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The diagonal Bernoulli differential estimation equation
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The Bernoulli Differential Equation traditionally applies a linearization procedure instead of solving the direct form, and viewed in state space
has unknown parametres, focusing all attention on it. This equation viewed in state space with unknown matrix parametres had a natural
transformation and introduced a diagonal description. In this case, the problem is to know the matrix parametres. This procedure is a new
technique for solving the state space Bernoulli Differential Equation without using linearization into diagonal filtering application. Diagonal
filtering is a kind of quadratic estimation. This is a procedure which uses observed signals with noises and produces the best estimation for
unknown matrix parametres. More formally, diagonal filtering operates recursively on streams of noisy input signals to produce an optimal
estimation of the underlying state system. The recursive nature allows running in Real-time bounded temporally using the present input
signal and the previously calculated state and no additional past information. From a theoretical standpoint, the diagonal filtering assumption
considered that the black-box system model includes all error terms and signals having a Gaussian distribution, described as a recursive
system in a Lebesgue sense. Diagonal filtering has numerous applications in science and pure solutions, but generally, the applications are ir
tracking and performing the stochastic system.

Keywords: Filtering; matrix theory; control theory; stochastic processes.

Al resolver la ecuadin diferencial de Bernoulli tradicionalmente se aplica un proceso de linealizanilugar de un &todo directo con-
siderando que tiene ganetros desconocidos. Estei@uto considera una transformaninatural al espacio de estados e introduce la de-
scripcbn diagonal; en este caso, el problema es conocer la matriz @metmos. El procedimiento es una nuedenica para resolver la
ecuacbn diferencial de Bernoulli sin usar la linealizaxiaplicando el filtrado en forma diagonal. Con el cual se realiza la estimaon
base en el segundo momento de probabilid%ste es un procedimiento que utiliza a laBades observables con ruido, produce la mejor
estimacbn para los paametros desconocidos. Formalmes@sgte opera recursivamente sobre iadele entrada con ruido, produciendo una
estimaodn optima de los parmetros internos del sistema. Debido a la naturaleza recursiva del procedirfagtatouede implementarse en
tiempo-real ya que su respuestagestotada temporalmente, usando para ello tan solo d#h de entrada presente y el estado calculado
anteriormente, sin informatn previa adicional. Desde un punto de visirieo, la hiptesis principal del filtrado en forma diagonal es que
el sistema subyacente es un sistemaugtico y que todos logtminos, tanto de error como de Idiaéde entrada, tienen una distribbicide
Gauss. Elfiltro diagonal es un sistema recursivo en el sentido de Lebesgue que estimetnoat Tiene numerosas aplicaciones en ciencias
aplicadas y desarrollostgcos. Una aplicaéin comun es el seguimiento de las trayectorias en los sistemamitins.

Descriptores: Teoiia matricial; teora de control; procesos es#sticos.
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1. Introduction to analyze corrosion processes [3]. The differential equation
is also a nonlinear part of the Klein-Gordon form which is

Applications mainly from dynamics, population biology and \idely used. Among these are: the dynamics of elementary

electrical theOI’y are used to show how Ordinary differentialpartic|es and stochastic resonances studies [4], energy trans-

equations appear in science and applied science formulatigibrtation [5], squeezed laser excitation [6].
problems. Many physics problems can be modeled in the

first order of a nonlinear ordinary differential system such as As usually explained in mathematical handbooks [7],
the Bernoulli Differential Equation. An example is gases andsolving the Bernoulli Differential Equation is always
liquids flow. The Bernoulli Equation with soft modifications through a linearization procedure recommended by Jacob
incorporates viscous losses, compressibility and unsteady b8ernoulli [8]. The transformation from the nonlinear form
haviour found in other more complex calculations. When vis-to a linear differential equation is performed using a basic
cous effects are incorporated, the result is called the Energiyinction, and later using the common method solving it [9].
Equation. However, due to its simplicity, the Bernoulli equation may
The Bernoulli Differential Equation is distinguished by not provide an accurate enough answer for many situations,
the degree. For instance, the equation having is applied tbut it is a good starting point. It can certainly provide a first
logistic model growth in biology [1] and chaos behavior [2], parametres estimation. Instead of traditional linearization,
with forming Gizbun or quadratic equations commonly usedthis paper develops diagonal filtering as a new technique to
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solve the Bernoulli Differential Equation without lineariza- structure [22,23]. This reduces the computational complex-
tion procedures. ity, because there is no necessity to implement any Penrose
The filtering problem with respect to a black-box sys- procedure [24,25].
tem is to find an optimal steady state description of unknown The purpose of this paper is to show an application of
parametres affecting the proposed model, observing the corliagonal filtering for solving the Bernoulli Differential Equa-
vergence [10,11]. The filter estimation can be described optition and is structured in the following manner: Sec. 1 is the
mally considering the gradient properties where each requirgaresent description; Sec. 2 describes the basic formalism of
ment contributes to the functional error [10]. the diagonal filtering for a Laplacian form, Sec. 3 shows the
Diagonal filtering as a fine system is built without losing simulation results and discussion, Sec. 4 determines the con-
its properties considering two steps: estimation and identielusions, and finally, Sec. 5 includes the theorem proofs.
fication. The first process refers to evaluation of uncertain
gain variables, like an unknown characteristic matrix parame
tres on the basis of the observable signal as an explicit de-"

scription. As the estimation problem commonly assumes @ mathematics an ordinary differential equation is called a
suitable mathematical affine model with respect to the obBernoulli Eq. (1) when each term has an exponential indicat-
servable answer system described by discrete-time dynamifg its grade in an algebraic sense. Bernoulli equations are
models and characterized by relationships among observabigecial because they are nonlinear differential with known
variables represented by a matrix difference equations [12xact solutions. Nevertheless, they can be transformed into a
In the second, the matrix parametres estimation is used ifnear equation using the diagonal forms.

identification internal states and applied in the reconstruction

reference model observable vector [13]. Y + P(x)y = Qz)y* (1)

o The vyhole process cgmpoynded by estimation and |dgn- Few differential forms have a simply analytical solution,
tification is known as a digital filter. The convergence rate is

: : . and their behaviour must be studied under certain condi-
obtained through the functional error established between tht(?ons. The enormous importance of differential description

observable signal and reference model [14]. is mainly due to the fact that the investigation of many prob-

A system wewgd asa black—box with boun(_:ied Inputs an(iems in physics, chemistry and other applied sciences, can be
outputs vectors with perturbations has an affine model cor:

C T . “““reduced to the equations solution, which requires significant
responding in output [10]. Therefore, the internal dyn"’lm'c‘c‘[echnical development such as modeling and simulation.
and gains based on an affine model could be possibly known Let (1) be the Bernoulli equation with, P(x), Q(x) €

using the estimation and |dent|f|c§t|or_1 technlque_s [13]. R, its state space representation associated in diagonal form
The states space representation is a set of first-order di 5 given by (2)

ferential equations [15] that relate to the mathematical differ- Theorem 1 The system (1) with respect to a reference

ences model to the state space dimension [16]. Its descriptiog]gnal is viewed as a black-box scheme and has a state space
is a homogeneous differences equation, with the solution deéstimator described in (2)

pending on the estimation results [17]. The state space rep-

Main results

resentation with respect to the reference differences model | #11 0 0 0 0 1 0 0
allows observing the unknown matrix parametres [18]. 0 @22 O 0 _ |0 P(s) 0 0

The internal unknown matrix parametres can be estimated | 0 0 212 0 0 0 0 O
based on the second probability moment considering thein-| 0 0 0  ®9 0 0 0 Qs)
strumental variable method [17]. In this sense, the state vari- o 0 0 0
ables and instrumental variable must be uncorrelated. Tra- !

. . . . . 0 zo 0 O
ditional estimation techniques are based on pseudo-inverse 10 0 z¢ o0 (2)
methodology [18]. o

0 0 0 a3

The estimation cases include some unknown initial val-
ues; the second step uses the old values to get the following Wherei, = 211 +d12, T2 = 22+ %21, Pi(s) = —P(s).
approximation [19]. Proof 1. See Appendix

The iteration continues until the diagonal matrix con-  After the state space model is formed, the goal is to esti-
verges to the system dimensions. It is expected that the esate the simplified unknown parametres
timator values are convenient to define best estimations. For

this, it is necessary to compute the eigenvalues and eigen- 10 0 ~
K . ; 0 Pi(s) O denoted by,
vectors system, requiring an evaluation of some pseudo- 0 0 Q(s)

inverse method that is expensive in computational complex-
ity [20,21]. Thus, this procedure is not suitable at all, and in  In a short representation, the Bernoulli state space has the
many cases with the same experiment gives different resultform (3).

To avoid this, an alternative method is an optimal diagonal . .

filter considering the observable signals given in diagonal P, = Ap®, ®)

Rev. Mex. Fis59(2013) 282-286



284 J.J. MEDEL AND R. PALMA

Where = a)

Mg

b)
. inn 00 T TS
d,=|0 i 0
0 0 iy o o
and

Theorem 2 The estimator;flw has a stochastic descrip-
tion based onb,, and observable state,, as (4) .

A,=E {%MW} ) ] / \
The symbol’\L represents the correlation matrix. " »

Proof 2. See Appendix 5 ’ N\

Theorem 3 Let be A, be the stochastic estimator in
diagonal form as (4), then its recursive form in a Lebesgue : g % b
sense given by (5), with € 7, .

. 1/ v 2 FIGURE 1. Observable signal (red) and its identification compo-
A, = s {Mjk + 5 (#F, - MT»)} +A, . (B

nents (green): a) Firsty, andmyk, b) Secondia, andmo,

. ¢) Third 735 andag, d) Fourthingg, andfay.
Proof 3. See Appendix. ) Third fig). andritar, d) Fourthrita. andmay

In Ref. 21, Medelet al. presented a method for con-
structing an optimal m-dimensional stochastic estimator for .
a black-box model in a diagonal form. Taking into account ~ Proof C1.See Appendix.
the previous results, the case 2-dimensional in a Laplacian
structure for a diagonal filtering is used. . . ) .

Let (6) be a differential equation for a 2-differentiable 3- Simulation results and Discussion
real-valued functiop € R?,a; € R,i € Z

Whereas = apap ™!

9 Considering the Laplacian Eqg. (7) and its state space repre-
Vip — a1V —agp =0, 6 sentation in differences (3), Theorem 2 describes the algo-
The problem is to know the unobservable matrix parametredithm for constructing the optimal stochastic estimator for a
diagonal filter. Figure 1 separately shows each of the sys-
{ 0 1 } tem components. Figures 1 a), b), ¢) and d) show in red, the
observe}ble signakp;,, « = 1,4 and in green their identifi-
Corollary 1 establishes the state space representatiazation,m,, i = 1,4. Figure 2 a) shows the estimated values
for (6) and the solution for the associated Bernoulli equatiorfor be Aj. Figure 2 b) shows functional errdf,.

as Theorem 1, considering (1) as a primitive function for the  pjagonal filtering works in a two-step process. In the first

ag a1

Laplacian equation. _ . step, the diagonal filtering produces an estimator using the
Corollary 1. Let (7) be a Laplacian equation, whe#g,  innovation technique and the current state variables, along
a1, o« € R are constants with their uncertainties. In the second step, once the outcome
V2 — a1V — app = agap® Vo, @) of the next measurement, necessarily corrupted with some

amount of error, including random noise is observed, these

Transforming (7) to the Bernoulli equation, the minimum estimates are updated using a weighted average, with more
number of state variables required to represent it is equal toweight being given to estimate with higher certainty.

differential equation system order. Then the simplified state A measurements and calculations based on models are

space representation in diagonal form is giving by. (8) estimated to some degree. The diagonal filtering averages an

11 0 0 1 0 0 identification of a system state with a new measurement us-
0 Zog 0 =10 a O ing matrix parametres estimation. The parametres are calcu-
0 0 19 0 0 a3 lated from the covariance matrix described by the instrumen-

tal variable that guarantees a simple inversion matrix. The

g 00 result is a new state estimation that lies in between the pre-
x| 0 2 Oa (8)  dicted and measured state, and has a better estimated uncer-
0 0 aj tainty than either. This process is repeated for every step,
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— o a) Practical implementation of diagonal filtering is often
simple due to the ability obtaining a good estimate of the ma-
trix parametres and is optimal in all cases.

Appendix
This section presents the proofs for the Theorems described
in the paper.
Proof 1. For all & € R, definingz; = x andxzs = ¢/
e wherezs = Py (s) + Q(s)z5xs with P (s) = —P;(s), then
o (1) can be written in a matrix form as (9).
fCl o 0 1 x1
Y b) (tQ o 0 P1 (S) T2
0 0 z§
: +10 o || ©
2 (9) Transformed in a diagonal form as in [21] obtaining (10).
L3
11 0 0 0 0 1 0 0
Lo 0 i722 0 0 _ 0 Pl(S) 0 0
0 0 12 O 100 0 0
" 0 0 0 o 00 0 Qs
3 M x1 0
| . . |0 . 0| o)
FIGURE 2. a) Estimated values for bé;, b) Functional erroty. 0 $1 0
0

with the new estimation and its covariance informing the pre-  The simplified diagonal form for (10) is given by (11).
diction used in the following iteration. This means that the

diagonal filtering works recursively and requires only the last T11 0 0 1.0 0
best guess, not the entire data system state to calculate a new 0 0 =0 a 0
state. 0 0 21 0 0 as
When performing the actual calculations for the filter, z2 0 0
as discussed below, the state estimation and covariance are x| 0 z2 O (11)
coded into matrices to handle the multiple dimensions in- 0 0 z%

volved in a single set of calculations. This allows represen-
tation of linear relationships between different state variable%
in any covariance transition model

Proof 2. The simplified diagonal form for (3) is given
y (11). Let

2z 0 0 17
. 19¢: 0 o O
4. Conclusion 0 0 af

ge an instrumental variable. Multiplying (11) b, with

Diagonal structure is an efficient recursive filter that estimate
g second probability moment given by (12).

the internal state of a linear dynamic system from noisy sig-
nals. It can be used in a wide range of science applications {q> 9 } _i E{M,) (12)
and will be an important topic in control theory and control

systems. Diagonal filtering is a solution to what is prObablyWhereM = B0, det(M,,) # OandM — 9, M*l

the most fundamental problem in description systems. Finally, the optlmal stochastlc estimator is given by (4)
In most applications, the internal state is much larger than  proof 3. From (4), computing the recursive form for the
the few observable parametres which are measured. Howg i astimator b% C0n3|der|ngM¢ andd,, are di-

ever, using the method for a m-dimensional estimator [leagonal matrices, theM MT<I> <I>T descrlbes in (13)
diagonal filtering can estimate the entire internal state. For

discrete filters the computational complexity is more or less i _g {MT<i> } (13)
proportional to the number of filter coefficients. Pk L
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The integral form in (14),
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Evaluating the last termi, = £, in (17)

~ 2 o 1 o o
e - T T T
AS@k = /Mgdq)sa (14) A‘Pk = M@k—lsk + 9 (MWC - Mtﬂk—1) Sk
2 k—1
: : + lim {MT, S
And using the Lebesgue form in (15), ; | @4 — Py o | =S #i-1
v 1 o o
B Mg, (Pp =2y, ) + 5 (af, - arf ) Si] (17)
It . 2 Pi Pi—1
Aen= khr% L (AT AT (15)
= R IR TEN CREL Simplifying in (18)
. . . 2 o 1 o o 2
By linearity property in (16). Awk:Mgk,15k+§ (Mfk—MZk,l) Sp+A,, .. (18)
k
P Z lim { TS Proof C1 Letzy, x5 be the state variables with states
or pml U SR SO R Pim1T asz; = p w2 = V. Therefore x; = V¢, correspond-
ing to 22, To = V2, is equal to (7) and writing in diago-
+1 (MT _MT ) S, (16)  nal form by Theorem 1 gives (8) with = agaxs. Where
2 Pi PYi-1 _
ag = az/axs, Va # 0, a € R.
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