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Mean field theory of inhomogeneous fluid mixtures
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México D.F. 01120, Mexico.

Received 2 February 2012; accepted 29 January 2013

By using density functional theory, we analyze an inhomogeneous fluid mixture composed of an arbitrary number of species within mean
field approximation. Under the assumption that the interfacial region behaves as an elastic continuous medium, we calculate the stress
tensor and the equilibrium grand potential of the system for different surfaces. It is found that, unlike the single component system, there
exist multiple coexistence regions induced by the diversity of interaction potentials between the different species. Surface properties are
calculated for a step-like density profile and consistency with the monocomponent system is verified for both the same formalism and other
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1. Introduction

Density functional theory (DFT) for classical fluids has raised
much interest in recent years. To a great extent, this is due
to its versatility to be applied in different problems of vari-
ous scales [1-5]. The theory assumes existence of a density
functional corresponding to the intrinsic Helmholtz free en-
ergyF [ρ(~r)], which contains all the information about inter-
molecular interactions in the system. For a simple fluid in a
coexistence state, the density profile of the interfacial region,
ρ(~r), is a function of position. Its equilibrium value is ob-
tained by solving the Euler-Lagrange (EL) equation that re-
sults from minimization of the grand potential functional [2].
The solution to the EL equation is not trivial as there is no
exact expression for the free energy functional. Thus, instead
of solving the equation, one may follow a completely differ-
ent scheme which consists in manipulating the EL equation
to obtain a force balance equation, which implies existence
of a stress tensor. Following this alternative approach, a the-
ory has been developed that describes correctly the mono-
component simple fluid in a liquid-vapor coexistence state.
The most general expression of the stress tensor for this sys-
tem has been calculated [6,7] and the result has been used,
at the level of mean field, to obtain the contribution to the
free energy from the interfacial region of surfaces with sim-
ple geometries, and also for an arbitrarily curved interface.
For the simple geometries, the microscopic expressions for
the surface properties have been calculated within two lev-
els of approximation: for a step-like profile and a smooth
one respectively [8,9]. In this work we extend the analysis
to describe an inhomogeneous fluid mixture composed oft

components; in particular the microscopic expressions for the
grand potential and surface properties are investigated for an
asymptotic approximation of the density profile. Shortly, we
shall obtain a theory for the system with an arbitrary number
of components and show that the generalization maintains the
same structure as the monocomponent case. The main pur-
pose will be to provide a completely independent description
from first principles.

Inhomogeneous fluid mixtures of several components
represent a formidable challenge for equilibrium statistical
mechanics due to the difficulty to carry out theoretical predic-
tions and experimental measurements of their surface proper-
ties [10,11]. One of the crucial problems is that as the num-
ber of components increases, new mechanisms that modify
surface properties between the different fluid phases are in-
duced. The explanation on the relevance of these mecha-
nisms when passing from a mixture to another with a differ-
ent number of species is still unknown nowadays [12]. Re-
markably, the most relevant physical property for mixtures
is surface tension, which has been widely investigated from
diverse viewpoints. In this sense, we consider important to
highlight some works related to the analysis of this property
and to our knowledge within the context of this investigation.
The first one is the work of M. Sahiniet al. They investigate
the behavior of the surface tension of a binary mixture of CO2

and hydrocarbons near the critical point using a square gradi-
ent theory [10]. A drawback of their theory, however, is the
inability to correctly capture the surface properties. In an-
other work, R. Penfoldet al. perform a calculation to inves-
tigate the same physical quantity using a generalized van der
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Waals theory, but for an Argon-Krypton mixture [12]. Their
results are in agreement with numerical simulations and ex-
perimental data for this particular system. In a third work,
T. Hiesteret al. investigate the behavior of a binary mix-
ture using an effective Hamiltonian [13]. Unlike the previous
works, these authors derive microscopic expressions for the
surface tension and rigidity constants, but their analysis is re-
stricted to a two-component system. Although these three
investigations, and many more in literature, contribute to un-
derstanding interfacial phenomena within mixtures, the topic
is still an active field of research.

In this work we also derive all surface properties. Never-
theless, this investigation shows two clear differences when
compared to previous studies. The first one is that here we
consider the description of a fluid mixture with an arbitrary
number of components instead of a binary system, and no
restriction to a particular system is introduced. The second
is that, as it will be shown shortly, we determine a micro-
scopic expression, exact and simple, for the grand potential
that depends on the densities of all species and the different
interaction potentials between particles, which allows us to
calculate the properties of the system without ambiguity. It
is important to mention that in order to obtain microscopic
expressions for the interfacial properties, we assume that the
interface behaves as an elastic continuous medium which sat-
isfies the corresponding Helfrich Hamiltonian [9].

The paper is organized as follows. In Sec. 2 we outline
the fundamentals of the theory of several components. Sec.
3 briefly describes the procedure to obtain the stress tensor.
The appropriate approximations we introduce to obtain spe-
cific results of the most relevant surface properties are per-
formed in Sec. 4, and to conclude, in Sec. 5 we present some
final remarks.

2. Density Functional Theory

Let us consider a grand canonical density functional for the
t-component fluid consisting of particles of different species
interacting via a spherically symmetric potential; to be intro-
duced in explicit form shortly. The expression for this grand
potential functional is

Ω[ρ1(~r), . . . , ρt(~r)] = F [ρ1(~r), . . . , ρt(~r)]

+
t∑

i=1

∫
d~r [µi − V i

ext(~r)]ρ
i(~r), (1)

whereF [ρ1(~r), . . . , ρt(~r)] is the intrinsic Helmholtz free en-
ergy of the whole system,µi, V i

ext(~r), and ρi(~r) are the
chemical potential, the external potential, and the density
profile of thei-th specie respectively. Within the stress ten-
sor theory being formulated here, the free energy is assumed
known.

The intrinsic Helmholtz free energy contains information
on all molecules of the different species, which are coupled
to each other in such a way that results impossible to separate

expressions for different species; except for ideal gases. The
equilibrium configuration is obtained from minimization of
the grand potential functional, which allows for knowledge
of the equilibrium density profile of each specie

δΩ[ρ1(~r), . . . , ρt(~r)]
δρi(~r)

∣∣∣∣
ρi
0

= 0, (2)

whereρi
0 is the equilibrium density profile of thei-th specie.

The equilibrium of the whole system is obtained when the
values of all equilibrium density profiles;i.e. ρ1

0, . . . , ρ
t
0, are

known. Under these conditions, the equilibrium grand poten-
tial can be written in the form

Ω0[ρ1
0(~r), . . . , ρ

t
0(~r)] = F [ρ1

0(~r), . . . , ρ
t
0(~r)]

+
t∑

i=1

∫
d~r [µi − V i

ext(~r)]ρ
i
0(~r). (3)

That is, the system is in thermodynamic equilibrium, which
means thermal, chemical, and mechanical equilibrium. As
pressure is a tensor, the last condition distinguishes this sys-
tem from homogeneous fluids. In addition, mechanical equi-
librium implies existence of force balance; this because any
part of the interfacial region is not found rotating or displac-
ing in a given direction. The EL equations can be manip-
ulated to identify the conservation equation for each specie.
To do so, we start by multiplying the EL equation by∇ρi

0(~r)

∇ρi
0(~r)

δF [ρ1(~r), . . . , ρt(~r)]
δρi(~r)

∣∣∣∣
ρi
0

−∇ρi
0(~r)[µ

i − V i
ext(~r)] = 0. (4)

Then, we introduce the relationship

∇[ρi
0(~r)V

i
ext(~r)] = ρi

0(~r)∇V i
ext(~r) + V i

ext(~r)∇ρi
0(~r). (5)

After some manipulations carried out in Eq. (4), we get to

δF

δρi

∣∣∣∣
ρi
0

∇ρi
0(~r)

−∇{
[µi − V i

ext(~r)]ρ
i
0(~r)

}
= ρi

0(~r)∇V i
ext(~r). (6)

This is the force balance equation for an arbitrary specie. It
is worth mentioning that Eq. (6) only contains partial infor-
mation of the system; that is only on the coexistence region
of the i-th specie. As the interest is on force balance in the
whole system, we sum over all species to obtain

∇ · σ =
t∑

i=1

ρi
0(~r)∇V i

ext(~r), (7)

whereσ is the stress tensor of all species, which is symmetric
due to nature of the system [6].

It is a known fact that this stress tensor is not unique.
There exists gauge freedom, as one can always add a sym-
metric tensor with vanishing divergence toσ. Although this
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feature could play down relevance to the tensor, the physi-
cal properties of the system have no dependence upon this
arbitrariness. It is worthwhile emphasizing that a stress ten-
sor constructed on the basis of general principles guarantees
a better approach to the physical properties of the system.

Now, the properties of the system and the stress tensor
itself can be studied in more detail by introducing the separa-
tion

σ = σ0 + σinh, (8)

whereσ0 is the homogeneous contribution from the bulk
phases of all species, given as

σ0 = ω(~r, [ρ1
0, . . . , ρ

t
0])I

=

[
f(~r, [ρ1

0, . . . , ρ
t
0])−

t∑

i=1

(µi − V i
ext(~r))ρ

i
0

]
I , (9)

with I being the unit tensor, andσinh is the contribution from
the interfacial region, which satisfies the relation

∇σinh(~r) =
t∑

i=1

[
δF

δρi

∣∣∣∣
ρi
0

∇ρi
0(~r)

]

−∇f(~r, [ρ1
0, · · · , ρt

0]). (10)

Into these we have introduced the densities of grand po-
tential and of Helmholtz free energy,ω(~r, [ρ1

0, . . . , ρ
t
0]) and

f(~r, [ρ1
0, . . . , ρ

t
0]), defined respectively as

Ω[ρ1
0, . . . , ρ

t
0] =

∫
d~r ω(~r, [ρ1

0, . . . , ρ
t
0]) and

F [ρ1
0, . . . , ρ

t
0] =

∫
d~r f(~r, [ρ1

0, . . . , ρ
t
0]). (11)

We emphasize thatF [ρ(~r)] is non-local in terms of the den-
sity profile, which implies that any local term in this free en-
ergy gives no contribution toσinh.

The separation in Eq. (8) is motivated by two reasons.
The first one is that theσinh term originates exclusively from
the non-local part ofF , and the second is that within the re-
gion where the system is homogeneous,∇·σinh = 0 and the
tensorσinh vanishes. On the other hand, the diagonal term
σ0 originates from both local and non-local contributions to
F , and is given byω(~r, [ρ1

0, . . . , ρ
t
0])I , when the stress tensor

becomesσ = σ0I . Moreover, this separation can be regarded
as a phenomenological interpretation of the system. From the
macroscopic point of view, there exist two well defined re-
gions: those of the bulk phases and the interfacial region. In
a microscopic scale, it is impossible to guarantee existence of
decoupling between molecular interactions of both homoge-
neous and inhomogeneous regions. However, one may con-
sider the dominant contribution to be contained in each region
and not necessarily on the boundary molecules.

The geometric properties of the interfacial region, which
we consider here as a mathematical surface, depend on its
composition. Although it may be formed by a mixture of dif-
ferent species, these maintain identity as they do not form a

new compound. The fact that each specie can be included
in the surface is denoted by the scripti on the density pro-
file, that isρi wherei = 1, 2, . . . , t. Equidensity surfaces
ρi
0 = const.i define families of surfacesri

n having normal
vectorsn̂i(~r) = ∇ρi(~r)/|∇ρi(~r)|, which are defined only
within the interfacial region, where∇ρi 6= 0. It will be
shown in the following section that within this formalism
we carry out a description of the system which considers
all higher order derivatives of the density profile; assuming
they vanish at the boundary of the system where density is
homogeneous. In our analysis, we consider some simple ge-
ometries and the most general case of an arbitrarily deformed
interfacial region and introduce a set of semi-orthogonal lo-
cal unit vectors,̂ni(~r), t̂i1(~r), t̂

i
2(~r), wheret̂i1(~r) andt̂i2(~r) are

tangent vectors to the equidensity surfaces satisfying the con-
ditions: n̂i(~r) · t̂iα(~r) = 0, t̂i1(~r) · t̂i2(~r) 6= 0, α = 1, 2,
i = 1, . . . , t. It is now possible to perform the separation
of the stress tensor in terms of its local components: nor-
mal, tangent, and tangent normal [14]. Nevertheless, as the
most relevant physical property of the system is the equilib-
rium grand potential, which represents the microscopic free
energy, only the normal component of the stress tensor is re-
quired for its calculation. This can be written in the form

σN = ω(~r, [ρ1
0, . . . , ρ

t
0]) + σN

inh. (12)

By integrating this component over the whole space one ob-
tains the equilibrium grand potential [14,15]

Ω0 =
∫

d~r [σN (~r)− σN
inh(~r)]. (13)

It can be observed from this expression that the free energy
separates naturally bulk and surface contributions indepen-
dently of the surface geometry. The first term contains only
bulk information, corresponding to terms of pressure by vol-
ume, whereas the second one captures the interfacial prop-
erties of the fluid mixture. Equation (13) is a key element
within this theory as introduction of the normal component of
stress tensor into the free energy allows, without ambiguity,
calculation of all relevant properties of the system. In addi-
tion, further developments can be performed so as to obtain
general results [6,9].

3. Stress Tensor Derivation

It was shown in the previous section that the EL equation
of a multicomponent system leads to a force balance equa-
tion, which implies existence of a stress tensorσ; unknown
up to this point. Starting from general physical principles,
this quantity may be constructed to any level of approxima-
tion of the free energy. For a non-local system of a single
component, this task has been carried out by J. K. Percus
and V. Romero-Roch́ın, modeling the system as a continu-
ous medium [6,7]. Here we follow the same approach but
for a t-component mixture. The key element for this anal-
ysis is the non-locality of the system. As in the interfacial
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region density varies from point to point, an appropriate de-
scription must capture as much information as possible from
the neighborhood of each point. This may be accomplished
by including an arbitrary number of high-order derivatives
of the density. In this sense the Lagrangian formulation for
continuous systems and fields is the most appropriate because
the Lagrangian allows incorporation of any number of deriva-
tives of the dynamic variable under consideration [6,16,17].
For this system, the density and its derivatives are the rele-
vant physical quantities which play a role analogous to the
dynamic variables of position and velocity in classical me-
chanics; the difference being that these quantities depend on
the vector position rather than on a parameter as time. On
the other hand, the derivatives have a number of components
that depend on the dimensionality of space. In this section
we denote field variables byρ, derivatives are indicated by a
semicolon, components of the vector position and density are

denoted by Greek superscripts, species of the different com-
ponents of the system are indicated by Latin superscripts, and
the summation convention over repeated indices is assumed.
We emphasize that only the most relevant aspects in the con-
struction of the stress tensor are discussed without going into
algebraic details.

The LagrangianL of the system depends on the densi-
tiesρi(~r) of all species and on an arbitrary numberc of their
spatial derivatives,ρi,α1α2...αc

(~r). From this we write the
action

S =
∫

d~r L
({ρ1(~r), ρ1,α1 (~r), ρ1,α1α2 (~r), . . .}, . . . ,

{ρt(~r), ρt,α1 (~r), ρt,α1α2 (~r), . . .};~r), (14)

and calculate its first variation

δS =
∫

d~r

( {
∂L

∂ρ1
δρ1 +

∂L

∂ρ1,α1

δρ1,α1 +
∂L

∂ρ1,α1α2

δρ1,α1α2 + · · ·
}

, . . . ,

{
∂L

∂ρt
δρt +

∂L

∂ρt,αt

δρt,αt +
∂L

∂ρt,αtα2

δρt,α1α2 + · · ·
} )

=
t∑

i=1

c∑
s=0

∫
d~r

∂L

∂ρi,α1...αs

δρi,α1...αs . (15)

To find the EL equation, successive integrations by parts of the density field are necessary. We consider these derivatives
vanishing on the boundary of the hypervolume where the field is defined; that is

δρj ,α1...αs

∣∣
ext

= 0, (16)

wheres = 0, 1, 2, . . . , c, andj = 1, 2, . . . , t. Physically, this is equivalent to state that the fluid is homogeneous at the boundary
of the system. The condition for stationarity,δS = 0, leads to the equations of motion

t∑

i=1

c∑
s=0

(−1)s

(
∂L

∂ρi,α1...αs

)

,α1...αs

= 0, (17)

which reduce to the single dynamic variable case. The same EL equations may alternatively be obtained from a modified
Lagrangian̂L, with the advantage that this formalism incorporates an infinite number of high-order derivatives and that allows
for other extensions [6]. The proposal of modified Lagrangian is

L̂
({ρ1

α1...αs
, ρ1

α1...αs,β}, . . . , {ρt
α1...αs

, ρt
α1...αs,β}, p1β

α1...αs
, . . . , ptβ

α1...αs
;~r

)

= L
(
ρ1

,α1...αs
, . . . , ρt

α1...αs
;~r

)
+

t∑

i=1

∞∑
s=0

(
ρi

α1...αs,β − ρi
α1...αsβ

)
piβ

α1...αs
. (18)

Writing the action for this Lagrangian and calculating its first variation, one obtains

δS =
t∑

i=1

∫
d~r

(
∂L̂

∂ρi
α1...αs

δρi
α1...αs

+
∂L̂

∂ρi
α1...αs,β

δρi
α1...αs,β +

∂L̂

∂piβ
α1...αs

δpiβ
α1...αs

)
. (19)

Once again, repeated integrations by parts, using the fact that all derivatives of the density vanish at the boundary, and that
ρi

α1...αs
andpiβ

α1...αs
are independent variables, give rise to the corresponding EL equations

∂L̂

∂ρi
α1...αs

−
(

∂L̂

∂ρi
α1...αs,β

)

,β

= 0, (20)

∂L̂

∂piβ
α1...αs

= 0. (21)

By introducing in the latter the explicit form of the proposed Lagrangian for the system of several components, Eq. (18), one
gets to the relationship
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ρi
α1...αs,β = ρi

α1...αsβ . (22)

We now calculate the explicit EL equation for the density of
an arbitrary specie by introducing Eq. (18) into Eq. (20).
Evaluation of each term produces an equation that can be
iterated, and that yields a result equivalent to that of a La-
grangian containing information on higher order derivatives
explicitly. The resulting expression is

piβ1
α1...αs

=
∂L

∂ρi
α1...αsβ1

−
(

∂L

∂ρi
α1...αsβ1β2

)

,β2

+
(

∂L

∂ρi
α1...α2β1,β2β3

)

,β2β3

+ · · · , (23)

wherepiβ1
α1...αs

= 0 for s = −1, which reproduces Eq. (17).
ThusL andL̂ have some equivalence as they lead to the same
equations of motion. From this point we perform a series of
manipulations to relate these expressions to an exact quan-
tity. Given that a functional derivative of the Lagrangian with
respect to an arbitrary field variable is

δ

δρi(~r ′)
L

(
ρ1

α1...αs
, . . . , ρt

α1...αs
;~r

)
=

∑

s,{α}

t∑

i=1

∇α1

· · ·∇αsδ(~r − ~r ′)
∂L(~r | ρ1, . . . , ρt)

∂ρi
α1...αs

, (24)

we multiply this expression by
∏p

j=1

(
r′βj

− Rβj

)
and inte-

grate over~r ′ to obtain

∫
d~r ′

p∏

j=1

(
r′βj

−Rβj

)δL(~r | ρ1, . . . , ρt)
δρi(~r ′)

=
∑

s,{α}

t∑

i=1

∇α1

· · · ∇αs

p∏

j=1

(
rβj −Rβj

)∂L(~r | ρ1, . . . , ρt)
∂ρi

,α1...αs

, (25)

and observe that each term withs > p vanish, as after thep-
th derivation it is a constant. All terms withs < p also vanish
by substitutingRβj = rβj . The final result is then

t∑

i=1

∂L(~r | ρ1, . . . , ρt)
∂ρi

,β1...βp
(~r )

=
t∑

i=1

1
p!

∫
d~r ′

p∏

j=1

r′βj

δL(~r | ρ1, . . . , ρt)
δρi(~r + ~r ′)

. (26)

Now, an inhomogeneous fluid in a coexistence state, as a
closed system, is invariant under the Galilean symmetry
group. These symmetries are a consequence of the proper-
ties of the space-time in which the system is described, and
may be analyzed using Noether’s theorem. The homogene-
ity of time implies temporal translational invariance of the
closed system, which translates into conservation of energy.
On the other hand, from the homogeneity of space follows
spatial translational invariance, which implies conservation

of the linear momentum. Finally, isotropy of space implies
that the closed system has spatial rotational invariance, which
in its turn guarantees conservation of the angular momen-
tum. Such symmetries may be investigated using the fact that
the Lagrangian is invariant under an infinitesimal coordinate
transformation, from which one identifies the Noether cur-
rent. The starting point is the first variation

δL({ρ1
η, ρ1

η,α}, . . . , {ρt
η, ρt

η,α};~r )

=
t∑

i=1

(
∂L

∂ρi
η

δρi
η +

∂L

∂ρi
η,α

δρi
η,α

)

=
t∑

i=1

∇α

(
∂L

∂ρi
η,α

δρi
η

)
. (27)

For δ = ∇β , one identifies the stress tensor

∇βL
∣∣
ρi
0

= ∇α

(
Lδαβ

)

−
t∑

i=1

∇α

(
ρi

η,β

∂L

∂ρi
η,α

)
= ∇ασαβ , (28)

where

σαβ = Lδαβ −
t∑

i=1

ρi
η,β

∂L

∂ρi
η,α

. (29)

Equation (28) is the corresponding conservation law for the
inhomogeneous fluid, which will be transparent when the first
of the two terms in the middle be identified.

Assuming a system internally autonomous, we may sep-
arate the field contribution in a single term throughµi(~r) [6],
identify L asL̂, and theρi

σ asρi
α1...αs

, as well as thepiβ
α1...αs

.
This leads us to propose the expression

L̂
(
ρ1,α1...αs , . . . ρt,α1...αs ;~r

)

= L0

(
ρ1

α1...αs
, . . . , ρt

α1...αs

)−
t∑

i=1

µi(~r )ρi. (30)

By carrying out the infinitesimal variation, once again one
calculates the conserved quantity that Noether’s theorem
guarantees

δL̂ =
t∑

i=1

∑
s

(
∂L̂

∂ρi
γ1...γs,α

)

,α

δρi
γ1...γs

+
t∑

i=1

∑
s

∂L̂

∂ρi
γ1...γs

δρi
γ1...γs,α

=
t∑

i=1

∇α

( ∑
s

∂L̂

∂ρi
γ1...γs,α

δρi
γ1...γs

)
, (31)

then introducingδ = ∇β , we find

∇α

(
L̂δαβ−

t∑

i=1

∑
s

∂L̂

∂ρi
γ1...γs,α

ρi
γ1...γs,β

)
=∇βL̂

∣∣
ρi
0
. (32)
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The corresponding Noether current is the stress tensor

σαβ = L̂δαβ −
t∑

i=1

∑
s

∂L̂

∂ρi
γ1...γs,α

ρi
γ1...γs,β . (33)

Observe that∇βL̂|ρi
0

in Eq. (32) is determined by calcu-
lating the derivative of̂L and evaluating at the equilibrium
value. The result is

∇βL̂
∣∣
ρi
0

=
t∑

i=1

(
µi(~r )ρi

,β − µiρi
,β − ρiµi

,β

)

= −
t∑

i=1

ρi(~r)µi
,β(~r). (34)

Putting this expression as the right hand side of Eq. (32)
yields the balance equation predicted by DFT.

A connection between concepts from the Lagrangian for-
mulation and the equilibrium statistical mechanics can be
made. The quantityL0(~r | ρ1, . . . , ρt) − ∑t

i=1 µi(~r )ρi(~r )
= ω(~r | ρ1, . . . , ρt) is identified as the grand potential den-
sity; that is, minus the pressure in an uniform fluid. In this
sense one gets a rigorous derivation of the conservation law
for σαβ in Eq. (33), which is

σαβ,α = −
t∑

i=1

ρi(~r)µi
,β(~r). (35)

In our problem,µi(~r) = µi − V i
ext(~r), with µi being the

value of the chemical potential of thei-th specie. We ob-
serve that the balance equation obtained from the minimiza-
tion condition can be derived rigorously and in general from
a Lagrangian formulation for continuous systems. We now
proceed to express Eq. (33) in a direct functional form. This
is accomplished by a purely algebraic procedure and the re-
sult is

σαβ(~r ) =

(
L0 −

t∑

i=1

µi(~r)ρi(~r)

)
δαβ

−
t∑

i=1

∫
d~r ′

1∫

0

dλ r′α∇βρi(~r + λ~r ′)

× δL0(~r − (1− λ)~r ′ | ρ1, . . . , ρt)
δρi(~r + λ~r ′)

. (36)

As previously discussed, the isotropy of space implies con-
servation of the angular momentum. However, for this to oc-
cur the stress tensor must be symmetric [6,15]. Equation (36)
does not satisfy this condition as can be observed from di-
rect exchange of indices. This can always be corrected by
including in the stress tensor a termσαβ that has no physical
consequences; neither local nor global [6]. After the sym-
metrization procedure we obtain

σαβ = ∇ν

t∑

i=1

∫
d~r ′

1∫

0

dλ λr′β

(
r′ν∇αρi(~r + λ~r ′)− r′α∇νρi(~r + λ~r ′)

)
δL0

(
~r − (1− λ)~r ′ | ρ1, . . . , ρt

)

δρi(~r + λ~r ′)
. (37)

By adding this to Eq. (36) we get to the final form of the stress tensor for the whole system, which is symmetric, exact, and
that satisfies all symmetry requirements

σαβ(~r ) =

(
f(~r, [ρ1

0, . . . , ρ
t
0])−

t∑

i=1

(µi − V i
ext(~r))ρ

i
0

)
I

−
t∑

i=1

∫
d~r ′

1∫

0

dλ r′α∇βρi(~r + λ~r ′)
δL0(~r − (1− λ)~r ′ | ρ1, . . . , ρt)

δρi(~r + λ~r ′)

+∇ν

t∑

i=1

∫
d~r ′

1∫

0

dλλr′β

(
r′ν∇αρi(~r + λ~r ′)− r′α∇νρi(~r + λ~r ′)

)
δL0

(
~r − (1− λ)~r ′ | ρ1, . . . , ρt

)

δρi(~r + λ~r ′)
. (38)

Notice that the first term corresponds to the contribution from bulk phases whereas the remaining part contains information on
the interfacial region. The parameterλ expresses gauge freedom in the stress tensor; relating two points in the fluid which is a
non-local system, and the integral over this parameter shows that all points in the interfacial region are being considered. It is
important to remark that the stress tensor given in Eq. (38) is the most general expression known within this topic, that is exact
and for an arbitrary free energy.

4. Results

As previously mentioned, DFT assumes existence of the intrinsic Helmholtz free energy functional. In order to calculate
thermodynamic properties it is necessary to introduce an approximation for this quantity. One may use any approximation
capable of describing correctly the coexistence state; the most common in practice being the mean field model
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F [ρ(~r)] =
t∑

i=1

∫
d~r f(ρi(~r))

+
1
2

t∑

i=1

t∑

j=1

∫
d~r

∫
d~r ′ ω̃ij(~r − ~r ′)ρi(~r)ρj(~r ′), (39)

whereω̃ij is the interaction potential between two molecules
of arbitrary speciesi andj. The first term in this expression
contains information only on the system local contribution,
which can be for an ideal gas or hard spheres. Later on we
shall discuss how for the interfacial region the second term is
the relevant one as such region is characterized by a non-zero
gradient of the density profile.

In our analysis, we are considering at-component mix-
ture for which there is a variety of interaction potentials
ω̃ij between molecules. As all interactions, either between
molecules of the same or different species, are possible, there
is a total oft(t + 1)/2 interaction potentials, which implies
existence of an equivalent number of coexistence regions. In
addition, the dimensiont+1 of the space of parameters, given
by all chemical potentials of the different species and tem-
perature, could allow free variation of one of the components
without losing the coexistence state.

By carrying out the variation of the free energy density
involved in the stress tensor, and performing the appropri-
ate coordinate transformations, we get to the final expression
for the stress tensor of the inhomogeneous region within this
level of approximation

σαβ
inh(~r) = −1

2

∑

ij

∫
d~r ′

1∫

0

dλ ρi
0(~r − (1− λ)~r ′)ω̃ij(~r ′)r′α∇βρj

0(~r + λ~r ′)

− 1
2

∑

ij

∇ν

∫
d~r ′

1∫

0

dλ ρi
0(~r − (1− λ))ω̃ij(~r ′)r′β [r′α∇νρj

0(~r + λ~r ′)− r′ν∇αρj
0(~r + λ~r ′)]. (40)

The contribution from the homogeneous region to the
complete tensor, Eq. (38), suffers no considerable modifica-
tions. Now, the stress tensorσαβ

inh(~r) depends explicitly on
the interaction potential between particles and on the equi-
librium density profileρi

0 of each specie. To obtain specific
results, one needs to introduce an approximation for the den-
sity profile. This will be carried out in detail shortly.

As in this work we are interested only in the contribu-
tion to energy from the interfacial region, we calculate this
quantity using the second term in Eq. (13), which we denote
here asΩinh and depends on the density of all species,i.e.
Ωinh = Ωinh[ρ1

0, . . . , ρ
t
0]. Nevertheless, to simplify expres-

sions, we omit this dependence and write

Ωinh = −
∫

d~r σN
inh, (41)

which captures all details in the interfacial region. At this
point we consider important to mention some relevant as-
pects of the behavior of the system as a function of temper-
ature. The fluid mixture is in a vapor phase. As temperature
is lowered, the fluid reaches a liquid-vapor coexistence state
composed of a low-density vapor phase and a high-density
liquid phase. In this regime there exists a unique interfa-
cial region with both phases being mixtures of particles of
all species. Nevertheless, as temperature is lowered further,
there appear different interfacial regions between particles of
the same and mixed species [18]. In this lower-temperature
regime there exist a variety of Gibbs dividing surfaces; ex-
plicitly one for each in- terfacial region. In this work we ana-
lyze both cases. For the system with a single Gibbs dividing
surface we consider surfaces having the simple geometries
of planes and spheres, whereas for the system having multi-
ple Gibbs dividing surfaces we consider an arbitrarily curved
surface.

Analogously to the single component system, the interfa-
cial region of this multiple component fluid mixture may be
modeled as an elastic continuous medium which, in the limit
of large radii of curvature as compared with the range of the
interaction potential, satisfies the Helfrich phenomenological
Hamiltonian [9,19]

Ωinh =
∑

ij

∫
dS

{
γ − κc0

1
2
[Hi + Hj ]δij

+ κHiHj +
1
2
κ̄[Ki + Kj ]δij

}
, (42)

wheredS is the area element,Hi = (1/Ri
1) + (1/Ri

2) and
Ki = 1/Ri

1R
i
2 are the mean and Gaussian curvatures respec-

tively with Ri
1 andRi

2 being the principal radii of curvature,
and the coefficientsγ, c0, κ, andκ̄ are the surface tension,
spontaneous curvature, bending rigidity, and the saddle-splay
constant respectively. These interfacial coefficients depend
on all densities of the system. For a surface of a system com-
posed of a single specie, Eq. (42) corresponds to the usual
Helfrich energy [9,20]. As is well known, such a model de-
scribes competition between two geometrical quantities: the
surface tension and flexion constants. The first one measures
capacity of the system to develop area whereas the second
accounts for the energy cost for bending the surface.

Next we illustrate the calculation of the grand potential in
Eq. (14); first for simple geometries and then for an arbitrary
surface. In all cases the external potential is gravity acting in
the negativez-direction.
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4.1. Planar Surface

We start by considering one of the simplest examples; that of
a planar geometry. The density profile is a function that de-
pends only on the normal coordinate, which occurs also for
the other surfaces here presented. Assumingn̂i(~r) = k̂, then
ρi
0(~r) = ρi

0(z). As a consequence, the normal component of
the stress tensor for this system is

σzz
inh(~r)=−1

2

∑

ij

∫
d~r ′

1∫

0

dλ ρi
0(~r−(1−λ)~r ′)ω̃ij(~r ′)z′

× ∂ρj
0(z + λ z′)

∂z
. (43)

In order to obtain the microscopic expression for the grand
potential, we integrate the normal component of this stress
tensor over the whole space. After eliminating the parameter
λ we get to the result

Ωinh = −1
4

∑

ij

∫
dS

∫
d2R′|~R′|2

∫
dz

×
∫

dz′
dρi

0(z)
dz

dρj
0(z

′)
dz′

∞∫

0

du ω̃ij( ~R′2 + u2), (44)

wheredS is a surface element and~R′ = (x′, y′) is a bidi-
mensional vector on the interfacial plane. From Eq. (44) it
is possible to identify the most general microscopic expres-
sion for surface tension, which depends on the exact density
profile of each specie and on the different interaction poten-
tials between species. Its value reduces to that of the mono-
component system as predicted by the scheme with fluctua-
tions [21]. An asymptotic value for the surface tension may

be obtained by introducing in Eq. (44) the step-like approxi-
mation for the density profile

ρi
0(z) = ρi

0lΘ(z0 − z) + ρ
(i)
0v Θ(z − z0), (45)

whereΘ(z) is the Heaviside step function: equals to1 for
z ≥ 0 and 0 otherwise, andz0 is the radius of the Gibbs
dividing surface of thei-th specie, which in this case is the
same for all species. This proposal introduces the location
of the Gibbs dividing surface, on which the interfacial region
is projected, and is a key element to be able to define sur-
face properties. The approximation is valid when the drop
size is very large as compared to the range of the interaction
potential. By introducing this expression and evaluating the
integrals one gets to the final expression for the grand po-
tential of a planar interface which is formed by molecules of
different species

Ωinh=
∫

dS



−

π

2

∑

ij

∆ρi
0∆ρj

0

∞∫

0

drr3ω̃ij(r2)



 , (46)

where∆ρi
0(~r) = ρi

0l − ρi
0v. The value of the surface tension

that one identifies within this limit is in complete agreement
with the result obtained using a different approach [18], and
also reduces to the value of the monocomponent case from
the same scheme [7,8].

4.2. Spherical Drop

The spherical surface is, without a doubt, the most interest-
ing case for systems of one and several components because
many systems present spherical symmetry naturally. The ap-
propriate description of this interfacial region as well as its
structural properties have been investigated since long ago
for inhomogeneous fluids [20,22].

Such a symmetry requires the density profile to be a func-
tion that depends exclusively on the magnitude of the vector
position; that isρi(~r) = ρi(|~r|). The normal vector on each
coexistence surface iŝni(~r) = ∇ρi(~r)/|∇ρi(~r)|. The com-
ponents of the stress tensor, in mean field, are

σrr
inh = −1

2

∑

ij

∫
d~r ′

1∫

0

dλ |~r ′| cos θ cos θ′ω̃ij(|~r ′|)ρi
0(~r − (1− λ)~r ′)

∂ρj
0(~r + λ~r ′)

∂r
, (47)

σθθ
inh = σφφ

inh = −1
4

∑

ij

∂

∂~r

∫
d~r ′

1∫

0

dλλ|~r ′|2 sin θ′2ω̃ij(|~r ′|)ρi
0(~r − (1− λ)~r ′)

∂ρj
0(~r + λ~r ′)

∂r
. (48)

As within this formalism, the calculation of the grand potential only requires information on the normal component of the
stress tensor, we introduce Eq. (47) into Eq. (41) and carry out some manipulations and simplifications to obtain the grand
potential

Ωinh[ρ0(~r)] = −1
4

∑

ij

∫
d~r

∫
d~r ′

∞∫

0

ds ω̃ij(s + |~r − ~r ′|2)∇′ρi
0(~r

′) · ∇ρj
0(~r), (49)
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which depends on the exact expressions for the density pro-
file of the spherical surface. Now, to calculate surface prop-
erties it is necessary to introduce an approximation for the
density profile. Although the system is three-dimensional,
the density profile depends exclusively on the normal coor-
dinate; which is the only direction for changes of the profile
and therefore the gradient acts only on that coordinate. Intro-
ducing the step-like approximation for the density profile

ρi
0(~r) = ρi

0lΘ(R− r) + ρi
0vΘ(r −R), (50)

whereR defines the radius of the Gibbs dividing surface and
r = |~r|, and considering that locally the surface can be ap-
proximated by a plane plus correction terms, we perform two
integrations and carry out further simplifications to get to the
grand potential for this geometry

Ωinh[ρ0(~r)] = 4πR2



−

π

2

∑

ij

∆ρi
0∆ρj

0

∞∫

0

dr r3ω̃ij(r2) +
π

8R2

∑

ij

∆ρi
0∆ρj

0

∞∫

0

dr r5ω̃ij(r2)



 . (51)

Notice the separation in two contributions: the first one corresponding to surface tension and the second due to the curvature
of the system. Both expressions reduce to the single component case from the same formalism.

4.3. Arbitrary Surfaces

We now consider the case when the coexistence surfaces are arbitrarily curved. Once again, the interest is in obtaining the
microscopic expression for the corresponding free energy. For this general case we introduce the normal component of the
stress tensor, Eq. (38), into Eq. (41) to obtain

Ωinh = −1
2

∑

ij

∫
d~r

∫
d~r ′

1∫

0

dλ n̂i
α(~r)n̂j

β(~r)ρi
0(~r − (1− λ)~r ′)ω̃ij(|~r ′|)r′α∇βρj

0(~r + λ~r ′)

− 1
2

∑

ij

∫
d~r n̂i

α(~r)n̂j
β(~r)∇ν

∫
d~r ′

1∫

0

dλρi
0(~r − (1− λ))ω̃ij(|~r′|)r′β [r′α∇νρj

0(~r + λ~r′)− r′ν∇αρj
0(~r + λ~r′)]. (52)

Aimed at simplifying the general microscopic expression for the free energy contribution from the interfacial region of the
arbitrarily curved interface within a mean field approximation, we now introduce a change of variables of the form

~r (1) = ~r + λ~r ′, (53)

~r (2) = ~r ′, (54)

and use the relation for normal vectors of the different coexistence regions

r (2)
ν ∇ (1)

ν

[
n̂i
α(~r (1) − λ~r (2))n̂j

β(~r (1) − λ~r (2))
]

=
∂

∂λ

[
n̂i
α(~r (1) − λ~r (2))n̂j

β(~r (1) − λ~r (2))
]
. (55)

We realize it is convenient to define an auxiliary functionWij(r′2n + r′2t1 + r′2t2 ), which is short ranged and is related to the
interaction potential̃ωij(|r′2n + r′2t1 + r′2t2 |) via

∂

∂r′n
Wij(r′2n + r′2t1 + r′2t2 ) = r′nω̃ij(|r′2n + r′2t1 + r′2t2 |). (56)

Introducing all these elements from Eqs. (53-56) into Eq. (52) and carrying out further simplifications, we obtain the final
result

Ωinh = −1
4

∑

ij

∫
d~r (1)

∫
d~r (2)

∞∫

0

dt ω̃ij(t + (~r (1)
n − ~r (2)

n )2 + (~r (1)
t − ~r

(2)
t )2)∂(1)

n ρi
0(~r

(1))∂(2)
n ρj

0(~r
(2)
n ), (57)

where each vector has been written as~r (i) = r
(i)
n n̂(i) + rt1 t̂

(i)
1 + rt2 t̂

(i)
2 . Notice that the density profile depends exclusively

on the normal coordinate. This is one of the most relevant results from this theory; it is the simplest and exact microscopic
expression within mean field known in the context of inhomogeneous fluids. For this general case, we consider a situation of
average temperatures for which there exist multiple coexistence surfaces that can be composed of one or several species.
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Notice that the microscopic grand potential in Eq. (57)
depends exclusively on thet density profiles and the
t(t + 1)/2 interaction potentials between molecules of the
same or different species. The compact expression appears
rather elegant as is, but within this level is still far from help-
ful to identify surface properties and to carry out comparisons
with other viewpoints. It is necessary to introduce the Gibbs
dividing surface, on which the calculation of the interfacial
properties is projected. In general, for a system composed
of several components and for a real density profile, this is a
formidable task. Nevertheless, one may consider once again
the asymptotic limit for the density profile that is relatively
easy to implement

ρk
0(~r) = ρk

0(~rn) = ρk
0lΘ(r(k)

n0 −rn)+ρk
0vΘ(rn−r

(k)
n0 ), (58)

wherer
(k)
n0 is the radius of the Gibbs dividing surface, with

k = 1, 2, . . . , t.
By writing volume elements in the form

d~r (i)=dr
(i)
n dS(i), i = 1, 2, evaluations of the derivatives

of the density profile become obvious. The resulting expres-
sion is

Ωinh =
1
4

∑

ij

∆ρi
0∆ρj

0

∫
dS(1)

∫
dS(2)n̂

(1)
i · n̂(2)

J

×
∞∫

0

dtω̃ij

(
t + (r(1)

n0 − r
(2)
n0 )2 + (~r(1)

t − ~r
(2)
t )2

)
, (59)

with ~r
(l)
t being two-dimensional vectors onS1 andS2, and

l = 1, 2 in this case. Observe that the information on the met-
ric of the different coexistence surfaces is contained within
the dot product of the normals,̂n(1)

i · n̂(2)
j , the surface ele-

ments, and the interaction potential. According to this, the
surface invariants are coupled to the index that labels each
specie. Although this approximation for the density profile
introduces simplifications to the integrand in the interfacial
free energy, evaluation of one of the surface integrals still re-
mains.

To perform the integration we use an approximation on
one of the surfaces [8]; explicitly we introduce a local co-
ordinate system in the neighborhood of a pointP lying on
a Gibbs dividing surface of constant density for an arbitrary
specie. This point defines the origin of the local coordinate
system and we assume it located by the vector position~r (1).
We choose thezi axis pointing in the normal direction so that
n̂

(1)
i (~r) = k̂. Both coordinatesx andy remain on the tangent

plane, along the directions of the principal radii of curvature.
Evidently, the Gibbs dividing surface is located atr1i

n = r1i
n0.

Any other pointQ in the neighborhood ofP , and located by
the vector position~r (2), is on the Gibbs dividing surface at
r
(2i)
n = r

(2i)
n0 and located outside the local tangent plane at a

distancezi = r
(1i)
n0 − r

(2i)
n0 . On the local coordinate system,

this can be approximated as

zi =
1
2

(
x2

Ri
1

+
y2

Ri
2

)
+ · · · (60)

The normal vector at pointQ, located by~r (2), is given by

n̂
(2)
i =

(− x
Ri

1
,− y

Ri
2
, 1)

[
1 + ( x

Ri
1
)2 + ( y

Ri
2
)2

] 1
2

, (61)

so that the metric in this coordinate system isg(zi) = 1 +
[∇zi(x, y)]2 = 1+(x/Ri

1)
2 +(y/Ri

2)
2, where(x/Ri

1) ¿ 1,
(y/Ri

2) ¿ 1. The surface element in the local system is
dS(2) = [g(zi)]

1
2 dxdy and the scalar product of the normal

vectors iŝn(1)
i · n̂(2)

i = [g(zi)]−
1
2 .

The interaction potential captures interactions between
two molecules in different points on the surface and so has
an implicit dependence on the metric. For the purposes of
this work, only the first order contribution is relevant. That is

ω̃ij

(
t + (r(1)

n0 − r
(2)
n0 )2 + (~r (1)

t − ~r
(2)
t )2

)

= ω̃ij

(
t +

1
4

(
x2

Ri
1

+
y2

Ri
2

)2

+ x2 + y2

)
. (62)

Although the metric depends on the scalar product of the nor-
mal vectorŝn(1)

i andn̂
(2)
i at two different points on the sur-

face, in the end only information on one of the points tran-
scends, as one of the normals is chosen in the direction of
the unit vector̂k. Power-expanding the interaction potential
aboutt+x2 +y2 and evaluating each of the integrals, we ob-
tain the expression for the grand potential correct to second
order in the inverse of the radii of curvature for the surface
composed of speciesi

Ωinh = −
∑

ij

∫
dS

{
π∆ρi

0∆ρj
0

2

∞∫

0

dr r3ω̃ij(r2)
}

+
∫

dS

[(
1

Ri
1

)2

+
(

1
Ri

2

)2

+
2

3Ri
1R

i
2

]

×
{

3π∆ρi
0∆ρj

0

64

∞∫

0

drr5ω̃ij(r2)
}

+ · · · , (63)

wheredS(1) = dS has been used. By introducing the mean
and Gaussian curvatures,Hi and Ki respectively, into the
surface under consideration one obtains the relationship

4H2
i −

4
3
Ki =

(
1

Ri
1

)2

+
(

1
Ri

2

)2

+
2

3Ri
1R

i
2

, (64)

which can be introduced into Eq. (63) to obtain a general
result for the microscopic free energy for the interfacial re-
gion of thet-specie multicomponent system in terms of the
surface invariantsHi andKi

Ωinh = −
∑

ij

∫
dS

[
π∆ρi

0∆ρj
0

2

∞∫

0

dr r3ω̃ij(r2)

+
3π∆ρi

0∆ρj
0

64
(4H2

i −
4
3
Ki)

∞∫

0

dr r5ω̃ij(r2)
]
. (65)
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Observe its dependence on the different interaction potentials
and on the principal curvatures of the surface under consid-
eration, which is consistent with previous works that use the
same viewpoint [8,9].

To identify microscopic expressions of surface properties
it is necessary to compare Eq. (65) with the corresponding
Helfrich phenomenological model for a fluid membrane of
a t-component mixture, which is proposed in this work by
Eq. (42). One issue to be noticed is the lack of contribu-
tion due to spontaneous curvature; also known as Tolman
length. The reason behind this is the sharp approximation
for the density profile, which prevents from capturing details
arising from the smooth behavior of this quantity.

5. Final Remarks

The most relevant feature in this work resides in being able
to extend, without ambiguity, the theory of inhomogeneous
fluids of a single component to an arbitrary number of com-
ponents. The starting point in this scheme is the EL equation,
which is modified to obtain a force balance equation, that in
its turn implies existence of a stress tensor. This quantity has
been constructed using general symmetry considerations of a
mechanical system and has resulted in the most general ex-
pression known within this topic. In order to obtain concrete
results, an approximation for the free energy at the level of
mean field has been introduced; which is appropriate for the
equilibrium system far from the critical point and that, in ad-
dition, correctly captures the non-locality of the system.

We have analyzed the system in two different states:
when it is found forming either one or multiple interfacial

regions. All relevant properties have been calculated in both
cases for different geometries. Expressions for the free en-
ergy corresponding to the planar, spherical, and arbitrarily
curved surface, are in complete agreement with previous re-
sults; that is both the exact expression and that where the step-
like approximation for the density profile is introduced. The
result we obtain for the grand potential maintains the same
structure from the monocomponent system. That is, it de-
pends on the densities of the different species in the system,
on the interaction potential, and is fully consistent with pre-
vious works that use the same scheme. The agreement with
other approaches is maintained only at the level of surface
tension. A noteworthy fact is that the analysis for an arbi-
trarily curved surface is justified only in the case of weakly
deformed surfaces or for surfaces with very large radii of cur-
vature as compared to range of the interaction potential. It is
also important to mention that the expression for surface ten-
sion is a function of the number of species, which suggests
the possibility of carrying out numerical calculations varying
the number of molecules of some species and observe interfa-
cial phenomena [13]. This requires, without a doubt, a rather
detailed analysis which we shall consider in a future publica-
tion.
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