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Electrostatic models of charged hydrogenic chains in a strong magnetic field
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Simple one-dimensional electrostatic models of one-(two) electron molecular systems H+
2 , H2+

3 , H3+
4 and H2, H+

3 , H2+
4 in a strong magnetic

field are proposed to estimate the binding-(ionization) energy of the corresponding ground states. The study is carried out in the range of
magnetic fiedsB = 102 − 106 a.u. The models are inspired (and based) on the quasi one-dimensional form of the ground state electronic
distribution function which is obtained by precise variational calculations in the Born-Oppenheimer approximation in a non-relativistic
framework. It is shown that the models give, for all magnetic fields considered, a very good description of the binding-(ionization) energy of
the one-electron molecular systems H+

2 , H2+
3 , H3+

4 , being accurate in2.5%, 5% and5% respectively, and15% for the two-electron systems
H+

3 , H2+
4 (30% for H2) as compared with the corresponding variational calculations.
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Modelos electrostáticos unidimensionales simples de los sistemas moleculares de 1-(2) electronesH+
2 , H2+

3 , H3+
4 y H2, H+

3 , H2+
4 en campos

magńeticos intensos son propuestos para estimar la energı́a de amarre-(ionización) del correspondiente estado base. El estudio se lleva a
cabo en el rango de campos magnéticosB = 102 − 106 a.u. Los modelos están inspirados (y basados) en la forma cuasi-unidimensional
de la funcíon de distribucíon electŕonica, del estado base, que se obtiene mediante cálculos variacionales muy precisos realizados en la
aproximacíon de Born-Oppenheimer en un tratamiento no relativista. Se muestra que los modelos brindan, para los campos magnéticos
considerados, una muy buena aproximación a la enerǵıa de amarre-(ionización) de los sistemas moleculares de un electrónH+

2 , H2+
3 y H3+

4 ,
con una precisión relativa del2.5%, 5% y 5% respectivamente, y con una precisión relativa del15% para los sistemas moleculares de 2
electronesH+

3 , H2+
4 (30% paraH2) comparadas con los cálculos variacionales correspondientes.

Descriptores: Cadenas hidrogenoides; campos magnéticos intensos; modelos electrostáticos.

PACS: 31.15.Pf; 31.10.+z; 97.10.Ld

1. Introduction

Strong magnetic fields are present in the surfaces of
neutron stars, where typically magnetic field varies in
B≈1012−1013 G, and can reach extraordinary values of
B ≈ 1014 − 1016 G in the surface of the recently discovered
magnetarsi. Since the discovery of the existence of strong
magnetic fields several questions arose about the stability and
structure of atoms and molecules exposed to such extreme
magnetic fields [1,2].

First investigations about the structure of matter in strong
magnetic fields [1,2] gave qualitative indications that due
to the large quadrupole moment of the elongated electronic
density cloud, new molecular systems, in the form of linear
chains, could exist in an aligned configuration parallel to the
magnetic field direction.

An accurate description of atomic and molecular systems
in strong magnetic fields (even the most simple ones) has re-
quired the development of non-perturbative techniques which
can give reliable results. An important step in the search
for new exotic molecules in magnetic fields was achieved
in 1999 with the theoretical discovery of the molecular ion
H2+

3 [3] which can exist as a bound state for magnetic fields
B & 1011 G. Later, it was shown that starting at different
thresholds in the domain of magnetic fieldsB ∈ [0, 1016] G
new chains of one and two electron systems composed of hy-
drogen and helium can exist in linear geometry (for a list of
specific compounds and a review see [4] and also [6]).

In particular, the fact that the electronic cloud in a
strong magnetic field acquires a cigarette-like form has sug-
gested to use quasi-one dimensional approaches to solve
the Schroedinger equation [7,8]. It is known that the one-
dimensional Coulomb problem [9-11] describes a quantum
system with many uses in atomic, molecular and condensed
matter physics despite its apparent simplicity. For example,
in the theory of a Mott exciton in a strong magnetic field [12]
or in describing the problem of electrons over a pool of liq-
uid helium. In this last case, given the charge and its image
is hence clear that the electron is acted by a Coulomb in-
teraction [13]. Additionally, an essentially two-dimentional
set of electrons trapped in the levels of the one-dimentional
Coulomb problem has been suggested as a possible realiza-
tion of a quantum computing device [14].

Recently, some heuristic one-dimensional electrostatic
models for one-electron molecular systems in a strong mag-
netic field have been introduced in Ref. 4. Altough very
simple, their accuracy is enough to gain a certain qualitative
insight about the structure of molecules in magnetic fields.
For example, a model for a one-electron diatomic molecu-
lar ion (Z,Z, e) like H+

2 (Z=1) in a strong magnetic field
is described in Ref. 4; guided by the evolution of the elec-
tronic distribution of H+2 as the magnetic field is increased,
i.e. evolving from a two peak configuration, for small mag-
netic fields, to a one (centered) peak configurationii, at strong
magnetic fields, this model assumes that at equilibrium the
electronic cloud can be mimicked by a point-like charge sit-
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uated exactly in the middle between the charged centers. All
three charges (two heavy centers of chargeZ and one elec-
tron) are confined by the magnetic field inside a narrow cylin-
drical channel whose radius is limited to a domain defined by
the Larmor radius. The electrostatic Coulomb energyEcoul

(in a.u.) of such linear configuration of point charges is eas-
ily calculated, being

Ecoul = −Z(4− Z)
Req

, (1)

whereReq is the equilibrium distance between protons.Ecoul

is negative forZ < 4 predicting that the system can be bound
even forZ = 3, the case of Li5+2 which actually is predicted
to exist for magnetic fieldsB & 104 a.u. [15].

We should mention that the model presented, as all elec-
trostatic models, assumes that point charges are fixed for each
value of the magnetic field, then a configuration is called
equilibrium configuration due to the fact that accurate vari-
ational results for the equilibrium distance(s)Req and the
corresponding binding energies were used to develop the
modeliii.

Of course, the validity of this model relies on the phe-
nomenological assumption that the binding energy can be
well approximated by the Coulomb electrostatic energy of
such linear configuration of point chargesiv. There might
exist a domain of magnetic field strength where this picture
makes sense. This is, indeed, the case for very strong mag-
netic fields. For example, forZ = 1 (hydrogen molecular
ion) the binding energy obtained from the above relation (1)
is slightly overestimated being larger in 10% for a magnetic
field B = 104 a.u. while it is larger in 5% forB = 106 a.u.
(see [4]). It indicates that the accuracy of the model increases
as a magnetic field grows. In any case, the approximate re-
sults given by this simple model are very surprising. Models
of pointlike charges were proposed in Ref. 4 also for one-
electron systems with 3 and 4 charged centers. Similar mod-
els have been also used for two-electron systems in a mag-
netic field [5].

Our goal in the present paper, is to develop further the
above mentioned simple electrostatic models of the ground
state of the one-electron hydrogenic chains H+

2 , H2+
3 , H3+

4

and the two-electron molecular systems H2, H+
3 , H2+

4 in a
strong magnetic field. The development consists of incorpo-
rating into the models the information contained in the elec-
tronic distribution which is obtained by precise variational
calculations. Atomic unitsme = −e = } = a0 = 1 are used
throughout although the energy is given in Rydbergs.

2. One-electron molecular systems in a strong
magnetic field: electrostatic model for the
ground state

For the non-relativistic description of the groud state1σg of
the one-electron molecular systems in a strong magnetic field
B (parallel configurationv), we can develop an electrostatic

model as follows: In the first instance, we consider that the
electronic charge distribution can be modeled by a linear den-
sity of chargeλ(z) situated along the magnetic field direction
(z-direction), whereλ(z) is defined through thez-profile of
the ground state electronic distributionΨvar obtained by vari-
ational calculations [4] being

λ(z) = e

∫ |Ψvar(ρ, φ, z)|2ρ dρdφ∫ |Ψvar(ρ, φ, z)|2 ρ dρdφdz
, (2)

where(ρ, φ, z) are the cylindrical coordinates of the position
vector of the electron, and (e = −1 in atomic units) is the
electron charge. In a second step, the linear charge distribu-
tion (2) is approximated by a linear superposition of a finite
number of standard Gaussian functions situated symmetri-
cally with respect to the center of the molecular axis. Af-
terwards, each Gaussian curve is replaced by a point charge,
located at the center of the Gaussian and whose value is equal
to the corresponding linear coefficient amplitude (see Figs. 1
to 3). The number of Gaussian functions used in the model
depends on the shape of the profileλ(z). Roughly, for each
local maximum of the profile a Gaussian function is intro-
duced. However, this number is rather arbitrary. For exam-
ple, for the system H+2 whose profile in the range of magnetic
field considered presents a single maximum, three Gaussian
functions were used (although, considering only one Gaus-
sian function placed in the mid point between the line con-
necting the protons, does not alter the results significantly in
this case). Let us take, for example, such configuration of
three point charges used to construct a model for the molec-
ular ion H+

2 (see Fig. 1)

λ(z) =
q1√
2πσ2

1

e
− z2

2σ2
1

+
q2√
2πσ2

2

(
e
− (z−z2)2

2σ2
2 + e

− (z+z2)2

2σ2
2

)
, (3)

whereqi, σi, zi (i = 1, 2) are interpolation parameters. Such
parameters are not all independent. In addition to the normal-
ization condition, which allows us to writeq2 in terms ofq1,
we can impose the condition

Ecoul = Eb , (4)

Eb being the variational binding energy andEcoul the elec-
trostatic Coulomb energy. The Coulomb energyEcoul (in Ry-
dbergs) is obtained after the replacement of these Gaussians
by point charges (Fig. 1) and is given byvi

Ecoul(B)=2

(
1

Req
+

4q1

Req
+

2q2

|Req

2 −z2|
+

2q2

|Req

2 +z2|

)
, (5)

where the values of the equilibrium interproton distance
Req(B) as a function of the magnetic field strengthB are
taken from the variational calculations [4], which then allows
us to express one parameter amongqi, σi, zi (i = 1, 2) in
terms of the others (for exampleq1=q1(Eb, Req; z1, q2, z2) ).
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FIGURE 1. Electrostatic model for the ground state1σg of the one-
electron molecular ionH+

2 in parallel configuration with a uniform
and constant strong magnetic fieldB = (0, 0, B). The electronic
cloud is replaced by three point like charges with fractional charge
q2, q1, q2 at the positions−z2, 0, z2 respectively.

The condition (4) is not as strong as it migth seem. Mak-
ing use only of the normalization condition the relative dif-
ference betweenEcoul andEb is less than 15% for all one
electron systems and for all magnetic fields considered. On
the other hand, imposing only (4) the resulting linear density
of chargeλ(z) breaks the normalization condition, but in less
than2% for all systems and for all magnetic fields consid-
ered.

Condition (4) can be or not satisfied, but normalization
condition must hold anyway. Then, according to this physical
requirement we impose (4) and afterwards the normalization
onλ(z) is restored multiplying by an overall factor onλ(z).

Suitable interpolation functions of the parametersReq, qi,
zi (i = 1, 2) as functions of the magnetic fieldB were found,
which allows us to write the Coulomb energyEcoul=Ecoul(B)
as an explicit analytical approximation as function of the
magnetic fieldB.

2.1. Calculations

In this section we show, for each one-electron system
(H+

2 , H2+
3 , H3+

4 ), the interpolating functions of the param-
etersReq, qi andzi (i = 1, 2, 3) as a function of the magnetic
field strengthB. Hereafter, magnetic field is defined in di-
mensionless units (a.u.) asB/B0, whereB0 = 2.35×109 G,
which we continue to denote asB.

2.2. Ion H+
2

The study is carried out in the range of magnetic fields
4255 ≤ B ≤ 105 a.u. For this system a superposition of
three Gaussian functions as in (3) was used to model the lin-
ear charge densityλ(z) (see 2). This charge density is de-
fined by thez-profile of the corresponding ground state elec-
tronic distributionΨvar taken from [4]. The parameters of the
model (3) which approximateλ(z) for each magnetic field
studied are summarized in the Table I.

The equilibrium interproton distanceReq(B) as a func-
tion of the magnetic field strengthB is taken from the varia-
tional calculations [4] and fitted by the formula given by

Req(B)=
1.7288

1+1.1365 log{1+(0.0232B)2+(0.0018B)4} , (6)

TABLE I. H+
2 state1σg. Parameters which approximate the elec-

tronic charge densityλ(z) given as the sum of three (normalized)
Gaussian functions. The electrostatic model is obtained replacing
each Gaussian curve by a point charge, located at the center of the
Gaussian and whose value is equal to the corresponding linear co-
efficient amplitude (see Fig. 1).

B (a.u.) q1 (a.u.) q2 (a.u.) z2 (a.u.)

4255 -0.89403 -0.05298 0.28201

10000 -0.92383 -0.03808 0.26209

18782 -0.95033 -0.02483 0.24239

42553 -0.95773 -0.02113 0.22279

100000 -0.95988 -0.02005 0.20276

The functional form of the dependence ofReq(B) on the
magnetic field, as well as for the interpolation forz2(B)
(see below), is taken from the physics-inspired approxima-
tions based on the assumption that the dynamics of the one-
electron Coulomb system in a strong magnetic field is gov-
erned by the ratio of transverse to longitudinal size of the
electronic cloud (for details see [16]). The protons of the
systemH+

2 are thus located atz = ±(Req/2) with respect
to the origin situated in the mid point on the line connecting
protons.

As a function of the magnetic fieldB, the interpolating
formula for the point chargeq1 located in the center (z = 0)
is given by

q1(B) = −0.0059 + 22.0211
√

B + B

9.7408 + 31.9754
√

B + B
. (7)

This formula describes the approximated dependence of
q1(B) on the magnetic fieldB. Notice that forB → ∞,
q1(B) → -1 implying that as the magnetic fields increases,
the electrostatic model is reduced to that with a one single
point charge situated in the middle between the two protons
of the moleculeH+

2 as it was proposed in Ref 4. The charge
conservation conditionq1 +2q2 = −1 gives the interpolation
for the two symmetric point chargesq2(B) (see Fig. 1). Fi-
nally, the interpolation for the position of these two charges
z2 is given by

z2=
2.1117

1+0.2523 log{1+(1.0075 B)2+(0.1090 B)4} , (8)

where z2, as Req, is given in atomic units of distance
(a0=1 a.u.).

Notice that the lateral chargesq2 are situated outside of
the equilibrium distance for all values of the magnetic field
considered and that forB → ∞ the lateral charges decrease
their relative importance.

Table II shows, as a function of the magnetic fieldB, the
values of the Coulomb energyEcoul of the electrostatic model
of point charges and the corresponding variational binding
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TABLE II. H+
2 state1σg. Comparison ofEcoul vs Eb. The relative

difference∆E = (|Ecoul−|Eb||/|Eb|) is less than2.5% for all the
range of magnetic fields considered.

B(a.u.) Ecoul(Ry) Eb(Ry) ∆E(%)

4255 -36.5454 -35.7538 2.2

10000 -46.8141 -45.7970 2.2

18782 -55.8387 -54.5016 2.4

42553 -68.7737 -67.5826 1.7

100000 -82.7359 -83.5814 1.0

TABLE III. H2+
3 state1σg. Parameters which approximate the

electronic charge densityλ(z) given as the sum of four (normal-
ized) Gaussian functions situated symmetrically with respect to the
center of the molecular axis.

B (a.u.) q2 (a.u.) z2 (a.u.) q3 (a.u.) z3 (a.u.)

425 -0.04188 0.04429 -0.45811 0.19696

1000 -0.03950 0.03061 -0.46049 0.15537

4255 -0.02081 0.00931 -0.47918 0.09948

10000 -0.01390 0.00443 -0.48609 0.07793

18782 -0.01042 0.00258 -0.48957 0.06562

energyEb, where it is shown that the relative difference
varies∆E varies from 1 to 2.5 in all the range of magnetic
fields studied.

2.3. IonH2+
3

The study is carried out in the range of magnetic fields
425 ≤ B ≤ 18782 a.u. For this system a superposition of
four Gaussian functions were used to fit thez-profile of the
electronic distribution,i.e. λ(z) (see Fig.2). The parameters
of the model which approximateλ(z) for each magnetic field
studied are summarized in the Table III.

The Coulomb energyEcoul (in Rydbergs) of such config-
uration of point charges is given by

Ecoul(B) = 2

(
5

Req
+

2q2

|Req

2 − z2|
+

2q2

|Req

2 + z2|

+
2q3

|Req

2 − z3|
+

2q3

|Req

2 + z3|
+

2q2

z2
+

2q3

z3

)
, (9)

where the equilibrium distanceReq(B) as a function of the
magnetic field strengthB is taken from the variational calcu-
lations [4] and fitted by the formula

Req(B)

=
0.8761

1+0.3308 log{1+(0.0026B)2+(0.00047B)4} , (10)

The protons of the systemH2+
3 are thus located at

z=0,±(Req/2) with the origin situated in the mid point on
the line connecting protons.

FIGURE 2. H2+
3 state1σg: Electrostatic model for the ground

state1σg of the one-electron molecular ionH2+
3 in parallel con-

figuration with a uniform and constant strong magnetic field
B=(0, 0, B). The electronic cloud is replaced by four point like
charges with fractional chargeq3, q2, q2, q3 located at the positions
−z3,−z2, z2, z3 respectively.

As a function of the magnetic fieldB, the interpolating
formula for the point chargeq3 located atz = ±z3 is given by

q3(B) = − 1.1634 + 0.00044 B

2.57928 + 0.00089 B
. (11)

This formula describes the approximated dependence
of q3(B) on the magnetic fieldB. Notice that for
B→∞, q3(B) → −0.494 implying that as the magnetic
fields increases, the electrostatic model is reduced to (al-
most) that with a two negative point charges situated at
±z3, z3<(Req/2)∀B. The charge conservation condition
2q1 + 2q2 = −1 gives the interpolation for the two symmet-
ric point chargesq2(B) (see Fig. 2). The interpolation for the
positionzi (i = 2, 3) of the two point chargeqi is given by

z2(B) =
7.1659

1 + 3.0835 log{1 + (0.00024 B)2}

×
(

1 + 0.00405 B

1 + B

)
, (12)

z3(B)=
1.6333

1+1.3342 log{1+(0.0345B)2+(0.004B)4} . (13)

Notice thatz2 < z3 for all values of the magnetic fieldB.
Table IV shows, as a function of the magnetic fieldB,

the values of the Coulomb energyEcoul of the electrostatic
model of point charges and the corresponding variational
binding energyEb.

TABLE IV. H2+
3 state1σg. Comparison ofEcoul vsEb. In general,

the relative difference∆E = (|Ecoul− |Eb||/|Eb|) is less than5%
for all the range of magnetic fields considered.

B(a.u.) Ecoul(Ry) Eb(Ry) ∆E(%)

425 -15.3869 -15.1580 1.5

1000 -20.5693 -20.7829 1.0

4255 -35.5729 -34.3905 3.4

10000 -47.7120 -45.4081 5.0

18782 -57.9764 -55.2311 4.9
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TABLE V. H3+
4 state1σg. Parameters which approximate the elec-

tronic charge densityλ(z) given as the sum of four (normalized)
Gaussian functions situated symmetrically with respect to the cen-
ter of the molecular axis.

B (a.u.) q2 (a.u.) z2 (a.u.) q3 (a.u.) z3 (a.u.)

105 -0.04792 0.03037 -0.45207 0.05755

2× 105 -0.03431 0.02583 -0.46568 0.04756

3× 105 -0.03086 0.02370 -0.46913 0.04284

4× 105 -0.02749 0.02242 -0.47250 0.03995

5× 105 -0.02628 0.02113 -0.47371 0.03759

106 -0.02232 0.01849 -0.47767 0.03210

2.4. IonH3+
4

The study is carried out in the range of magnetic fields
1 × 105 ≤ B ≤ 106 a.u. For this system a superposition
of four Gaussian functions were used to fit thez-profile of
the electronic distribution,i.e λ(z) (see2). The parameters
of the model which approximateλ(z) for each magnetic field
studied are summarized in the Table V.

The equilibrium interproton distancesR1, R2 (see Fig. 3)
as a function of the magnetic field strengthB are taken from
the variational calculations [4] and fitted by the respective
formula

R1(B)=
1.0919

1+1.3482 log{1+(0.0024B)2+(0.00015B)4}

×
(

1 + 1.0908 B

1 + 0.9593 B

)
, (14)

R2(B)=
1.1206

1+1.2352 log{1+(0.00105B)2+(0.000096B)4}

×
(

1 + 1.11996 B

1 + 0.9466 B

)
. (15)

The protons of the systemH3+
4 are thus located at

z = ±R1

2
, ± (R1 + 2R2)

2
with the origin situated in the mid point on the line connect-
ing protons. Notice thatR1 < R2 ∀B.

As a function of the magnetic fieldB, the interpolating
formula for the point chargeq3 located atz = ±z3 is given by

q3(B)=− 0.04144+0.7888 log{1+(0.00004B)2}
1.00636+1.60047 log{1+(0.000034B)2} , (16)

This formula describes the approximated dependence of
q3(B) on the magnetic field. Notice that forB → ∞,
q3(B) → −0.492 implying that as the magnetic fields in-
creases, the electrostatic model is reduced to (almost) that
with two negative point charges situated at

±z3 ,
R1

2
< z3 <

R1 + 2R2

2
∀B.

FIGURE 3. H3+
4 state1σg: Electrostatic model for the ground

state1σg of the one-electron molecular ionH3+
4 in parallel con-

figuration with a uniform and constant strong magnetic field
B=(0, 0, B). The electronic cloud is replaced by four point like
charges with fractional chargeq3, q2, q2, q3 located at the positions
−z3,−z2, z2, z3 respectively.

TABLE VI. H3+
4 state1σg. Comparison ofEcoul vsEb. In general,

the relative difference∆E = (|Ecoul − |Eb||/|Eb|) is less than
2.5% for all the range of magnetic fields considered.

B(a.u.) Ecoul(Ry) Eb(Ry) ∆E (%)

1× 105 -77.5705 -74.0368 4.7

2× 105 -93.0368 -91.1208 2.1

3× 105 -104.8920 -102.4702 2.3

4× 105 -113.7690 -111.1897 2.3

5× 105 -120.7930 -118.3093 2.0

106 -143.0300 -142.7426 0.2

The charge conservation condition2q1 +2q2 = −1 gives
the interpolation for the two symmetric point chargesq2(B)
(see Fig. 3). The interpolation for the positionzi (i = 2, 3)
of the two point chargeqi is given by

z2(B) =
0.1781

1 + 0.1897 log{1 + (0.000018 B)2}

×
(

1 + 0.3070 B

1 + 1.3992 B

)
, (17)

z3(B) =
0.3150

1 + 0.2434 log{1 + (0.000017 B)2}

×
(

1 + 0.3369 B

1 + 1.3785 B

)
. (18)

Notice thatz2 < (R1/2)∀B.
Table VI shows the values of the Coulomb energyEcoul of

the electrostatic model of point charges and the correspond-
ing variational binding energyEb.

2.5. Results

In the last sections simple one-dimensional electrostatic mod-
els of the one electron molecular systemsH+

2 , H2+
3 , H3+

4 in a
strong magnetic field were proposed to estimate the binding-

Rev. Mex. F́ıs. 57 (3) (2011) 193–203



198 A. ESCOBAR

(ionization) energy of the corresponding ground states, giv-
ing the following main results:

• Compared with the binding energy obtained by precise
variational calculation [4], the Coulomb energyEcoul

has a relative error of less than2.5%, 5% and5% for
the systemsH+

2 , H2+
3 , H3+

4 respectively for any value
of the magnetic field considered.

• The model predicts the existence of the systemH+
2 for

any value of magnetic field in agreement with varia-
tional results. In the range0 6 B < ∞, the corre-
sponding Coulomb energyEcoul(B) is a smooth, neg-
ative and monotonously decreasing function.

• For the systemH2+
3 the electrostatic model predicts

binding energies of -169.523 Ry atB = 106 a.u. and
-262.108 Ry atB = 107 a.u. which implies a rela-
tive error (compared with variational calculations [4])
of less than6%, 0.07% respectively even for these
magnetic fields (two orders of magnitud larger that the
values considered in the present study). For magnetic
fieldsB & 200 a.u. the Coulomb energyEcoul(B) is
a smooth, negative and decreasing function, for small
values (B < 30) a.u. it becomes positive, which may
be an indication that the systemH2+

3 is not bound in
this region of magnetic fields. According to variational
results [4]H2+

3 has bound states fromB & 102 a.u.

• For the system H3+
4 and for magnetic fields

B&7×104 a.u., the Coulomb energyEcoul(B) is a neg-
ative, smooth and decreasing function. In the mag-
netic field interval0 6 B 6 7 × 104 a.u., the en-
ergy Ecoul(B) is negative but not monotone. On the
other side, using the variational method, it is found that
the moleculeH3+

4 is bound only for magnetic fields
B & 104 a.u., therefore extrapolation of the function
Ecoul(B) for magnetic fields0 6 B 6 104 a.u. is not
physical.

3. Two-electron molecular systems: electro-
static model of point charges and a charged
cylinder

For the non-relativistic description of the ground state3Πu

(the notation used in Ref. 4 is adopted) of the two-electron
molecular systems in a strong magnetic fieldB (parallel
configurationvii), we follow a treatment similar to that for
the case of one-electron systems. In the first instance, we
consider that the electronic total charge can be modeled by
a linear density of chargeΛ(z) situated along the magnetic
field direction (z-direction), whereΛ(z) is defined through
the z-profile of the ground state electronic distributionΨvar

obtained by variational calculations [6]

Λ(z) = 2e

∫
Ψ∗varΨvarρ1ρ2dρ1dz2dρ2dϕ∫

Ψ∗varΨvardr1dr2
;

z = z1(z2), (19)

where(ρi, φi, zi), i = 1, 2 are the cylindrical coordinates of
the position vectorri of the electroni, ϕ is the angle between
r1 andr2 ande (= −1 in atomic units) is the electron charge.

In a second step, in analogy to the case of one-electron
molecular systems, the linear charge distribution (17) is ap-
proximated by a linear superposition of a finite number of
standard Gaussian functions situated symmetrically with re-
spect to the center of the molecular axis. For simplicity,
we assume equal contribution of each electron to this linear
charge distributionΛ(z)

Λ(z) = λ1(z) + λ2(z) ; λ1 = λ2 (20)

where λ1(z) is the linear charge density associated with
electrone1 and similary fore2. Both charge distribution
λi(z), i = 1, 2, normalized by construction to−1 (electron
charge in a.u.), are given by the same linear superposition
of Gaussian functions asΛ(z), except that the linear coef-
ficient amplitudes of the Gaussian curves are reduced by a
factor of 2. However in a state3Πu (a state withM = 1)
we consider that one electron, let us say electrone1, is in its
ground state (m1 = 0) and the other electron is in an ex-
cited state (m2 = 1) wheremi (i = 1, 2) denotes the angular
momentum projection of thei-electron on the magnetic field
direction, andM = m1 + m2 represents the total magnetic
quantum number.

This suggest reduce the linear charge distributionλ1(z),
associated withe1 (m1 = 0), to a configuration of point
charges replacing each Gaussian curve by a point charge lo-
cated at the center of the Gaussian and whose value is equal to
the corresponding linear coefficient amplitude, whileλ2(z)
associated withe2 (m2 = 1) is projected onto the surface
of an infinite cylindrical shell of radiusρ0, thus the electron
2 is described by a surface charge distributionσ2(z). We
assumeviii ρ0 ≈ 〈ρ〉. The number of Gaussian functions
used in the model depends on the shape of the profileΛ(z).
Roughly, for each local maximum of thez-profile a Gaussian
function is introduced.

Explicitly the resulting surface charge distributionσ2(z)
(normalized) has the form

σ2(z) =
λ2(z)
2πρ

;
∫

σ2dV = −1. (21)

Is important to emphasize that the ground state (m = 0)
wave function of an electron placed in a uniform and constant
magnetic fieldB = (0, 0, B) has not nodes.

Using this electrostatic modelix, we then obtain the
Coulomb interaction energy

Ecoul = Ecoul(R, ρ0; {σi}, {qi}, {zi}),
whereR denotes the equilibrium internuclear distance(s) of
the system. Normalization condition allows us to express one
parameter amongqi, σi, zi (i = 1, 2) in terms of the others.
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However, unlike the previous case of one electron systems,
the Coulomb energyEcoul can not be written in a closed form
in terms of elementary functions.

Suitable interpolation functions of the parametersqi, zi,
σi (i = 1, 2, 3) as a functions of the magnetic field strengthB
where found, such functions allows us to write the Coulomb
energyEcoul = Ecoul(B) as an explicit analytical approxima-
tion as function of the magnetic fieldB, with the distance (s)
R andρ0 playing the roles of external parameters. If we use
the values ofR andρ0 obtained in variational calculations,
we see that the electrostatic energyEcoul is not a good esti-
mate for the variational energy -EI

x. However we can find
intervals[ρ0−, ρ0+], [R−, R+] for which the relative differ-
ence ofρ0, R andEcoul from their variational counterparts
〈ρ〉, Req and -EI respectively are less than15% (30% for H2).

3.1. Calculations

In this section we show, for each two-electron system
(H2, H+

3 , H2+
4 ), the interpolating function of the parame-

tersqi, zi andσi (i = 1, 2, 3) as a function of the magnetic
field strengthB and the corresponding intervals[ρ0−, ρ0+],
[R−, R+]. Hereafter, magnetic field is defined in dimension-
less units (a.u.) asB/B0, whereB0 = 2.35× 109 G, which
we continue to denote asB.

3.2. Molecule H2

As a basic system, the moleculeH2 has been studied in pres-
ence of strong magnetic fields. It was found that the most
stable configuration of the system is parallel to the magnetic
field [6]. A relevant fact is that the state with the lowest total
energy (ground state) depends on the magnetic field strength
B. It evolves from spin-singlet1Σg state for small mag-
netic fields0 . B . 0.18 a.u. to spin-triplet3Πu state
for 12.3 a.u.. B The moleculeH2 does not exist in the
range of magnetic fields 0.18. B . 12.3 a.u., in which the
lowest energy state corresponds to a repulsive (unbounded)
3Σu state. The electrostatic study is carried out in the range
of magnetic fields100 ≤ B ≤ 10000 a.u. For this sys-
tem a superposition of three Gaussian functions was used to
model the linear charge densityΛ(z) (see 17) defined by the
z-profile of the corresponding ground state electronic distri-
bution. The electrostatic model consists of (i) a set of point
charges{qi} (m1 = 0) obtained replacing each Gaussian
curve ofλ1(= Λ/2) by a point charge, located at the center
of the Gaussian and whose value is equal to the correspond-
ing linear coefficient amplitude and (ii) an infinite charged
cylindrical shellσ2(z) = (λ2)/(2πρ) (m2 = 1) of radiusρ0,
(see Fig. 4). The parameters of the model which approximate
Λ(z) for each magnetic field studied are summarized in the
Table VIII.

The Coulomb energyEcoul (in Rydbergs) is given by

Ecoul = 2(Ep−p + Ep−e1,e2 + Ee1−e2) , (22)

TABLE VIII. H2 state3Πu. Parameters which approximate the
electronic charge densityΛ(z) given as the sum of three Gaussian
functions situated symmetrically with respect to the center of the
molecular axis.

B (a.u.) q1 (a.u.) σ1 (a.u.) q2 (a.u.) z2 (a.u.) σ2 (a.u.)

100 0.63435 0.42474 0.18282 0.14724 0.15957

425 0.64121 0.31403 0.17939 0.10007 0.10580

1000 0.64873 0.26154 0.17563 0.07969 0.08446

4255 0.66495 0.19581 0.16752 0.05617 0.05912

10000 0.67017 0.16740 0.16491 0.04567 0.04930

FIGURE 4. H2 state3Πu: Electrostatic model for the ground state
3Πu of the two-electron molecular ionH2 in parallel configuration
with a uniform and constant strong magnetic fieldB = (0, 0, B).
The electronic cloud is replaced by three point like charges with
fractional chargeq2, q1, q2 (m1 = 0) located at the positions
−z2, z1, z2 respectively and an infinite charged cylindrical shell
(m2 = 1) of radiusρ0. The protons of the systemH2 are located at
z = ± (R/2) with the origin situated in the mid point on the line
connecting protons.

where

E(p−p) =
1
R

, (23)

E(p−e1,e2) =
4q1

R
+

2q2

|R2 − z2|
+

2q2

|R2 + z2|

+ Φ
(
−R

2

)
+ Φ

(
R

2

)
, (24)

E(e1−e2) = q1Φ(z1) + q2Φ(−z2) + q2Φ(z2) , (25)

where the subscriptsp ande1, e2 denote the proton and elec-
trons respectively (using this notation,E(p−p) is the repulsive
interaction between protons, and similary forE(p−e1,e2) and
E(e1−e2)). As usual the electrostatic potentialΦ(z; ρ0), pro-
duced by the cylindrical shellσ2(z; ρ0), is given by

Φ(z; ρ0) =
∫

σ2(z′; ρ0)√
ρ2
0 + (z − z′)2

dz′dρ′dφ′ , (26)

As a function of the magnetic fieldB, the interpolating
formula for the point chargeq1 located in the center (z = 0)
is given by

q1 = −1.6757 + 0.001137 B

2.6531 + 0.001682 B
, (27)

Rev. Mex. F́ıs. 57 (3) (2011) 193–203



200 A. ESCOBAR

TABLE VIII. H2 state 3Πu: Intervals ∆ρ0=[ρ0−, ρ0+] and
∆R=[R−, R+]. The relative difference∆E=(|Ecoul−|EI ||

/|EI |)
is less than30%.

B(a.u.) ∆R (a.u.) ∆ρ0 (a.u.) Ecoul

100 [1.26Req,1.3Req] [1.26〈ρ〉,1.3〈ρ〉] [-1.296EI ,-1.238EI ]

425 [1.27Req,1.3Req] [1.27〈ρ〉,1.3〈ρ〉] [-1.293EI ,-1.246EI ]

1000 [1.27Req,1.3Req] [1.27〈ρ〉,1.3〈ρ〉] [-1.295EI ,-1.247EI ]

4255 [1.27Req,1.3Req] [1.27〈ρ〉,1.3〈ρ〉] [-1.285EI ,-1.236EI ]

10000 [1.29Req,1.3Req] [1.29〈ρ〉,1.3〈ρ〉] [-1.283EI ,-1.266EI ]

This formula describes the approximated dependence of
q1(B) on the magnetic fieldB. Notice that forB→∞,
q1(B) → -0.67 . The charge conservation condition
q1 + 2q2 = −1 gives the interpolation for the two symmetric
point chargesq2(B) (see Fig. 4).

The interpolation function for the positionz2 of the two
chargesq2 is given by

z2(B)

=
1.0152

1+1.0553 log{1+(0.16148B)2+(0.01403B)4} , (28)

For all the range of magnetic fields considered,
z2<(Req/2) whereReq is the equilibrium distance obtained
with variational calculations [6].

Finally the corresponding variancesσ1, σ2 are fitted by

σ1(B)

=
2.68367

1+0.62449 log{1+(0.69290B)2+(0.03944B)4} , (29)

σ2(B)

=
3.70302

1+3.4712 log{1+(0.24225B)2+(0.02064B)4} . (30)

Notice thatσ1 > σ2 ∀B. In relative units (Req = 1), in
general both variances decrease as functions of the magnetic
field B.

Table VIII shows the intervals[ρ0−, ρ0+], [R−, R+] for
which the relative difference ofρ0, R andEcoul from their
variational counterparts〈ρ〉, Req and -EI respectively are less
than30%.

3.3. Ion H+
3

The moleculeH+
3 has been studied in presence of strong

magnetic fields [17]. It was found that the most stable con-
figuration of the system is parallel to the field. A relevant fact
is that the state with the lowest total energy (ground state)
depends on the intensity of the fieldB. It evolves from spin-
singlet 1Σg state for small magnetic fieldsB <0.2 a.u. to
weakly-bound spin-triplet3Σu state for intermediate fields
0.2 . B . 20 a.u. and eventually to spin-triplet3Πu state
for B > 20 a.u. The electrostatic study is carried out in the

TABLE IX. H+
3 state3Πu. Parameters which approximate the elec-

tronic charge densityΛ(z) given as the sum of four Gaussian func-
tions situated symmetrically with respect to the center of the molec-
ular axis.

B (a.u.) q3 (a.u.) z3 (a.u.) σ3 (a.u.) q2 (a.u.) z2 (a.u.) σ2 (a.u.)

100 0.32950 0.20773 0.29793 0.17049 0.19735 0.27051

1000 0.32376 0.10027 0.12499 0.17624 0.09147 0.26435

10000 0.28318 0.04655 0.05925 0.21682 0.04649 0.14583

18782 0.25980 0.04575 0.05794 0.24019 0.03901 0.13892

FIGURE 5. H+
3 state3Πu: Electrostatic model for the ground state

3Πu of the two-electron molecular ionH+
3 in parallel configuration

with a uniform and constant strong magnetic fieldB = (0, 0, B).

range of magnetic fields100 ≤ B ≤ 18782 a.u. For this
system a superposition of four Gaussian functions was used
to model the linear charge densityΛ(z) (see 17) defined by
thez-profile of the corresponding ground state electronic dis-
tribution. The parameters of the model which approximate
Λ(z) for each magnetic field studied are summarized in the
Table X.

The Coulomb interaction energyEcoul (in Rydbergs) is
given by

Ecoul = 2(Ep−p + Ep−e1,e2 + Ee1−e2) , (31)

where

Ep−p =
5
R

, (32)

Ep−e1,e2 =
2q3

|R2 − z3|
+

2q3

|R2 + z3|

+
2q2

|R2 − z2|
+

2q2

|R2 + z2|
+

2q3

|z3|

+
2q2

|z2| + Φ
(
−R

2

)
+ Φ(0) + Φ

(
R

2

)
, (33)

Ee1−e2 = q3Φ(−z3)

+ q3Φ(z3) + q2Φ(−z2) + q2Φ(z2). (34)

As a function of the magnetic fieldB, the interpolating
formula for the point chargeq3 located atz = ±z3 is given by

q3(B) =
1.88093 + 0.000179 B

5.66932 + 0.000728 B
. (35)
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This formula describes the approximated dependence ofq3(B) on the magnetic field. Notice that forB→∞,
q3(B)→ − 0.24, z2 < z3 < (R/2)∀B. The charge conservation condition2q1 + 2q2 = −1 gives the interpolation for
the two symmetric point chargesq2(B) (see Fig. 5). The interpolation for the positionzi (i = 2, 3) of the two point chargesqi

is given by

z3(B) =
1.39441

1 + 1.38206 log{1 + (0.077667 B)2 + (0.009420 B)4} , (36)

z2(B)=
0.19845

1+0.20969 log{1+(8.83244× 10−5B)2+(0.004052B)4} , (37)

z3 > z2 ∀B, finally the corresponding variancesσ3, σ2 are fitted by

σ3(B) =
1.55132

1 + 1.1988 log{1 + (0.055867 B)2 + (0.010451 B)4} , (38)

σ2(B) =
1

1 + 0.95415 log{1 + (0.019994 B)2}

(
1 + 1.76429 B

1 + B

)
. (39)

TABLE X. H+
3 state3Πu: Intervals∆ρ0 = [ρ0−, ρ0+] and∆R

=[R−, R+]. The relative difference∆E=(|Ecoul−|EI ||)/(|EI |)
is less than15% for all the range of magnetic fields considered.

B(a.u.) ∆R (a.u.) ∆ρ0 (a.u.) Ecoul(Ry)

100 [1.1Req,1.15Req] [1.1〈ρ〉,1.15〈ρ〉] [-1.115EI ,-1.075EI ]

1000 [1.1Req,1.15Req] [1.1〈ρ〉,1.15〈ρ〉] [-1.083EI ,-1.044EI ]

10000 [1.1Req,1.15Req] [1.1〈ρ〉,1.15〈ρ〉] [-1.085EI ,-1.048EI ]

18782 [1.1Req,1.15Req] [1.1〈ρ〉,1.15〈ρ〉] [-1.071EI ,-1.034EI ]

Table X shows the intervals[ρ0−, ρ0+], [R−, R+] for
which the relative difference ofρ0, R andEcoul from their
variational counterparts〈ρ〉, Req and -EI respectively are less
than15%.

3.4. Ion H2+
4

It is well known that in the absence of a magnetic field, the
exotic molecular systemH2+

4 does not exist. However, for
B & 2000 a.u. the system becomes bound in the linear con-
figuration aligned along the magnetic line, the state with the
lowest total energy (ground state) being realized by the spin-
triplet 3Πu state [6]. For. B . 2000 a.u. the ground state
corresponds to the repulsive spin-triplet3Σu state. As the
moleculeH+

3 , the electrostatic study is carried out in the
range of magnetic fields100 ≤ B ≤ 18782 a.u. For this
system a superposition of four Gaussian functions was used
to model the linear charge densityΛ(z) (see 17) defined by
thez-profile of the corresponding ground state electronic dis-
tribution. The parameters of the model which approximate
Λ(z) for each magnetic field studied are summarized in the
Table XI.

The Coulomb energyEcoul (in Rydbergs) is given by

Ecoul = 2(Ep−p + Ep−e1,e2 + Ee1−e2) , (40)

where

Ep−p =
1

R1
+

2
R2

+
2

R1 + R2
+

1
R1 + 2R2

, (41)

Ep−e1,e2 =
2q2

|R1
2 + R2 − z2|

+
2q2

|R1
2 + R2 + z2|

+
2q2

|R1
2 − z2|

+
2q2

|R1
2 + z2|

+
2q3

|R1
2 + R2 − z3|

+
2q3

|R1
2 + R2 + z3|

+
2q3

|R1
2 − z3|

+
2q3

|R1
2 + z3|

+Φ
(
−R1

2

)
+Φ

(
− (R1 + 2R2)

2

)
+Φ

(
R1

2

)

+ Φ
(

(R1 + 2R2)
2

)
, (42)

Ee1−e2 = q2Φ(−z2)

+ q2Φ(z2) + q3Φ(−z3) + q3Φ(z3). (43)

As a function of the magnetic fieldB, the interpolating
formula for the point chargeq2 located atz = ±z2 is given by

FIGURE 6. H2+
2 state3Πu: Electrostatic model for the ground

state 3Πu of the two-electron molecular ionH2+
4 in parallel

configuration with a uniform and constant strong magnetic field
B=(0, 0, B).
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TABLE XI. H2+
4 ground state. Parameters which approximate the electronic charge densityΛ(z) given as the sum of four Gaussian functions

situated symmetrically with respect to the center of the molecular axis.

B (a.u.) q2 (a.u.) z2 (a.u.) σ2 (a.u.) q3 (a.u.) z3 (a.u.) σ3 (a.u.)

100 0.470132 0.098422 0.412104 0.029867 0.448526 0.30471

1000 0.462995 0.043426 0.212223 0.037004 0.192696 0.16069

10000 0.362742 0.021508 0.109725 0.137257 0.094341 0.12014

18782 0.111161 0.018676 0.058242 0.388838 0.083406 0.08205

q2(B)=
0.46730

1+2.85481 log{1+(3.2607× 10−5B)2} . (44)

This formula describes the approximated dependence ofq2(B) on the magnetic field. The charge conservation condition
2q1 + 2q2= − 1 gives the interpolation for the two symmetric point chargesq3(B) (see Fig. 6). The interpolation for the
positionzi (i = 2, 3) of the two point chargesqi is given by

z2(B) =
0.59035

1 + 1.36931 log{1 + (0.060622 B)2 + (0.009125 B
4} , (45)

z3(B) =
3.06313

1 + 1.60496 log{(1 + 0.059972 B)2 + (0.009441 B)4)
, (46)

z3 > z2 ∀B, finally the corresponding variancesσ3, σ2 are fitted by

σ2(B) =
5.65161

1 + 2.76837 log{1 + (5.01591× 10−6 B)2 + (0.010304 B)4} , (47)

σ3(B) =
1.67862

1 + 1.65664 log{1 + (0.098154 B)2}

(
1 + 1.56427 B

1 + B

)
. (48)

TABLE XII. H2+
4 state 3Πu: Intervals ∆ρ0=[ρ0−, ρ0+] and

∆R=[R−, R+]. The relative difference∆E=(|Ecoul−|EI ||/|EI |)
is less than15% for all the range of magnetic fields considered.

B(a.u.) ∆R (a.u.) ∆ρ0 (a.u.) Ecoul(Ry)

100 [Req,1.05Req] [〈ρ〉,1.05〈ρ〉] [-1.038EI ,-1.126EI ]

1000 [Req,1.05Req] [〈ρ〉,1.05〈ρ〉] [-1.064EI ,-0.974EI ]

10000 [1.1Req,1.15Req] [1.1〈ρ〉,1.15〈ρ〉] [-1.115EI ,-1.060EI ]

18782 [1.1Req,1.15Req] [1.1〈ρ〉,1.15〈ρ〉] [-1.081EI ,-1.053EI ]

Table XII shows the intervals[ρ0−, ρ0+], [R−, R+] for
which the relative difference ofρ0, R andEcoul from their
variational counterparts〈ρ〉, Req and -EI respectively are less
than15%.

3.5. Results

In the last sections simple electrostatic models of two elec-
tron molecular systemsH2, H+

3 , H2+
4 in a strong magnetic

field were proposed to estimate the double ionization energy
of the corresponding ground states, giving the following main
results:

• Two electron molecular systemsH2, H+
3 , H2+

4 in
a strong magnetic field are described by a heuris-
tic model (electrostatic model of point charges and a
charged cylinder) inspired in precise variational calcu-
lations.

• Compared with the double ionization energy obtained
by precise variational calculations [4], the Coulomb
energyEcoul has a relative error of less than30%, 15%
and15% for the systemsH2, H+

3 , H2+
4 respectively for

any value of the magnetic field considered.

4. Conclusions

Simple one-dimensional electrostatic models of one-(two)
electron molecular systemsH+

2 , H2+
3 , H3+

4 and H2, H+
3 ,

H2+
4 in a strong magnetic field are presented to estimate

the binding-(ionization) energy of the corresponding ground
states, being accurate for the systemsH+

2 , H2+
3 , H3+

4 in 2.5%,
5% and5% respectively, and15% for the two-electron sys-
temsH+

3 , H2+
4 (30% for H2) compared with the correspond-

ing variational calculations.
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i. The conversion factor1 a.u.= 2.35 × 109 G is used in the
present work.

ii. The electronic distribution of H+2 is symmetric with respect to
the plane whose normal is parallel to the magnetic field direc-
tion. For strong magnetic field the peak is situated in the middle
between the charged centers.

iii. From a classical point of view and considering only electro-
magnetic interactions, a closed system of charged particles in
the vacuum can not be in a stable equilibrium. However, in
quantum mechanics such equilibrium configuration can be re-
alized.

iv. As some confusion may arise at this point, we must empha-
size that the present approach is a pure electrostatic model
and not an effective one-dimensional approximation of the
Schroedinger equation. In particular we do not define an ef-
fective Coulomb interaction.

v. The infinitely-heavy charged centers located on a line parallel
to the magnetic field direction.

vi. The interactions between the electronic point charges{qi} are
not taken into account due to the fact that the electron does not
interact with itself.

vii. The infinitely-heavy charged centers located on a line parallel
to the magnetic field direction.

viii. Where〈ρ〉 ≡
∫

ρ2|Ψvar|2dr1dr2∫ |Ψvar|2 dr1dr2
.

ix. The interactions between the point charges{qi} are not taken
into account due to the fact that the electrone1 does not interact
with itself, but the interaction between the point charges{qi}
and the cylindrical surface charge distributionσ2 (associated
with e2) is taken into account.

x. EI denotes the double ionization energy obtained by variational
calculations [6].
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