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We present solutions of the S¢ialinger equation with modified Hylleraas plus exponential Rosen Morse potential within the framework of
the elegant approximation to deal with the centrifugal term for arbitrary orbital angular quantum number. We obtain the energy spectrum and
the corresponding wave function using the parametric form of the Nikiforov-Uvarov method. In many cases of interest the energy eigenvalues
and eigen functions have been discussed for different potentials.
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1. Introduction 2. Review of nu method and its parametric

: : o form
The bound state solutions of Schrodinger equation in quan-
tum mechanics is very difficult to solve with some phys- o Ny method is based on the solution of a generalized sec-

ical ce_ntral potent.ials [1-2]. The anglytical solution of ond order linear differential equation with special orthogonal
Schrodinger equation plays a vital role in quantum meChanfunction [25]. The Schidinger equation

ics and solving the Schdinger equation is still an inter-

esting work in the existing literature [3-6]. Recently, the
study of exponential-type potential has attracted a lot of in-
tgrest by many lgu_thors [7-8]..However, the bound state S.Oluéan be solved by this method. This can be done by transform-
tions of the Schidinger equation of some of these potentials.
are possible for few cases such as harmonic oscillator [9
Coulomb potential [10], Woods-Saxon [11], Hulthen [12],

(@) + (B = V(z)(x) =0 )

ng this equation into equation of hypergeometric type with
ppropriate transformation,= s(x)

Manning-Rosen [13] and others [14].Moreover, when the ar- 7(s) 5(s)
bitrary angular momentum quantum number, one can only ' (s) + @w’(s) + Uz(s)w(s) =0. (3)
solve the Sctirdinger equation approximately using a suit-

able approximation scheme [15]. One of such approximation
includes conventional approximation scheme proposed b%
Greene and Aldrich [16], improved approximation scheme by
Jiaet al[17], elegant approximation scheme [18] and a new
approximation scheme by Dong et al [19]. These approxi-
mations are used to deal with the centrifugal term and man
authors have investigated approximately the bound state s
lutions of the Schidinger equation with exponential-like po-
tentials. For further details readers can refer to most recent " ,
works [20-22]. a(s)x"(s) + 7(s)x'(s) + Ax(s) =0 (5)
In this work, we used elegant approximation scheme pro- ) i i o
posed in Ref. 18 to deal with the centrifugal term and solve'nere the wave function(s) is defined as the logarithmic
Schibdinger equation with modified Hylleraas plus exponen-der'v""t've [25],
tial Rosen-Morse potential defined as [23-24].

In order to find the exact solution to Eq. (3), we set the
ave function as

P(s) = ¢(s)x(s) (4)

(ya_nd on substituting Eq. (4) into Eq. (3), then Eq. (3) reduces
?o hypergeometric type,

¢'(s) _ m(s)
_ _‘/O l:a+€—2a(7w_rc):| ¢(8) = 0’(8) (6)

V(T) - b 1+ e—2a(T—Tc)

2a(r_ry) _2a(r—re) wherer(s) is at most first order polynomials.

__4Ne : 1-e - Likewise, the hypergeometric type functiop(s) in
—2a(r—re))2 + V2 —2a(r—re) ) (1)

(I+e <)) l+e ¢ Eq. (5) for a fixedn is given by the Rodriques relation as
where Vg, V1, Vo are the potential depths andb are the

. . B, d"
Hylleraas parametersy is the adjustable parameter and Xn(s) = —=——[0"(s)p(s)] @)
is the distance from the equilibrium position. p(s) ds"
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whereB,, is the normalization constant and the weight func-  The resulting value of in Eq. (16) is obtained from the

tion p(s) must satisfy the condition condition that the function under the square root be square of
d a polynomials and it yields,
250" (8)p(s)) = 7(s)p(s) ®) i = —(cr + 2cacs) + 2/Ca0s (18)
with where
7(s) = 7(s) + 27 (s). 9) co = c3c7 + cieg + cg. (19)

In order to accomplish the condition imposed on the  The newnr(s) for k_becomes
weight functionp(s), itis necessary that the classical or poly-
nomials(s) be equal to zero to some point of an interval m(s) = ca+ 55— [(Veo + cav/es)s — /es] (20)
(a,b) and its derivative at this interval at(s) > 0 will be  for thek_ value,
negative, that is

k_= 7(67 + 20368) - 2\/6809. (21)
dr(s) 1
75 <0 (10) Using Eq. (9), we obtain
Therefore, the functiomr(s) and the parameters re- 7(8) = ¢1 4+ 2¢4 — (cg — 2¢5)s
quired for the NU method are defined as follows:
—2[(V/eg + e3v/cs)s — /cs]- (22)
~ ~\ 2
(s) = o' —7 + (0'/ - 7’) 5+ ko (11) The physical condition for the bound state solution is
2 2 7/ < 0 and thus
A=k+7'(s). (12) 7'(s) = —2c3 — 2(y/¢g + c3+/¢8) < 0. (23)

The s-values in Eq. (11) are possible to evaluate if the  With the aid of Egs. (12) and (13), we obtain the energy
expression under the square root be square of polynomialequation as
This is possible, if and only if its discrimnant is zero. With

2
this, the new eigenvalues equation becomes (c2 = cz)n +ezn” — (2n+ L)es + (2n + 1)

ndr n(n . 1) 2o X (\/@—F Cg\/@) + ¢7 + 2¢3c8 + 24/cgcg = 0. (24)
A=l =——-"" — —— 2 =0,1,2,... (13 . . . .
ds 2 sz’ (13) The weight functiorp(s) is obtained from Eq. (8) as

On comparing Eqg. (12) and Eqg. (13), we obtain the en- o —1 1.

ergy eigenvalues pls) =07 (1 —¢ys) e 70 (25)
The parametric generalization of the NU method is givenand together with Eq. (7), we have

by the generalized hypergeometric-type equation as [26]

(clofl,?—‘lfclofl)
" - ’ 1 Xn(s) =Py : (1 - 2038) (26)
¥ (8)+w¢(5)+ﬁ
s(1 — c38) 52(1 — c3s) where
X [=&15” + &5 — &lU(s) = 0. (14) Co = €14 204 +21/Cs (27)
Equation (14) is solved by comparing it with Eq. (3) and c,, = ca — 2¢5 + 2(1/Co + c31/C8) (28)

the following polynomials are obtained:
and P,(f”ﬁ)(s) are the Jacobi Polynomials. The second part

7(s) = (c1 —cas), o(s) = s(1 —c3s), of the wave function is obtained from Eq. (6) as
o= ) Bs) = 5612 (1 — eps) 2 (29)

Now substituting Eq. (15) into Eqg. (11), we find where

o(s) = catess ci2 =i +\/Gs, @3=c5— (Ve +3/5).  (30)
+ [(c — esks)s® + (c7 + kx)s + cg]? (16) Thus, the total wave function becomes
where ¥(s) = NpsGz2 (1 — 035)76127%3

1 1 11 _ _

¢y = 5(1 —c), &= 5(02 — 2¢3), « Prgclo*l:? 10 1) (1 = 2e35), (31)

2 2
6 =C5+& o7 =2cacs —&, cs=ci+&. (17)  \whereN, is the normalization constant.
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48
3. Factorization method

In spherical coordinate, the Séfinger equation with the
potentialV (r) is given as [27]

110 (.0

2u |[r?0r " or

+ ! 2 sint92 + ! 872
r2sin 6 96 00 r2sin? § Op?

X ¢(7" 0, 90) + V(’I")1/)(’I", 0, SD) = E¢<T7 0, QO)'

Using the common ansatz for the wave function as

(32)
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where,
1 3 3
= — 1 _— _—
“ r2 { * 2ar, 4a2r3} (39)
1 2 3
02="15 [a za} (40)
1 1 3
|t 41
4 r2 [20&7} 40[27’2} (41)

We compare the approximation of Eq. (38) with-? in
Fig. 1 and this shows a good agreement for the centrifugal

term for a short-range potential.

R(r Substituting Eq. (38) into (37) and using the transforma-
P(r,0,¢) = fﬂ )Ylm(e’ 2 (33)  tions = —e22(—") we have
and substituting Eq. (33) into Eq. (32), we obtain the follow-  d?R(s) (1 —5) dR(s) 1 9 9
ing sets of equations: ds2 s(1—s) ds s2(1 — s)2 [=(e” = A)s
d?>R.; 2 PV & + (2¢? + B)s — (¢ — CO)]R(s) = 0, (42)
nladl oI _ — 4
dr? h2 [ v(r) 2/1,7’2:| R =0 (34)
where
d*e(0) de(8) m?
t 0 A— 0) = 35
d6? oo do sin® 0 00)=0 (9 2= pE 43)
P () 20
mi®(p) =0 (36) I(1+1)a
dy? : A=t - L 44
¥ 2a2h2b(VO + ‘/Qb) 402 ) ( )
where) = [(I + 1) andm? are the separation constants. wWWo
You(0,0) = ©(0)®(y) is the solution of Egs. (35) =~ 5a2rzplet 1)
and (36).Y,,.;(0, ¢) are the spherical harmonic and their solu-
tions are well known [28]. Equation (34) is the radial part of - 2/;‘/; il +21) (al + %) (45)
the Schodinger equation which we are subject of discussion @ Z 2a 2
in the next session. C = m(voa — Vab)
. . .y I(1+1)
4. Solution of the radial part of Schrodinger iy (a1 + az + as). (46)

equation

Substituting potential of Eq. (1) into radial Séklinger equa-
tion of Eq. (34), we obtain

4V16—204(r—7‘c) 2 1— e—2a(r—7‘c)
— ‘/'2 -
1 +672a(rfrc)

} R, =0.

a_’_€72a(r77’c)
1+ 672a(r7rﬂ)

d?>R,;
dr?

2
L2

Enl+?

(1 + 67204(7‘77%)) )

I(1+1)h?
2ur?

37)

It is well known that the Sclidinger equation of Eq. (37)
cannot be solved exactly fér# 0 by any known method.
The way out is to use approximation for the centrifugal term.
On this note, we invoke the elegant approximation [18] for
thel/r? as

az

as
(1 + 672a(r7rc)) +

(]_ + 672a(r7rc))2

1
— =a +

> (38)

100

+ + + + + i
0 0.1 0.2 03 0.4 0.5 0.9 1

FIGURE 1. Comparison of the centrifugal terfh= 1/r2 with the
elegant approximatiorf; for « = 0.1 with a; = 1, a2 = 150,
as = 85, r¢c = 0.1 and f5 for @« = 0.2 with a; = 1, a2 = 150,
a3z = 100 andrc = 0.1.
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Comparing Eq. (42) with Eq. (14), we obtain the follow- Using Eq. (16), we calculate thes) function as
ing parameters:

-8 1 9 9
G- A §=22+B, &=-C “S’:zi[(ﬂg ‘A‘ki)s

co=co=c3=1, ¢c4=0, c5=-1/2 3

' 12 ’ ‘ ° / +(2e2—B+k‘i)s+52—C} . (48)

g =-4+¢e2—A, c¢;=-22—-B . .
4 From Eq. (18) . is determined to be

cg =2~ C, 0921—(A+B+C)

4
610:1+2\/€2—C,

i Hence, we choose the proper valuergf) so that
6112+2< 4ABC+\/€2C>
7(5)1252[<\/(1A3C)
Ci2 = 82 70, 4

c13=—1—<\/i—A—B—C+m> (47) +m>s—\/m

2

kiB+QC’i2\/(52C) (iABC). (49)

: (50)

| whose negative derivative is

2+2<\/i—A—B—C+\/(EQ—C)>1<0. (51)

The newr (s) function for NU is chosen as

'(s) = —

(Vi-4a-B-C-/Z=0))s+/(&-0)

| ke =B+20+2/(2-C) (1 -A-B-0C)
) =5 £ (Vi-4a-B-Cc-@=0))s— /(-0 ©2

for k =B+20-2/(z2-C)(1-4-B-C)

We find the physical solution from Eq. (52) as
=5 | (i a-p-crvEmD)- v 9
for

k:B+2C—2\/(52—C)(i—A—B—C). (54)

Now using Eq. (24), (43), (44), (45), (46) and (47), we obtain the energy spectrum for the modified Hylleraas plus
exponential Rosen Morse potential as

Voa 11+ 1)h2
E, = —% + Vo + !(al + as + as)
2 2
o | PR 8+ 5 )+ (4B G )
- . (55)
2u n+ 14 #gzg; 4 e | L
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The weight functionp(s) can be obtained by using using Eqg. (33) as
Egs. (25) and parameters in Eq. (47) as

) = — L [Tt Dl +etd+1) 3
ps) = s(1—s)". (56) T Tt all(n + 0+ 1)
Wheree = 2ve? = C andd = 2\/(1/4) — (A + B +0) o1 (e_Qa(T_TC))é (1 N e_QQ(T_TCO =5
and using Eq. (26), we get the wave functigp(s) as r
Xn(s) = P (1 - 25) (57) x PO (14 26720779) ¥ (0,0). (64)
wherePff’ﬂ) is the Jacobi polynomial. The other wave func-

tion ¢(s) is obtained from Eq. (29) as 5. Discussion

B(s) = s/2(1 — S)#. (58) By choosing appropriate values in the modified HyIIera{;\s
plus Rosen Morse model, we obtain four types of potential
The radial wave function is obtained from Eq. (31) as models and then evaluate their energy eigenvalues equations
. - and their corresponding eigen functions.
Rui(s) = Nysi(1—s)2 P9 (1 —2s), (59)
_ o .. 5.1. Woods-Saxon Potential
whereN,,; is the normalization constant. The normalization

constantV,,; can be calculated in a compact form. In orderIf we chooselV; = Vo = a = 0 andb = 1in Eq. (1), we

to do this,we start by using the normalization condition, obtain Woods-Saxon potential [29]
00 7%672a(r7rc)
/ ‘N"Z‘er =1 V(T) - 1+ e—2a(r—re)” (65)
0

Substituting these parameters into Egs. (55) and (60),
and under the change of coordinate- 1—2¢=20("—7) We W€ obtain the approximate energy eigenvalues and the cor-

can rewrite Eq. (59) as, responding wave function as
< I(1+1)h? a?h?
Ru(s) = NMM (efamrc)) 2 E, = W+ DA 5 ) (a1 + as + a3) — 5 (66)
"T(n+e+1) K K
149 and
X (1—6_Q(T_Tc)) Pée”g) (1—26_0‘(T_T°‘)) . (60) 1 o 140"
(1, 8,0) = Nt (e20070) T (14 g200r0)
Furthermore, the relation between the hypergeometric r
function and the Jacobi polynomials are [33-34], % P,(L#’,ﬁ’) (1 i 267204(7"77“6)) Yim(0, ), (674)
1-—- .
" (—n, n+v+pu+1lv+1; 5 x) respectively where
/1
— nlr(y+1) P(U,#)(I) (61) ,U//:2\/€2—A~7 19/:2 Z—é—’y—A
'n+v+1) "
(l+1
1 2 = (4a2 )(a2+a3)
/(1 ) (1 4 ) [Pé”’“)(x)} dz
1 5= ng _ l(l + 1)@1
N 202 h? 402
vtp
_2 F$n+u+1)F(n+u+1). 62) e (1 +1) a -
nlwl(n+v+p+1) T=52m T o2 a1—|—5 . (67b)
By using 14z 1— o 5.2. Rosen Morse Potential
= 1 —
2 2

. L If we replaceb = a = 1 andVy = 0 in Eq. (1), we obtain the
and the Egs. (61-62), we obtain the normalization constantssen Morse potential [29]

an asy

Nl

_4V1672a(r7rc) 1— 67211(7“77"&)
1 6F(”+€+1)F(n+€+19+1) 2 V(T): (1 + e—2a(r—rc))2 +V2 1+ e—2a(r—re) |- (68)

N = T(e+1) nD(n+0+1) (63)

Now substituting these parameters into Egs. (55)
Finally, the total wave functiog(r, 8, ¢) of the modified  and (60), we get the energy spectrum and the corresponding
Hylleraas plus exponential Rosen Morse potential is obtaine@ave function for the Rosen Morse potential as
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2

2
V- L(I+1 V; [(I+1)a
1(1+ 1)R? o2p2 | 2aznzt o (a2 + a3) <n+ " \/2Z2;1 o Uﬁlx)
Enl:‘/2+27(a1+a2+a3)_ 5 D) (69)
: ' nt g+ o+ e 1
and
1 2 49 ’ 9
$(r,0,9) = Ny (e7200770) ¥ (14 ¢7200=r) 5 P09 (14 2¢7200 7)) v, (6, ) (70a)
T
where
- = 5 1 < . < ne I(1+1)
g=2VE—A, 9= 1= 0—4—A A:2a2h2_ 102 (a1 + a2 + a3)
< /JVQ l(l + 1)@1 ~ ,U,V1 l(l + ].) a2
5= - - - ( 7) 70b
202 h? 42 T 202 202 \ "7 (70b)
5.3. Generalized Woods-Saxon Potential
fwesetlo =a=0,V; = —%, b =11in Eqg. (1), we obtain generalized Woods-Saxon potential [30] as
_ —2a(r—re) —2a(r—re)
Vi) = o (1)

(1+ e—2a(r—rc))2 + 1+ e—20¢(r—rc))2'

Substituting these parameters into Egs. (55) and (60), we obtain the energy eigenvalues and the corresponding wav
function for this potential as

2

2
A 1(1+1) v (4 1)a 1
l(l 1)h2 a’h? 2/;2%2 da? (CL2 a3 (n \/22222 12 2 +4>

Enl = V2 + ((11 + an + a3) — (72)
2 2 a
g g met d o g+ O
and
1 —2a(r—re) %I —2a(r—re) (HEQ) (n',Q) —2a(r—re)
$(r.0,) = Nu~ (e c ) (1 te c ) x Pl (1 + 2 c ) Yim (0, ¢), (73a)
where
;L — oy , LI+1) az
W=2e—h,  Q=yf7-d-v-A 4= (a1+2>, (73b)
A and had been defined in subsec. (5.1).
5.4. Poschl-Teller Potential
If we chosel, = V, = 0in Eq. (1), we obtain the Poschl potential [31]
— AV, e—20r—re)
vir) = 1 (74)

(]_ + 672a(rfru))2 :

Substituting these parameters into Eqgs. (55) and (60), we obtain the energy spectrum and the corresponding wave functio
as
2

2
2 252 l(i+21) (a2 + as3) n —|— + \/211;/;%2 l(lI12)a3 N i
I(1+ 1)k o2k + : ;
E,. = T(m +as +ag) — 24 X : — 5
n + 5+ \/25222 e s 4 L
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and

4 140/

il 140/
’(/J(T, 0, 90) = ]an1 (e_Qa(T_TC)) : (1 + 6—2@(7‘—7‘0)) p)
T

x P (1 + 26*%(““)) Yim(0,9) (76a)

2
(as + a3) + (n +1i4 \/2@’,22 4 W las i)

A had been defined already in Subsec. 5.174arsdefined in
Subsec. 5.2.

5.5. Standard Eckart Potential

Ifwe setVy =0, V; = =2 andVs = V3, b=1,a=0in

Eqg. (1) we obtain standard Eckart potential [32] as

V1672a(r7rc) 1— 672(1(7"77“6)
(1+e-200—re))? ? (1—1—6—2“(—)) :

Vir)=

(77)

Substituting these parameters into Egs. (55) and (60), we
obtain the energy spectrum and the corresponding wave func-
tion as

2

where
1
W =2ve2—-A, O :2,/1—5/—&—A
l(l + 1)&1
="l 76b
2, (76b)
|
1(141)
(l+1 h2 2h2 402
E,=-V+ Q(al + as —|—a3) _
2 2
and
1 5 18
_ - —2a(r—re) —2a(r—re)
w(’ne?@)_anr (6 ) (1+€ )
x P (1 4 2e720r=re) Yy, (0, ) (79)
where
—~ 1 . -
€=2vVe2-C, Q= Z_A_B_C’ (80)
and
~  —uVh 3 (14 1)ay
T 202k2 402
= uW (l+1) az
B= 202 h? 402 <a1 + 2 )
~ 1V I(l+1)
C: 2a2h2 - 20&2 (a1+a2+a3). (81)

(78)

1 %) W(+Das | 1
n+3 +\/2a2h2 + e T g

6. Conclusion

In this paper, we solved explicitly the Sddinger equation

for the modified Hylleraas plus exponential Rosen Morse po-
tential for arbitrary states by using the parametric form of
the Nikiforov-Uvarov method. By using the elegant approx-
imation for the centrifugal term, we obtain approximately
the energy eigenvalues and the unnormalized wave function
expressed in terms of the Jacobi polynomials for arbitrary
wave states. We obtained some well known potential such
as Woods-Saxon, Rosen Morse, generalized Woods-Saxon,
Poschl-Teller and standard Eckart potentials by choosing ap-
propriate parameters in the modified Hylleraas plus exponen-
tial Rosen Morse .
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