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Scaling of plane-wave born cross sections for positron-impact excitations of H2
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We report an application of the scaling method to plane-wave Born cross sections (Y.K. Kim,Phys. Rev. A64 (2001) 032713) using positron-
impact excitation of molecules. Cross sections are obtained for positron-H2 (X1Σ+

g -> B1Σ+
u , C1Πu) and the results are found to be in

reasonable agreement with results experimental.
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Se analiza uma aplicacion del Born ondas planas (Y.K. Kim,Phys. Rev. A64 (2001) 032713.) desde la perspective para las colisiones
positron -H2 (X1Σ+

g -> B1Σ+
u , C1Πu). Los resultados obtenidos se comparan con los experimentos.

Descriptores: Born; positrones; escalamiento.

PACS: 34.80.Dp

1. Introduction

Similar to the electron, its anti-particle (the positron) also has
important scientific and technological applications in a large
variety of fields. A thorough presentation of the many ap-
plications of positrons can be found, for instance, in the book
by Charlton and Humberston [1]. These include astrophysics,
solar physics, bio-medicine (both diagnostics and therapy)
and materials science (defect studies and crystallography).
From a more fundamental perspective, positrons are essen-
tial in the formation of antihydrogen, understanding elemen-
tary particle and positronium (Ps) physics, as well as in the
investigation of positron binding to ordinary matter,i.e. neu-
tral atoms and molecules. Resonances in electron-impact on
atoms and molecules are well-known however, the situation
with respect to positrons is not as clear [1]. Positron bind-
ing energies have been measured for a large variety of small
and large molecules [2], although only a few calculations are
available. On the other hand, positron-atom binding has long
been predicted for many atomic targets [3], but it has not been
observed yet. Recent advances both in theory and in experi-
ment in positron physics had a great impact in several areas
of research and knowledge (measurements of integral cross-
sections are now being published by several groups [4]).
These new scattering measurements are very important for
comparison, setting new standards for both theoreticians and
experimentalists. Indeed one rationale for the present inves-
tigation is to try and shed more light on this state of affairs.
Our work represent a study preliminary on the simple scal-
ing of plane wave Born cross section which was adapted for
positron-impact excitations of atoms and molecules [5]. This
study represent a investigation of the procedure which was
proposed by Kim for electron scattering by atoms [6]. Here
we have proposed a new model for positron-impact scattering
which was developed by combining the original form of the
electron scattering with the positron scattering theory.

Validating a scaling method for Born (first Born
Approximation-FBA) cross sections of atoms (molecules) re-

quires two initial ingredients: (i) the Born integral cross sec-
tions (ICS) themselves; (ii) reliable experimental or theoreti-
cal optical oscillator strengths. Although the model presented
by Kim [6] can generate quite accurate integral cross sec-
tions which compare well with experimental data the model
has some inherent limitations owing to its relatively sim-
ple origin. The cross sections using FBA for simple atoms
or molecules have been calculated since computers became
powerful enough to perform such calculations, but it is now
rare to find a paper on Born cross sections for electronic exci-
tations of targets. This therefore represents a possible imped-
iment in the implementation of the scaling Born approach?.
Some studies using the scaling Born approach for electron
scattering illustrates that the method could never hope to sup-
plant ab initio scattering calculations, it simply cannot pro-
vide a mechanistic description of the scattering process. Nev-
ertheless where such calculations are impractical or unavail-
able at this time, the scaling Born procedure does offer a very
useful alternative. Cross sections for positron and electron
impact are virtually identical at high energies and if the ba-
sic dynamical ingredients for this evidence is the FBA, then
is possible extend the analysis developed by Kim [6] to more
complicated systems as positron-molecule (this is a important
consideration and can be significant for studies using positron
as incident particle). One of the complications created by
the use of positron as incident particle is the existence of ad-
ditional positronium channels which are not present in the
case of electron scattering. Thus, we will present a study of
the possibility of forming the positronium (Ps) compound,
that adds a distinct ’reactive’ channel to the scaling Born
approach. The goal of the present scaling method is to pro-
vide a simple theoretical method to calculate excitation cross
sections comparable not only to reliable experimental data,
but also to more sophisticated theories such, for example,
Schwinger multichannel (SMC) method [7].

In Sec. 2 we identify changes necessary to transform
the model proposed by Kim [6] and the present model for
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positron scattering. In Sec. 3 we discuss the application of
the method for excitation of H2 (X1Σ+

g -> B1Σ+
u , C1Πu)

states. Conclusions are presented in Sec. 4.

2. Theory

The FBA is used as the starting point in the present work be-
cause (a) plane wave is the correct wave function at infinity
for an positron (or electron) colliding with a neutral atom (or
molecule), and (b) it is the simplest collision theory that uses
target wave functions explicitly. The explicit use of target
wave functions enables one to use relativistic wave functions
for heavy atoms, and to distinguish the final state of the tar-
get. The scaling Born approximation described by Kim [6]
for excitation of neutral atoms and molecules is applicable
to dipole-allowed excitations, and use molecule properties as
excitation energy, ionization energy, and the dipolef value
that can be obtained, in principle, from accurate wave func-
tions. Since scaled cross sections are based on the plane wave
Born approximation, they do not account for the resonances
often found near the excitation thresholds. Qualitatively the
FBA does not account for the electron scattering exchange ef-
fect with the target electrons, the distortion of plane waves in
the vicinity of the target molecular, or the polarization of the
target due to the presence of the incident particle. The scal-
ing method developed by Kim [6] combine these deficiencies
into simple functional forms that depend on a few atomic or
molecular properties. The scaling method proposed here for
positron scattering is similar to the scaling method of Kim [6]
where the positronium channel now is introduced. We will
see that our method not only reduces the cross sections mag-
nitude at low energy, but also shifts the peak to a high energy
than the peak of the unscaled FBA, while keeping the high en-
ergy validity of the Born approximation intact. In a generic
form, first order Born cross sectionsσBorn(E) for inelastic
collisions are written as [6]

σBorn(E) = 4
( π

E

)
Ra2

0FBorn(E) (1)

wherea0 is the Bohr radius,R is the Rydberg energy,E is
the incident electron (positron) energy, andFBorn(E) is the
collision strength (multiplied by a constant to be consistent
with the standard definition of the collision strength). The
scaling method apply only to integrated excitation cross sec-
tions, not to angular distributions, because the scaling method
do not alter the angular distribution shape described by the
unscaled Born cross sections. The modified scaling here pro-
posed, to be referred to asEpEf -scaling (when usef ) and
EpE-scaling (withoutf ) replaces theE that appears in the
denominator,i.e., E by E + Eps + Eexc, whereEps is the
positronium energy, andEexc is the excitation energy. The
EpE-scaling initial is introduced as

σEpE =
[(

E

E + (Eps + Eexc)

)]
σBorn(E) (2)

with the argument that the effective kinetic energy of the in-
cident positron seen by the target isE plus the energy of the
bound electron. Thef -scaled Born cross sections,

σEpEf =
(

faccur

fBorn

)
σEpE (3)

A hint to the meaning of addingEps + Eexc to E may be
found in FBA cross section for the elastic scattering from the
Yukawa potential. The potential is a screened Coulomb po-
tential

V (r) = −z

r
e(−r/β) (4)

wherer is the radial coordinate,Z is the atomic number, and
β is the “range” of interaction with a dimension of length.
Using plane waves for the incident electron (or positron), the
integrated cross section for elastic scattering is

σel = 16πZ2β4/(1 + 4k2β2) (5)

wherek is the momentum of the incident electron (positron)
in atomic units. After writingβ = b and noting that
k = E/R (Rydberg), Eq. (5) becomes

σel = 16πRZ2b2/(E + R/4b2) (6)

which has theE in the denominator shifted by a constant with
the dimension of energy. Although this analogy is not rigor-
ous, the similarity between the Eq. (2) and Eq. (6) suggests
that the constant (Eps+Eexc) can be seen as the scaling factor
to represent the correlation between the positron and electron
of the target (the combinationEps+ Eexc should not be taken
literally as a rigid rule, but only as an indicator of the order
of magnitude for the cross section). At present, theEpEf -
scaling cannot be “derived” from first principles (as cited by
Kim for electron scattering [6]). As a test to study the scal-
ing Born cross sections for positron scattering we have inves-
tigated some cases; electronic excitation of the H2 (X1Σ+

g

-> B1Σ+
u , X1Σ+

g -> C1Σ+
u ) states.

The present study help verify also the influence of basis
set used for the initial and final states of the H2 molecule.
The accuracy of the wavefunctions used in scattering theory
is imperative and a study using the Schwinger multichannel
(SMC) method [7] for H2 showed that a serious difficulty
with the trial scattering basis set, same for Born approxima-
tion its can be observed. Our idea was to study also how
the basis set used in the Born approximation is significative
and we report a technique where two different quadratures
for ki andkf to avoid situations where|kf − ki| is too small.
The evaluation forki (or kf ) is generally associated with a
double quadrature mesh (θi, φi) and (θf , φf ) and with this
process is expected to have a more significant convergence
numerical. For theEpEf -scaling presented we have used
some considerations about the Born cross sections. To de-
fine a good Cartesian Gaussian basis set to produce a target
molecule is not an easy task and the experience gained in
ab initio calculations for electron-molecule collisions can be
useful [7]. As pointed by Arretche and Lima [7], no clear
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rules or procedures to construct trial basis sets for targets or
scattering calculations. The ideia is to work with an initial set
of functions{Gk} large enough such that the completeness
of the basis set comes from “saturation”:

Σ|Gk〉〈Gk| ≈ 1 (7)

Scattering amplitudes obtained from Born method are valid
for high-energy static calculations,i.e., in situations where
the target wave functions can be considered frozen. As we
will see our scaling Born for positron not only reduces the
cross section magnitude at low energy, but also shifts the
peak to a higher energy than the peak of unscaled (FBA),
while keeping the high energy validity of the FBA approx-
imation intact. Although computational tools are available
to generate wave functions that will produce accurate elec-
tric dipole oscillator strengths, or thef values, they are not
always easy to use. SinceEpEf -scaling is just an adapta-
tion of the FBA, the cross section obtained gives a direct and
unequivocal measure of the quality of the present model.

3. Results

Considering the positron impact excitation-H2 (X1Σ+
g ->

B1Σ+
u ), we illustrate in Fig. 1 the integral cross sections

(ICS) using ourEpEf -scaling compared with the SMC
method [7] and experimental data [8]. The values 0.3212 and
0.310 off (fBorn andfaccur) were used in the process for H2.
The values 12.74 eV and 13.12 eV were used forB1Σ+

u and
C1π, respectively, as energy excitation andEps = 8.5 eV.

As observed in Fig. 1 theEpEf -scaling is comparable in
shape with the sophisticated Schwinger multichannel(SMC)
method [7]. A cited by Arretche and Lima [7] a serious diffi-
culty with the trial scattering basis set was identified using

FIGURE 1. Electronic excitation cross sections for H2 (X1Σ+
g

-> B1Σ+
u ) by positron impact in units of 10−16 cm2. Solid line:

EpEf -scaling; dashed line: SMC method [7]; black circle: exper-
imental data [8].

FIGURE 2. Electronic excitation cross sections for H2 (X1Σ+
g

-> B1Σ+
u ) in units of 10−16 cm2. Solid line: EpEf -scaling;

dashed line: BEf -scaling for electron scattering.

the SMC method and a systematic set of procedures to verify
the quality of the basis set was considered [7]. This is im-
portant to point out that this level of similarity between our
EpEf -scaling and SMC method is of special relevance. The
excitation electronic forB1Σ+

u state usingEpEf -scaling and
the scaling Born for electron scattering used by Kim [6] is
shown in Fig. 2. Analysis of the figure shows good agree-
ment between the two methods at high energies. The oppo-
site sign of the static interaction for positrons causes a kind
of compensation between the two parts of potential (static
+ polarization): small adjustments of these parts cause big
differences in cross sections. In the high energy region,
the polarization, changing with the impact velocity, becomes
relatively weaker. For high energy (same for inelastic pro-
cess), Born’s approximation predicts equal cross sections for
positrons and electrons and the convergence of the two cross
sections for H2 in the high energy can be observed (the con-
vergence of the two cross sections for several atoms and

FIGURE 3. Electronic excitation cross sections for H2 (X1Σ+
g

-> B1Σ+
u ) by positron impact (units of 10−16 cm2). Solid line:

EpEf -scaling; dashed line: SMC method [7].
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FIGURE 4. Electronic excitation cross sections for H2 (X1Σ+
g

-> B1Σ+
u , X1Σ+

g -> C1Σ+
u ) by positron impact usingEpEf -

scaling only (units of 10−16 cm2). Solid line:C1Σ+
u ; dashed line:

B1Σ+
u .

molecules in the high energy limit still represent a question
open).

The results for the H2 (X1Σ+
g -> C1Σ+

u ) transition are
shown in Fig. 3. Again, we see reasonable agreement with
the sophisticated SMC method [7].

In Fig. 4 we shown electronic excitation cross section
for H2 (X1Σ+

g -> B1Σ+
u , X1Σ+

g -> C1Σ+
u ) usingEpEf -

scaling. This figure indicates that the cross section associated
with theX1Σ+

g -> C1Σ+
u transition is similar to theX1Σ+

g

-> B1Σ+
u one and this similarity indicates a nontrivial re-

sults (the present results also was observed by Arretche and
Lima using the SMC method [7] and this can motivate exper-
iments). The present results indicate that theEpEf -scaling
can be extremely relevant to calculate electronic excitation
cross sections for H2 [9].

4. Conclusions

The Born-scaling for electron scattering by atoms and
molecule have been extended to positron scattering. The re-
sults presented in this paper demonstrate the utility of the
concept of adding a constant to the incident positron energy
E in the denominator of Eq. (1) as a simple way to ob-
tain positron-impact cross sections for H2. The results of the
EpEf -scaling shown for H2 should not diminish the value
of more sophisticated methods that produce highly accurate
results, though they require orders of magnitude more com-
putational effort than FBA cross sections. First of all, new
studies and reliable results are needed to confirm thatEpEf -
scaling is reliable for positron scattering. Second, theEpEf -
scaling will not work well on angular distributions because
the scaling only changes the “E” dependence of FBA cross
sections. It is well knows that FBA cross sections not repro-
duce large angle scattering well at any “E”, and theEpEf -
scaling will not change the shape of FBA angular distribu-
tions. The scaling described here for positron scattering will
facilite the calculation of integrated excitation cross sections
for targets in general, which pose difficulties to more com-
puter intensive theories.

1. M. Charlton and J. Humberston, “Positron Physics” (Cam-
bridge University Press, Cambridge) (2001).

2. J.P. Marler, G.F. Gribakin, and C.M. Surko,Phys. Rev. A46
(2006) 5696.

3. F. Salvat,Phys. Rev. A. 68 (2001) 012708.

4. J.P. Sullivan, A. Jones, P. Caradona, C. Makochekanwa, and
S.J. Buckman,Nucl. Instr. Meth. B266(2008) 384.

5. P. Burke and K. Berrington, “Atomic and Molecular Process:
An R-Matrix Approach” (Institute of Physics Publishing, Bris-
tol), (1993).

6. Y.K. Kim, Phys. Rev. A64 (2001) 032713.

7. F. Arretche and M.A.P. Lima,Phys. Rev. A04 (2006) 2713.

8. S.J. Gilbert, J.P. Sullivan, R. Greaves, and C.M. Surko,Phys.
Rev. B171(2000) 81.

9. J.L.S. Lino, “17th International Conference on Positron Anni-
hilation (ICPA-17)”, China, Abstract, (2015).

Rev. Mex. Fis.62 (2016) 596–599


