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About the inclusion of an infinite number of resonances in anomalous decays
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The usual procedure to extract tbé’;{r effective coupling from experimental data resumes not only gheeson effect but also all

its additional radial excitation modes. In this work, we consider a particular form of the spectrum and relations among the couplings
to explicitly add the radial excitations of the meson from thev — 7%y andw — 37 decays. This allows to identify the single

Jupr = 8.3 + 0.8 GeV~ !, which is about 40% smaller than the effecti p{, We verify the consistency with the chiral approach in
ther® — ~v andvy* — 37 processes, exhibiting the role of each contribution. In particular, we show that fof the 3= decay, the usual
relation AV P = (3/2).A%5Z", encodes all the vector contributions and not only gheeson one. In addition, we find that there is a
strong (accidental) cancelation between the radial excitations and the contact term contributions.
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1. Introduction follow the formm?2 = m2(1 + 2n), and the ratio of the

coupling constantgénﬁﬂ/gpn is determined by requiring the

. . . form factor accounting for all the off-shell effects to be aratio
The study of the low energy regime of the strong interaction . ; :
. : . of gamma functions, fitted to the pion form factor. As aresult,

among quarks relies on the use of effective theories. A de- . -
- , . all the tree level diagrams are modified by such form factor at
scription based on the effective hadronic degrees of freedom, oY i
. €ach vertex containing an off-mass-shell meson. The consis-

namely the vector meson dominance approach (VMD), as

signs an effective coupling to the hadronic interaction, whicht?\r)g of tha_t d_els gl%%‘;&? the chiral anomaly for- 77,
must be determined from the experimental information. ReIVESIwpr = : ' o
In this work, we estimate the contribution from thene-

lations between these parameters and those coming from low . N . .
eff
rgy i r [1 5] Iraw y tchi both d son radial excitations to t%p,ﬁ coupllng. We consider the

; 2 .2 2 (4=
scriptions [6] and building models which incorporate vectorSpeCtrum to be given by, = m;;(1 + an)”, (a=constant)

mesons into the chiral symmetric lagrangians [7-13]. In par—as inspired by the image of mesons built up of a quark and an

ticular, experimental information from several observables i antiquark bound through a harmonic oscillator potential [37].

currently available to determine the coupling betweenithe 1’5 aarlfdo;j?;)n;e;r};ZER('ggg rseéitlc;? [6] for egachr ver-
p andw mesons [14-20]. Estimates based on different the- () Sy Yy Fer .
The article is organized as follows: In Sec. 2 we review

oretical approaches [21-35] find it to be in the range fromth 0 e 3 t0 show the st
7.31t0 17 GeV'!. Based on the VMD approach, we have re- €m’ — yyandy  — om Processes to snow the stan-

cently analyzed the data and found that such coupling lies iﬁjard procedure to descrlbe_ _them in the VMD and th_e f:h"
the range from 11.9 to 15.7 GeV [36], all these points out ral approach, and the conditions to match such descriptions.

to possible experimental and/or theoretical problems. We qlso p_oint out where the radia}l excitatiops contribution
The experimental issues, if any, will be settled with the ad-'S being hlddsr}. Then, the — 3.7r IS 956d to |IIustre_1te the
vent of more precise measurements. On the other hand, teanges thes,» can have When invoking th_e matching con-
theoretical treatment considers that, since the phase spa lons. In_ Se_c. 3 we establish the ass_umpnons regarding the
forbids thew to decay into the andw mesons, at least one radial exc_ltat|0ns spectrum and gouplm_gs._ The_n, weegroceed
of them must be off-shell. To deal with the off-shell features' d€termine the effect OJ theradial excitations in the i

in the VMD approach, a systematic inclusion of the infinite €°UPliNG using they — 7"y andw — 3 decays, which are
number of excitations of the ground state must be included. free Of.w radial excngtlon% we verify tbe consistency with
However, it is common, in a first approach, to neglect theni'€ chiral approachiin the” — vy andy” — 3 processes

all. That is, the extracted effective strong coupling, Iabeleoand its implications. In section IV we discuss our results.
ang,J;{r, resumes all possible additional contributions from

higher states and not only the — p — = interaction. A 2. Baseline

proper description to include all of them would require the

knowledge of the full excited spectrum and their corresponditet us make a review of the results from the decays when no
ing couplings. A difficult task to accomplish, since there isradial excitations are included. This will be the baseline of
no information on the total spectrum. Attempts in this di- the calculation to compare with.

rection have been made by invoking the factorizable dual The VMD Lagrangian including the, # andw mesons
model [28], which considers the vector meson spectrum t@an be set as:
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effect of the anomaly becomes affiective coupling resuming
o bopc vho ub all the possible contributions in the VMD frameworkhis
L= gprr€abep T 0T+ GuprOab€ " Dy, OrpsT observation will be crucial in the interpretation of the corre-
2 sponding magnitude.
em
VV VAR + . (1) An additional relationship between theand the pion

properties is given by the so-called KSFR relation [6]:
This Lagrangian exhibits only the relevant pieces for this
(6)

+ g3r eabceﬂu/\gwuauﬂ'aa)\ﬁbaaﬂ'c +

work and should be part of any effective Lagrangian describ- Gprr e
ing these mesons. Terms with higher derivatives and addi- V2fz
tional terms which allow to preserve gauge invariance are notonsidering that the KSFR relation, SU(3) symmetry
shown [38]. We have made explicit the notation regarding thg, — 3g,) and universality conditiong(, = g,,) are hold,
couplings and the corresponding fields and, in the last termhe effective coupling Eq. (5) becomes

V refers in general to vector mesons atitirefers to the pho- )

ton field. Heregy = 2ay/mmy /3Ty _1+- (I = e, 1, 7). lgelt| = 3m, — 149 GeV-l. @
On the other hand, the chiral symmetry of the strong interac- whmlh o 16m2f3

tion dictates that, at the lowest order, the Wess Zumino Witten
anomaly [39] is responsible for the’ — vy andy* — 3«

decays. For our purposes the relevant part of the Lagrangiapne amplitude of the process can be written in general as:
is given by:

The~y* — 37 decay

_ woa B
waw _ iNge? e 0 P M = 1€408,1" D] P2P3A73m (8)
2472 fr . whereA. s, encodes the details of the model used to describe
Ne e e o b the process, ang, po, p3 are the pions momenta ands the
3 % 64m2f3 €abe€” B0y OAT 05" + ..., (2)  photon polarization.

. T The decay of the photon into three pions in the chiral
where N, is the number of colors anfl: = 0.093 GeV, and  gescription also has its origin in the WZW anomaly, as dis-
we did split the coefficients for the sake of clarity when writ- ~,ssed above. In the VMD approach, it has been shown that
ing the amplitudes below. this decay is mainly produced through thento pr decay
channel [40], followed by the break down of thanto an-

0
2.1. Ther” — vy decay other two pions. At zero momentum they correspond to:

The amplitude for the process has a generic form:

WZwW € vup _ be ngp{rgpﬂ
VI A’ySw = 472 £3 Avgﬂ - — 2 (9)
Mﬂ"y’y = euuAakfnl k2 ng-ATr'y'yv (3) a fﬂ' Yo mp

wherek; (1) andks (11) are the photons momenta (polar- (a facto_r o_f 6 arises from the momenta permutations
izations) andA..,, encodes the model details. In the chiral whe;wbnnglng the_sampll_tude to Eq. 8 form) Note that
approach it is given by the WZW, as mentioned above, while4ys= = 9.7 GeV™, deviates from the experimental value
in the VMD approach, the decay can be seen as proceedirff Av3r = 12.9+0.9+0.5 GeV~?, arguably by the momen-
through the emission of theandw mesons which eventually UM dependence effect at the measurement [41]. Here we
decay into photons. Using the above Lagrangians, and takin@St”Ct ourselves to the zero momentum expression. By link-

the zero momentum limit, they correspond to: ing the anomaly term to the corresponding amplitude from
VMD, the KSFR relation is not hold anymore. The reason

AVMD _ 2€*Gupr AW ZW _ 6e? 4) lies on the fact that, although thechannel approach is well
™ 9w ™ 242 f° motivated, it is unable to fully capture the anomaly informa-

hatAWZW — 14 B tion. i.e. the decay have additional axial contributions which
Note thatAz,5™ = 0.025 GeV™" for fr = 0.93 MeV, to can not be captured in the effective vector channel. Thus, in

be comparec_ilwgh the ﬁxpenrr]nental vallu‘em :I 0'?25d the VMD description, an additional contact interaction be-
j[01001 Gev™ [20]. Thus, t'e anomaly comp etely € tween thev and the 3 mesons must be added:
scribes the process and, at this level, there is no need to in-

clude higher order corrections which should incorporate vec- Le
tor mesons in a chiral invariant way.

Although both WZW and VMD descriptions are differ- Wheregs_ is the corresponding effective coupling strength.
ent, we carmatch both amplitude® relate the couplings. Then, by considering that the KSFR relation is hold and

= ggﬂeabce‘w’\”w#Bywaaﬂrbaﬂrc (10)

Namely, SU(3) symmetry {., = 3g,,), thep meson channel amplitude
|gz{){r| = |gprn /872 fxl. (5) atzero momentum becomes:

Note that this parameter, initially considered as due to a sin- AVMD(p) _ @gf];frgpm 3 e §AWZW (11)

gle channel 4 andw), when imposed to account for the total ’

y3m g ml% o §4W2f7§ T g7
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that is three halves of the total amplitude from the Chiral describing the radial excitations coupling to the pions
anomaly [39]. Therefore, the contact term must account for have the same structure that the corresponding tp the
the one half excess of the total amplitude. This was found by meson.

Rudaz [42] as a consistency requirement and by Cohen [43] .

as the one which satisfies axial Ward identities. iii) SU(3) symmetry, which allows to relage = 3g,.
A — Ge . iAWZW (12) iv) Under the above assumptions, the following rela-
- gwgi”” T g Yhem tion among coupling constants is expected to hold

(Gwpr9p)/(Gwpnn9p,) = 1, provided that, on dimen-
sional groundsg,,v, ~ 1/my. This dependence is
cancelled out by the corresponding mass dependence
on gy (assumption ii). Thus, in the ratio, the propor-

) ) tionality factor is expected to be of the same order in
where we have made use of the relationship among the cou-  aach case. since it accounts for thands mesons.

plings as discussed above.

This condition fixes the corresponding coupling to be:

c s 3
Gir = ~qger 73 7 GeV 3, (13)

Note that, if we wanted to include theradial excitation
2.3. Thew — 3w decay on the same grounds, the above assumption ii) is no longer

) valid. Thus, we restrict ourselves only to thexcitations.
This decay can be seen as a subprocess ofthe: 37 de-

cay, and therefore the conclusions from the previous sectiog 1. Thew — 7% decay
can be extended to this case. Just let us point out that the con-
tribution to the amplitude from the channel (using the same As a first case, we will consider the — 7% decay to iden-

notation but now; is thew polarization tensor): tify the g.,,~ and thep radial excitations effect. This process
is clean in the sense that it is sensitive to theadial exci-
Mp = 16001 D P3P Awsr, (14)  tations but not to thes ones. This fact allows to avoid any
assumption on the excitations.
where 6 The amplitude for this process has the general form:
AwSﬂ' - m2 gf;];];rgpwwa (15)

p
would requireg®/f = 15.7 GeV~!, in order to reach the

wpm

100% of the experimental width [36]. If we enforce the In this notationA,,,~ encodes the model details. For this pro-
KSFR relation and add the contact term, the coupling becess, the VMD description, including the radial excitations,

Mu.ﬂr'y = iGW,\UQiLUVk‘é\GU-Aww (16)

comesgS/f =12.8 GeV'. requires that at zero momentum:
The previous analysis relies mainly on the consideration Jupur
that the vector channel is saturated by phraeson and, upon Apry =€ Z = 17)

. . . . Ypn
matching VMD with the WZW anomaly, thg?// coupling

constant is an effective coupling which not only accounts for
thew — p — 7 interaction but also all additional terms. In
order to determine the truly,,» coupling, the radial excita-
tions spectrum and the corresponding couplings are required. Jwpnn
In the following we study a particular model to include the Z

Now, using the above assumptions the global coupling
can be set as:

Z Guwpr9p Z gupﬂgpr

: . . g Pn Ipn Pn gp" Pn p
radial excitations of thg meson and show their implications.
gwp-rrgp2f Z
3. Adding the radial excitations contribution (1 +an)?
To inc_lude the rad[al excitations of themeson we make the _ gwﬂﬂ'g§2fﬂ ¢(2,1/a)/a? (18)
following assumptions: my

i) The spectrum of the radial excitations is given by:where the convergence on the series above is equal to
m2 = m2(1+4an)® withn = 0,1,2,.... Thisisthe ((2, 1/a)/a® =~ 7/4, with ¢ the generalized Riemann Zeta
expected behavior for the quark and antiquark boundunction. Using this in the amplitude, we can compute the
through a harmonic oscillator potential [37]. By con- decay width
struction,n = 0 corresponds to the mass and for

2
= 1iti / is fi = AG5pm
n = 1itis thep’(1450), this fixesa=0.89. D(w — %) = 12;

i) KSFR-like relation for eachp,nn vertex, that is

H H m, 2 m2 3
Gpn = Gporn =My, /(V2fx). This might be expected x (7/4)2f2m,, (“) <1 - ’27) (19)
to follow from the fact that the effective lagrangian mp mg
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Using the experimental branching ratio for the process The consistency with the anomaly, Eq. (4), requires that:
BR(w — 7%y) = 8.28 4 0.28 % [20], we obtain the fol-
lowing value for the individualy — p — w coupling: 3mf,

1
Jupr = 55373 — 8.1 GeV~
Gupr = 1.7£0.2 GeV Y (from w — 7%). (20) 2872 f3

4
— a8t Z
3.2. Thew — 3w decay = Jupr (26)
Proceeding along the same lines of the previous subsectiowhich is consistent with the extracted value for thg, cou-
this process is only sensitive to theneson radial excitations. pling, Eq. (23). Inversely, if we take the value from Eq. (23),
Then, we can take into account their contributions considerthe last relation for the effective coupling gives:

ing the amplitude for the vector channel to be given by:

o 9ol =145+£14Gev, (27)
VMD _ JuwpnnGpnrr _ Gwprlp 1
AVpP = 63 Jeominms _ o Jormde L .
o mp., mp = (1+an) we can observe that this value is consistent with the corre-
116 9o o1 sponding one obtained in Sec. 2.A (Eq. 7). Note yray.,
= (7/4) 2 (21)  inthat case, was defined as the one that resumed all the vec-
? tor contributions and made to agree with the anomaly. Thus,

while the purely axial contribution in the contact term re- the above result tell us that the individual channel coupling
mains the same. Thus, requiring this description to account about 60% smaller than that value. It is trivial to check
for the experimental decay width of the process, we obtain: that by using this value when adding all the contributions we

Gopr = 8.940.2 GeVv~! (from w — 3n), (22)  recover the amplitude of the previous section.

which is comparable with the one obtained fromdhe- 7 .
decay. The difference between them might be considered a3$4' They™ — 3m decay
a rough estimate of the different role of the model assump
tions in each case. In particular, the— 7~ decay uses

ST that not only thep but also thew excitations are involved.
assumption ii) to induce the squared mass dependence Whlk y thep

in thew — 3= decay it comes from the propaqator. such that owever, as we have seen previously, it is also affected by
“ T y propagator, the contact term. Let us see the individual contributions upon

a slight modification (about 7%) on assumption ii) can bringthe inclusion of thep radial excitations. The amplitude for

them into agreement. In addition, a neglected momentum defﬁe _like channel is given by:
pendence, when matching with the experimental width, may p 9 y:

also produce a difference of about 6%. Taking into account

The~* — 37 decay is similar to ther — ~~v in the sense

all these facts, we set the global average to be: ,4;/31;{ D+ _ Ge gwp,,ngp"m —9 69Wp27r : 1 _
1 9o o Mo mp n:(]( +an)
Gupr = 8.3£0.8 GeV . (23)
— 9pJwer _ 3 waw
3.3. Ther — v decay =2e m2 (7/4) = S A5z (28)

So far we have considered processes where only tiaelial  That is, by adding all the vector contributions we recover the

excitations are present. The— ~y decay involves notonly  result of the previous section for the but now including all
thep but also thev excitations. In the following we will com-  its radial contributions.

pute the contributions from theradial excitations, usingthe  The purely axial contribution in the contact term remains
Jupr Previously obtained (Eqn. 23), and stablish a relationyg sgme:

with g1 e 1 wow

In the VMD description, the coefficient in the amplitude, A= 7“4737? ) (29)

Ed. (4), including an infinite sum oflike contributions, be- while the relationship for the channel & = 0) now accounts

comes:
VMD Jwpnm
AVMDT = 9¢2 " (gw;) : (24)
A —acter 3 A (13 gwaw )
Using the assumptions about the couplings and masses of 7 737 m,% 8m2f3 7 7) 27T

the vector mesons, it takes the following form:
Since we have estimated all the vector contributions, the

- 4e? g, pr 2 1
262§ Jwpnm _ g:; Iz Z At an)? radial excitations contributions are just that with gheontri-
v JwIpn p n bution removed:
4€2 g pn 2
— ZC dwomlm 7y, 25 re Gopr (T
Ul 5) e =2t (1)), (31)
o
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We can also treat this contribution as an effective contact Here, we have explicitly added the radial excitations of
diagram and estimate a magnitude for its effective couplinghe p meson, considering a particular form of the spectrum

ghe. and relations among the couplings. First, we considered the
Gegsr _ o, Juwpn (7 3 1) 32) ¥~ 7% andw — 3 decays to identify the singlg, . and
Ju m2 \4 ’ the p radial excitations effect. This process is clean in the
from this equivalence we get sense that it is sensitive to tperadial excitations but not to

thew ones. This fact allows to avoid any assumption ondhe
Ywpm (7 . 1) — 6146 GeV 3, (33) ex_citatigns. Certainly, the description used for all those ex_ci-
\@mp fr \4 tations is model dependent. However, the lowest lying excita-
where we have used the valueqf, as in Eq. 23. There- tion is well approached and expected to be the dominant one.

fore, the radial excitations and axial contributions combine tg>€Sides this model dependence, our description succeeds in
account for a fraction of the total amplitude given by: exhibiting how each contribution came into the game while
fulfilling general requirements like the agreement between

AT 4 AC = lAV‘gZW. (34) the VMD and chiral anomaly descriptions. We obtained that
7T the individual coupling igy,,» = 8.3 + 0.8 GeV ', which
Note that the global factor suppresses this contribution, anis about 40% smaller than the effecti p{T.

re __
937 =

justify the observation that the singbechannel accounts for We have verified the consistency with the chiral approach
most of the total decay. in ther® — ~yv andy* — 3m processes. Our description
succeeds in exhibiting how each contribution came into the
TABLE |. Couplings obtained from a set of processes. game. In particular, we show that, for thé¢ — 3x de-
ot VMD+ _ WZW
Coupling Process Value cay, the usual reIaFloné_lvgﬁ = (3/2)A}57", encodes
5 - all the vector contributions and not only tiremeson one.
|9wpr] w— Ty 7.71£0.2Gev Thus, the additional contact term is fully axial and fixed by
w — 3w 8.9+0.2GeVv! the WZW anomaly. In addition, we have obtained that there
|lgetL | 70— 14.2 GeVv! is a strong cancelation between the radial excitations and the
w — 3 12.8 GeVv-! contact term contributions.
c X 3 The relations here stablished are hold in the zero momen-
93 v — 3 -47 GeV~ .. . .
5 tum limit. More elaborated assumptions would be required
I3 " — 37 61+ 6 GeV~

to explore in a reliable way the momentum dependence.

We would like to conclude by stressing that the usually
neglected contributions from radial excitations may be rele-
vant even though they can be very heavy and must be care-
fully considered.

In Table | we summarize the numerical results for the
couplings in the different scenarios we have considered.

4. Discussion
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