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Finite photonic lattices: a solution using characteristic polynomials
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We give an analytic solution for the propagation of light in a finite waveguide array when the interaction coefficients are constant. We show
how to excite the different sites to allow propagation without perturbation.
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Se presenta una soldci anaitica para la propagan de la luz en un arreglo finito de i@s de onda cuando los coeficientes de la intebacci
son constantes. Mostramos como excitar los diferentes lugares para permitir una ptpsiggeerturbaéin.

Descriptores: Propagadin de la luz; arreglos de gas de onda.

PACS: 42.65.Tg; 42.65.Sf; 42.82.Et

1. Introduction

The discrete coupling or tunneling process between periodi- z% +wi B+ AE =0, (2)
cally arranged potential wells is a fundamental topic that has dz

been extensively investigated in many branches of physics. In idEn + wnEn+ A(Eps1 +Ep_1) =0

optics, arrays of weakly coupled waveguides and resonators dz ’

are prime examples of such systems, where the coupling dy- n=23,..,N—1, ©)

namics can be directly observed and investigated [1-5]. Pe-
riodic array structures are typically comprised form single-and
mode waveguides that are coupled to each other [5]. dEN @)

Makris and Christodoulides [6] considered a finite one- iz FwNEN +AEN-1 =0.

dimensional array ofV' waveguides, and by using a method \we can write in short form the above equations by using the
of images, showed that the field at thth site, provided the  matrix
mth site is excited aZ = 0, is given by

wi A 0 0 0
s A w2 A 0 0

En(Z) — Z {i7(2N+2)T[Z‘nimJn—7n,—(2N+2)r(2Z) A= 0 A w3 A 0 0 (5)
— "R o en42)r (22)]} (1) 8 -~ 00 8\ ;‘\)N_l j\j

The purpose of the present contribution is to study f|n|teSO that we need to solve the differential equation

photonic lattices and to show that by using its eigenmodes,
which we will show are vectors with the characteristic poly- dX

nomials as their elements, a periodic (Talbot-like [7]) or con- iz T AX,  X(Z=0)=X(0), )
stant (unperturbed intensities during propagation) behavioyare
may be produced. A byproduct of this contribution is that, by
comparing our solutions to Eqg. (1), it is possible to find an E
identity for such sums of Bessel functions. 1%

X=1: . (7)
2. The waveguide array ;

En

Let us consider a linear finite array &f weakly coupled
waveguides. Within the context of coupled mode theory, In order to solve the system of equations, we need the
wave propagation in such a structure is described by the foleigenvalues of matrix, which are obtained from the deter-
lowing discrete linear Scbdinger-like equations [1-3]: minant relation



FINITE PHOTONIC LATTICES: A SOLUTION USING CHARACTERISTIC POLYNOMIALS 159

w1 —T A 0 0 O 0
A wos—T A 0 0 0

e B L) ®
0 A wWN_1—T A

0 0 A WN — X
where the polynomial characteristic polynomial; (x) can
be computed by the three-term recurrence [8] !

Ss
r — Wi E )
FO('T):L Fl(x):Ta g
c
S
r — W ©
Fy(2) = =" Facr (1) = Faca (2), 2
o
n=23..N. (9) a2 3 4 s 6 7 8 9 10 11
B Waveguide Number
0.2
2.1. Propagation without perturbation
Once we have found the roots of the characteristic polyno-
mial, i.e. the eigenvalues of the matri4, we can find its
eigenvectorsdX; = z; X, as 713 3 4 %2 6 7 & 3 10 10
Intensity Distribution
Fo(x;)
F ({[;j) FIGURE 1. Propagation dynamics when the first eigenmode is
. . launched into a finite waveguide array of 11 elements and (bottom)
Xj = : . (10) the corresponding intensity at = 5.
Fn_1(z;)

Therefore, if atZ = 0 we excite different sites of the
waveguide array according to one of its eigenvectass, 0.2
E.(Z =0) = F,_1(z;) withn = 1,2,3,..., N, because
exp(iZA)X; = exp(iZx;)X;, the intensities at each site
will remain constant throughout propagation.

The Fig. 1 below shows the propagation behavior for
N =11,w, =0fork =1,2,3,....,6 and\ = 1; the mode
corresponds to the eigenvalue = 2 cos (7/12).

. . . 2
The Fig. 2 shows the propagation dynamics when the 45T 7 8% &
first eigenmodesf; =2 cos (7/12)) is launched into one finite WaveguideNumber N
waveguide array of 11 elements,=0 for k=1,2,3,...,11
and\=1. FIGURE 2. Side view of the invariant propagation of the first eigen-
mode, N=11.
3. Solution of the problem
. . . . . Fm n
The formal solution to the differential equation is then S = (zn) (m,n=1,2,3,..,N)
N
X(2) = 4% % (0). (11) > [Fea ()

k=1

In order to calculate the matrixp (iAZ), we write the i L
A matrix as usuald = SAS—!, whereA is the diagonal ma- We have to calculate the inver§e . However, we can show

trix of eigenvalues, and the base transformation maris ~ that theS matrix is an orthogonal matrix, and then
given by the matrix formed with the normalized eigenvectors,
Sl =gf (12)
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Intensity Distribution FIGURE 5. Intensity evolution when the first site is excited, N=11.

FIGURE 3. (a) Dynamical superposition of the second and third
eigenmodes propagating into one array of 6 elements, and (bot-
tom) its corresponding output intensity. Notice the periodicity in
the “intensity carpet” (Talbot-like effect).

FIGURE 6. Side view of the intensity propagation when the first
site is excited, N=6.

FIGURE 4. Side view of the intensity propagation of the superpo-

sition of the second and third eigenmodes, N=6. second kindi.e.

X
or explicitly Fy(z) =Uy (5) =0. (15)
(571 = Fo () and therefore, th&' roots are given by
m,n - N
km
> [Fia ()] =2 =1,..,N. 1
= Tr cos o1/ k S ey (16)
(m,n=1,2,3,.,N). (13)  Similar expressions have been already derived by Yawir

al [9] and by Butleret al[10].

Then the solution to the differential equation is Furthermore, the diagonal matrix of eigenvalues is

X(2)=e"?X(0) = Sexp (iZA) S~'X (0).  (14)

mm

N +1

A = 20,y COS < ) (m,n=1,2,3,...,N), (17)
We also present now graphically the propagation behav-
ior whenN = 6, w, = (—1)" andA = 2, when we have a and the base transformation matsbis given by

superposition of the secondo ~ —3.740) and third mode

(x5 = —2.686). g, - Un(@n/2)
' N
2
3.1. The Chebyshev polynomials case \/k:zl [Uk—1 (2 /2)]
If in the original matrix we take the special case when= 0 (m,n=1,2,3,..,N), (18)

fork = 1,2,3,..., N and )\ = 1, the characteristic polyno-
mial Fiy () reduces to the Chebyshev polynomials of the Then in this case we can write explicitly the solution (14),
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N N U, (za/2)Us_ 1<$a/2)eXp[2’LZCOS(N+1>}X/@<O) (=123, 1), 19)

—la=1 - ?
=1a= Z [Up, - 1(xa/2)] > [Uky—1(20/2)]

k'l 1 ]{:2:1
In the following figures we show the propagation behavior for this daseJ, = 0 for k = 1,2,3,..,11 and\ = 0) when
N = 11, and the first site is excited,
4. Connection with the images solution

In order to match our results with the ones of Makris and Christodoulides [6], we take the Chebyshev polynomiails €ase (
fork =1,2,3,..., N and\ = 1) and we excite thenth site of the finite array, puttin@)? (0)} = 0jm. From (19), we get
J

i w (20/2) Un, - —1(xa/2)exp {22'2 cos (1\(1111)] (20)
a=1 > [Uk-1 (l'a/2)]

k=1

deriving, as a byproduct, the following very complicated special functions relation between the Chebyshev polynomials of the
second kind and the Bessel functions,

o (15 e o ) o )]
5 Sl

Z {i_(2N+2)T[in_mc]nfm*(2N+2)r(2Z) n+m+2Jn+m+2 (2N+2)r (22)]}- (1)

r=—00

5. Conclusions trix S. The particular matrix we uség. the one that mod-
els the photonic lattice, was shown to produce “characteristic
We have solved the system of Egs. (6) using the very particUsigenvectors”, that allowed either constant propagation, or,

lar property that the matrix formed by the normalized eigen+,y ysing the superposition principle, Talbot-like effects [7].
vectors is orthogonal, giving directly the inverse of the ma-
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