to generate
n-scroll attractors in a systematic way. Lyapunov exponents are given to prove the chaotic behavior.
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Se realiza la implementdmi fisica de atractores éticos de niltiples enrollamientos por medio del circuito comercial denominado amplifi-
cador operacional retroalimentado en corriente (CFOA). Los valores de los elementos del circuito son obteniddisaisme por medio

de una &cnica propuesta basada en la satdraciel CFOA para generar funciones lineales a tramos (PWL functions). En este punto, la
técnica es verificada por medio de simulaciones en Spiteoas de manera experimental utilizando CFOAs para generar atractores de
n-enrollamientos de forma sistéatica. Se presentan los exponentes de Lyapunov para corroborar el comportangigoto ca

Descriptores:Atractoresn-enrollamientos; circuito de Chua; punto de quiebre; exponente de Lyapunov; CFOAflineal a tramos.

PACS: 05.45.Pq; 05.45.Pq; 84.30.Ng; 07.50.Ek; 84.30.-r; 01.50.Pa

1. Introduction tors provide more dynamical complexity than with traditional
double-scroll oscillators.

Chaotic dynamical systems have been a subject of inten- The behavi f th i function has b

sive research during several decades. Nowadays, it is use(g d be e awrc])r ct) € nonéngar unc |0T as Ig\(j\;]Lg?ner—

in describing particles motion [1], secure multimedia appli-f;’,1 ed by “hs'“9 tys efres? an pt|ece::-v(\j/|?e |:\_ear ( th ) _u?c—

cations [2], parameter estimators [3], orbit stabilization [4], lons such as. step function, saturated function or other inter-

nonlinear function generators [5], and many others. esting PWL approaches [13-15]. Simple circuits based on

The generation ofi-scroll attractors has been experimen- Opamps [8,10,16-19], operational transconductance ampli-

tally tested by Suykens et al. [6], who proposed a generaliz fiers [8,20], current-feedback operational amplifiers (CFOAs)

tion for the Chua’s circuit by adding more breakpoints to the 7’2.1’22]’ Unity Gain Cells (UGCs) [23] and second gen-
. - . ; eration current conveyors (CCIIs) [24,25], have been used
nonlinear function; Yalgiret al.[7], developed a third order

. : . in order to generate chaotic attractors. We remark that
nonlinear system to generate chaotic scroll attrators in thre T
N : : ue to its simplicity, PWL approaches have demonstrated
directions usually called 3D attractors in spite of the form ob-

. : ...~ to be useful in the control of chaotic regime [26] and
served in the 3-state phase plane by using step functians; L L . L . .
- . promising in nonlinear applications in dynamical system
et al. [8], presented similar results by using saturated func-modelin [27]
tions, Haret al.[9,10], with the introduction of the hysteretic g '
based multiscroll circuits, and Taregal.[11], who proposed Although chaos generators have been designed with
a technique for multiscroll circuits based on sinusoidal func-Opamps, they have the drawback of working in low fre-
tions. In addition, some interesting applications have beequency due to the limitations on slew-rate and non-ideal
introduced for these systems in the field of encryption, fol-phase of Opamps. To reach higher frequencies, other active
lowing a synchronization technique, for example Hamilto-devices should be considered. For instance, the CFOA has

nian forms and observer approach [12]. Multiscroll oscilla-important advantages compared with conventional Opamps,



REALIZATION OF MULTISCROLL CHAQOTIC ATTRACTORS BY USING CURRENT-FEEDBACK OPERATIONAL AMPLIFIERS 269

namely: wider bandwidth, high slew-rate and low power con-First, we show how the saturated circuit works to produce
sumption [24, 25, 28]. PWL functions.

On the other hand, while there have been reason-
able advances in the construction of n-dimensional PWL Vout = Rout(Vin — E)/Rx (1)
functions [29, 30], the CMOS circuit implementation of these
functions is subject of research. We remark the guidance By assuming that the signal in terminal Z is satu-
given in Ref. 31, the function generator designed in Ref. 32ated when it reaches some threshold bias-dependent voltage
and the current mirror approach proposed in Ref. 33. In thid/zsat, and if the output current remains constant (ideal case),
paper a new CMOS-integrable nonlinear cell is introduced tdhen (1) is locally valid between boundaries
generate CFOA-based PWL functions. Later, a parallel com-

bination is proposed to increment the breakpoints in the PWL Vvt = Rixvzm +E,

function. To customize such behavior, a simplified behavioral Rout

model is developed to compute the required circuit parame- Ve — _Rixv VB @
ters. In order to show the usefulness of the proposed PWL T Row 2o '

function generation technique, we apply it to a known gener-
alization of multiscroll Chua’s circuit. Lyapunov exponents  The response of the proposed CFOA-based PWL cell
are calculated for these systems to prove chaotic behavior. Shown in Fig. 1a, is described by:
Section 2 introduces the proposed saturation-based PWL Roue(V-—E) B
generation technique with numerical results. Section 3 de- B it Vin<V7,

scribes briefly the chaotic system and parameters for a gen-
4 Y b Ot (Vin) = { FawtlVn=E) 6 =y y+ (3)

eralization of the Chua’s circuit. Section 4 shows the com- Rx
putation of Lyapunov exponents that ensure chaotic behav- Rowi(VI—E) n
ior. Section 5 shows CFOA experimental implementations Rx it Vin >V

of multiscroll chaotic attractors. Finally, the conclusions are

given in Sec. 6 If nonideal gains 4, A;) and parasitics from Fig. 1b are

taken into account, cadly, = A? A, the total gain at port W,

. ) and the ratios
2. Saturation based PW.L functions
Rz and Rz”Rout

The technique can be applied to produce in general, functions R.+R. Rous
based in a set of contiguous arbitrary slopgseach one de- ) )
limited by a set of breakpoints, < b,, whereE is the middle 8t Z terminal of CFOA(a) and CFOA(b), respectively. How-
point E = b, + Sat = b, — Sat andSat = (b, — b,)/2. In ~ EVEN for the §aturatec_i output Z, which is not able to follow
the following, we will restrict to symmetric PWL functions the current signal, a.lmearlzed saturated output can be con-
design, since this is the case of multiscroll chaotic systemgidered by the experimental valugy ; ~ 25 x 107°.
generally described with canonical representations of PwL he nonlinear behavior of the proposed CFOA-based
functions [34]. Figure 1a shows the proposed basic cell. ~ PWL cell can be described by

Basically, we assume that the saturated response of a
CFOA amplifier can be linearized for all the range of the out-
put signal which is beyond the last breakpoint of the respec-
tive PWL function. The circuit response is controlled by sat-
urating the current follower of terminal Z; besides, a parallel
connection results in a direct addition of signals. This makes
the CFOA, a suitable circuit for the generation of PWL func-
tions. The linearization approximation will depend on the a)
circuit topology and technology [35]. However, Lyapunov
exponents can be computed to probe chaotic behavior.

The CFOA has the following port relationshipg, = 0,
Ve = AV, I, = A, andV,, = A,V,. WhereA4, and
A; are the voltage and current gains, respectively. In real vin (¥)
applications, they are affected by the parasitic elements at
each port. For instance, at X-poR,, is the most dominant
parasitic element [24]. It is around 30 for the commer- ) -
cial CFOA AD844. Routine analysis of Fig. 1a leads to (1).
WhereRyxy = R;, + R, according with parasitics shown in FIGURE 1. (a) New CFOA-based PWL cell, and (b) Circuit with
Fig. 1b, the nonideal gains will be taken into account later.parasitic resistances.

= Vout

Vout

Rout
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awlBout (V= — A F) +awaoss(Vin — V™) if Vi <V7,

L X

Voe(Vin) = 3 2t (Vi = AB) it V™ < Vi < VT, .

wwllowt (V+ — A,E) + awaors (Vi — V) if Vi >V,

X

- _VZsatRX + VZsatRX
Vo = + A F, VT = 2R,

ARt + A E. (4)

A comparison between (4) and the proposed cell using the Spice macromodel of the CFOA AD844 is shown in Fig. 2,
whereVyz . = 5.3V for V., = £10V (different supply dependent values can be expected in the experiment).

To generate the nonlinearities required in multiscroll circuits we start from the current mode nonlinear response of the PWL
cell shown in Fig. 1a, which output current is seen in the resist&gce considering a latter gain oAy R,,,; for the voltage
response. Notice that the slopes described by (4) can be expressed as:

AL iV < Vi < VT

8 Vout _ Rx (5)
a‘/zn AVRout B % otherwise.

A PWL function can be generated by adding several bounded slopes as shown in Fig. 3. The technique for parameterizing
these cells is based on shifting thig, axe byE starting from left to right for each block and using an extra block to adjust the
slope of all the used range. For generating PWL functions, a system is formulated with the local slopes, which are function of
either Rx or Ry, onceE andSat are known fat = (V, — V,-)/2). Depending on the region of eadti-cell (active or
saturated) we have:

my = fi(Rk1,., Rrgr1) for {K;,K,.,} active

(6)
mg = fo(Rk1,.,Rrxg+1) for {K, K.} active
Mg+1 = fg+1(RK1,..,RKg+1) for {Kg-‘rl} active

Whereg = n for odd scrolls, andy = n — 1 for even
scrolls. To solve (6) we use coefficients from (5) in accor-
dance to the region of operation and the relation for the pa2.1. Example: 3-scroll, PWL function
rameters given by

Consider again Fig. 3 with PWL cells 1 to 3 described by the

Rx A?Sat values in Table I, and the set of slopes
== . (7)

Rout VZsat Me *jl C *jg K1
. . L . o | = —ja —J: Ky |. 9
We propose to introduce the following normalization vari- mn . K2 ©)

ables: mp c ¢ —J3 3

) ) Valuesm,, m,, andm, correspond to the slopes pre-

K; = Sat; A c= Aoy Aj sented among the limits-bs, —bs], [b2, bs], and [—by, bs],

- 3 .] - ) N . .
Rx; " Sat; Vzsat respectively. By solving (9) one reaches

Thus, (6) is normalized as

TABLE |. Values required.

my —Jj1 € ... —Jg+1 K,
mo C —j2 e —jg+1 K2 Ce” Sat E
= : : (8) 1 1(bs — b2) —by — L(bs — b2)
Mgt1 L I Kyia 2 5(bs — b2) b2 + 3(bs — b2)
3 b4 0
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FIGURE 2. Comparison between Eq. (4) and the Spice macro-
model with parameter& = 1, Rx=5 KQ and R, = 50 K.

VIN (V)

Sum

(e} :

15} A TermKit:

< TermK2|:

q brmzsmss B Lo R L AEEREEET > TermK3
05T #:&'é:g A\
: By

E 0.\ .........................................

NSNS : :

05 o R Y

T S P ST AV A o :

-1.5¢
) i i i i i i i ;
4 -3 2 - 0 1 2 3 4

FIGURE 3. v — i characteristic of Chua’s diode to generate 3-scroll
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FIGURE 4. Parallel connection of nonlinear cells (Fig. 1) for a
v — v PWL-characteristic (Fig. 3) to generate 3-scroll attractor.

@) W

Vout

Nonlinear
Function

TABLE Il. Circuit parameters.

E(V) Rx(9) Rout(Q)
-1.1 4586 88458
1.1 4586 88458
0 44534 80536
Ky = "M
c+n
K, = "M
c+J2
Ky = A (2mg — mp) + cmq(jo + j1) + mbjljz. (10)

(c+j2)js(c+J1)

As a result, the circuit of Fig. 4 is obtained with the pa-
rameters given in Table Il fovz,,, = 5.3 V and a reduction
of 14300 times for practical current levels. This is applied to
a CFOA-based Chua’s circuit to obtain a 3-scroll attractor.

3. Multiscroll Chua’s circuit

We already mention in Sec. 1 the existence of diverse multi-
scroll systems. For convenience, we choose a generalization
of the Chua’s system described in Ref. 13; however, PWL
functions can be applied to other multiscroll approaches.
The dynamical system is described by (11) with parameters
a = 10, § = 11.5 and a nonlinear function given by (12),
whereq = 1 for 2n even scrolls, ang¢ = 2 for 2n — 1 odd
scrolls. Vectom represents the slopes, while vech@hows

the breakpoints. For an even number of screllds taken

as fmng..mg]=[-4.416, -0.276, -3.036, -0.276, -3.036, -0.276,
-3.036, -0.276, -3.036, -0.276] anb [.b9]=[0.1, 1.1, 1.55,
3.2, 3.85, 5.84, 6.6, 8.7, 9.45], while for an odd number of
scrolls p»..bg]=[0.8, 1.4, 3.2, 3.9, 5.8, 6.4, 8.3, 9.2] is used.

i =z — 21 — g(21)),

Tg = T1 — Ty + T3,

i‘3 = _Ban (11)
9(331) = Maop—-1T1
2n—1
t3 Z (mi—1 —mg)(|lz1 +bi| — [z1 = bi]) . (12)
i=q

4. Computing Lyapunov exponents

The Lyapunov exponents can be calculated from the state
variables system descriptiah = f(x) by applying several
known methods [19, 36—38]. They are considered as indica-
tors of chaotic behavior since they characterize the average
divergence rates of small perturbations within the attractor

Rev. Mex. . 56 (4) (2010) 268-274
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FIGURE 5. Spice simulations for 3, 4, 5, and 6-Scroll attractor. Nonlinearities comparisons are shown in: (a), (c), (e), and (g). Phase
diagrams of the:-scroll attractor are shown in: (b), (d), (), and (h).

e The variational systery” is orthonormalized by using
the standard Gram-Schmidt method [40], the natural

logarithm of the norm of each Lyapunov vector is ob-

TABLE Ill. Lyapunov exponents for each implementation
(o =10,08 =~ 11.5).
Attractor A1 A2 A3
3-scroll 0.37958 0.00099 -7.7809
4-scroll 0.41808 0.00084 -7.6565
5-scroll 0.41051 0.00072 -7.7940
6-scroll 0.43760 0.00136 -7.5959

tained and accumulated.

e Orthonormalized vectors are used as initial conditions
of the next integration. This process is repeated until
the full integration period” is completed.

e The Lyapunov exponents are obtained by:

trajectories. A general method to calculate Lyapunov expo-
nents in third order continuous dynamical systems is summa-
rized as follows [39]:

e Initial conditions of the system arX , for the varia-

tional system initial conditions arE,.,, .

/\i%

1 T
2> Iyl

j=TO

We chose &.00674 s integration time step an@l71 s

e Both systems are integrated until the orthonormalizafor the orthogonalization periodO; initial conditions were
tion periodT'O is reached. The integration of the vari- X = [0.1, 0, 0] and a total integration steps of 500000. The

ational systenY” = [y, ¥y, ys] is done by the current

systemX Jacobian in each step.

shown in Table IlI.
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Lyapunov exponents of the generalized Chua’s system are
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Nonlinear
Function FIGURE 8. Frequency spectrum for the 6-scroll chaotic attractor
showing 50 and 100 kHz peaks for state

5. CFOA-based oscillators

The required PWL function (12) was observed to be iden-
tical to the proposed behavioral function (4) in the attractor
region, thus allowing the generation of multi-scroll attractors
£y v by Spice simulation as shows Fig. 5. For experimental ob-
Eﬂﬂg"‘ll servations the chaotic oscillator was built directly by inter-

[CEZSIHERE connecting integrator stages using CFOAs, see Fig. 6. An
important issue for physical implementation is the character-
ization of the bias dependent paraméter,; in spite of the
different values shown by the simulation model and the real
device.

Il
V.
b)

5.1. Experimental observations

The developed PWL function was applied to the Chua’s cir-
cuit of Fig. 6. Values ofx and 3 correspond to coefficients
R73/R7a=Rr3/R71 andRsa/ Rs1, respectively. Resistances
Re1 = Rgo are set to properly adjust the PWL function gain,
in the circuit. In this manner, the experiments show good
agreement with theoretical and simulation results as shown
in Fig. 7.

The frequency spectrum of state is observed for the
6-scroll attractor in Fig. 8, it shows two principal peaks; the

BN
"

Faiill
%

e) first one is about 50 kHz while the second (corresponding to
1 5 " e e e 5 U statex,) is about 100 kHz.
N
IS 6. Conclusion
[l --;‘- L A new circuit realization for multiscroll PWL based systems
[ 1 & N [[]]
Nl 2xis (2.5V/di i has been proposed by using saturated amplifiers. Basically,
i | thev — v PWL characteristic has been realized by using par-

e?

allel connections of a proposed CFOA-based PWL cell. Us-

FIGURE 7. Experimental results for 3, 4, 5, and 6-scroll attractor. "9 @ generalization for the Chua’s circuitscroll attractors
Nonlinearities are shown in: (a), (), (€), and (g). Phase diagraméNhere obtained experimentally as shown in early works. To
of then-scroll attractor are shown in: (b), (d), (f), and (h). Horizon- further prove the chaotic behavior of the system, a Lyapunov
tal axis is variabler; and vertical axis is:». The dotted appearance exponent’s algorithm was reviewed and computed for some
is caused by the oscilloscope sampling. of the system implementations.
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