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The impact of time delay in the connectivity distribution of complex networks
generated using the Baralasi-Albert model
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In the Baralasi-Albert growth model for complex networks new nodes added to the network, obtain instant information from the entire
network and employ preferential connectivity to select a node to establish a connection. In practice, information takes time to propagate
from a sender to a receiver. We modify the BarsibAlbert model to include the time information takes to propagate between nodes. In the
modified model a time delay is associated to the transmission of information and each new node must wait for a period of time to receive
the network connectivity information. By adjusting this waiting time, different functional forms of the connectivity distribution are obtained.
These connectivity distributions form a spectrum of functional forms which lie between two limiting cases: a power law distribution for large
waiting times and an exponential distribution for short waiting times.
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1. Introduction
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Complex systems is an interdisciplinary field studying sys-

Zj kj ’
tems composed of many Interacting parts and prOpert'eﬁlhereH(ki) is the probability that existing nodaeceives a
which cannot always be explained by simple random pro-

! new connection ang; is the connectivity of node
cesses [1]. Examples of such systems include the Internet, o oyact connectivity distribution of the BA model may

condensed matter systems, ecosystems, finance markets, B‘L_e obtained using various methods. This paper uses the
brain, the immune system, granular materials, road traﬁiCKrapivsky solution [12], which is defined by Eq. 3:
insect colonies, bird flocking and the structure of human so- ' o

cieties [1]. (k) = an
The interactions and properties of complex systems are P k(k+1)(k+2)’
often represented using a complex network [2]. These net, heren is the number of nodes in the network. The connec-

works have become an interesting topic of research sincethe. = =" =~ =~
late 90's when it was discovered that there is a large nun?gwty distribution of complex networks generated by the BA

ber of complex networks with common topological |Oro|0er-mOdeI has an exponfent G’fl:og £133]' 4ng¢Tver,(;n r(taal Sys; N
ties [3, 4], despite having different origins and sizes or bein%ims gamma varies from 1.05 t0 3.4 [3]. In order to emulate

©)

at different stages of development. Among these topologic uch systems, other processes have been incorporated into the

properties, one of the most studied ones is the power law dis—A model. Examples of such models are: models of systems

tribution of the vertex connectivity in these networks [5-10]. g‘rif,vp[elr;(])_rr:q;zv;’;gr:)% (S);;?;'Tr];'?ﬁiﬁéﬂeﬂzzr;:;meliii;h;r)é
A | istribution i Eq. 1: Lo ili
power law distribution is represented by Eq created at different rates [14]; models where the probability

p(k) = ck™, 1) [1(k;) that e_xisting rjode' receives a new cpnnection is not
only proportional to its degrek;, but also to its age [15].

wherep(k) is the probability that a node in the network has
connectivityk, and+ is an exponent which represents the 2 Time delay
slope of the function in a log-log plot.

Baralisi and Albert (BA) proposed a complex network In real networks, information travels from a source node to
growth model [11] with two main properties: node aggre-a destination node in a finite amount of time. However, the
gation and preferential attachment. Aggregation means th&A network growth model does not consider this time delay.
new nodes connect to existing nodes in the network througiherefore, for systems in which this time delay is important,
m new links. Preferential attachment refers to the probabilitythe BA model will not be appropriate.
that an existing node will receive a new connection, which  In this paper we report the effect that delay has in prop-
is directly proportional to the amount of links that this node agating the information needed for the growth of a BA com-
already has and is given by Eq. 2: plex network. We argue that it is necessary to consider the
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time delays in the propagation of information in order to haveted article and include it in their research or citations. Thus,
an appropriate growth model of complex networks. authors necessarily cite older papers and not the newest ones.

The BA model assumes that the delay to propagate infor-  This example shows how the time delays associated to in-
mation through the network is zero, that is: a new nege formation propagation through the network produce two im-
that needs to select an existing nodeto which it will at-  portant effects: The view obtained may be incomplete be-
tach, chooses from all nodes present in the network. In othetause there is not enough time to explore the complete net-
words, the new node; has a complete and updated view work, and the view obtained is necessarily old outdated or
of the entire network at tim¢;. This means that every new in the past due to recent changes in the network’s topology.
node that attaches itself to the network obtains informationin order to design better models which could approximate to
instantly about its entire topology. real systems it is necessary to consider this behavior.

Let us now consider what happens when the delay is not  The main objective of this paper is to study the impact of
zero: each node that becomes attached to the network hasdelay in the connectivity distribution of networks generated
wait for a timet,, to receive connectivity information from ith the BA model.
the nodes in the network. If this time is short, the informa-
tion will be obtained only from a subset of nodes, that is,
each new node will have only a partial view of the network3, BA Growth Model with Delay
(see Fig. 1). However, if,, is sufficiently long, information
from all the nodes in the network could be obtained. Noticelf the time delay that information needs to propagate is intro-
that in this case, it is also possible that information is old ancuced to the BA model, each new node that becomes attached
inaccurate. will needt,, time to obtain information about the current state

For example, consider a network which grows at a rate obf the network. The new node will use this information and
one node per millisecond (ms), has a delay of 10 ms to trangreferential attachment to select an existing node to which it
mit information between nodes and a diameter of 20 hops. Iiwill attach.
communication’s networks a hop is a link between two nodes  The procedure previously described implies that, before
and corresponds, in graph theory, to an edge between two vegonnecting, new nodes do not have any knowledge about the
tices. Then the information from the furthest nodes will takestate of the network. Therefore, the first step for a new node
400 ms to arrive (200 ms for the request and 200 ms for thes to obtain information about the network connectivity, and
answer). If a new node; waits 200 ms for the connectivity the second step is to employ this information to choose the
information it needs to decide to which node it should con-node to which it will connect.
nect, it will only receive information from the nodes located  Figure 1 shows a network in which the delay of every
10 or less hops away from itself (10 hops for the request angy js 10 ms. Dashed-line arrows represent data connectivity
10 hops for the answer). It can be seen from this example thagquests and solid-line arrows represent their answers. For
the impact of delay in the connectivity distribution dependsegyample, if node:; waits 50 ms, it will receive information
on the diameter of the network in consideration. from nodesn,,, n, andns. Information will not be received

Another issue that needs to be considered is that duringp, time from nodes., andn; because the data request takes
this 200 ms period, the network underwent changes in it30 ms to propagate from; to n, or to ns, and the answer
topological structure because of the attachment of 200 neyykes another 30 ms to return. Note that in real networks
nodes. This means node will select an attachment node these delays are variable, but for the sake of simplicity they

based on outdated information. are considered fixed in this example.
As a real world example consider the network formed by

citations to scientific papers. In this example, articles corre-
spond to the vertices or nodes in the network, and citations
to the edges between the nodes. The growth of this network
is carried out in the following way: A scientist, before writ- i
ing a paper, tries to read the most recent papers on a subjec@
He cannot read all the papers from this subject. Each papel
he reads has citations to other papers, so he selects some
the cited papers and reads them. This process ends when th
researcher considers he has sufficient knowledge about the

topic. If the time the scientist employs to read citations, >»

is short, the overall view obtained will be incomplete. In con- Oms<tw<40ms

trast, if timet,,, is sufficiently long, the view obtained should Rl 40ms<tw<b0ms >

be more complete. T S TS s e s e e et sttt >
It is possible that at the moment of writing an article, tw>60ms

somebody else might submit a paper on the same topic. Theicure 1. Impact of waiting time in the amount of topological
authors of the first text will not be able to read the submit-information received by a new node;.
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The process described below may be used to simulate the The experiments carried out are described in the follow-
growth of complex networks with delay: ing subsections and their results are displayed in Fig. 2. For
all these experiments the node-birth raig, is random and
1. A new noden; randomly selects a node, which is  uniformly varied between 0.001 seconds and 4 seconds and
already present in the network. t,, is the time that new nodes will wait for topological infor-
mation before selecting a node to attach to. Each experiment
has a different value fat,,. The links that joined the nodes
were undirected and had a 1 Mbps data rate with a 10 ms

3. n, returns its answer to;. delay.

2. n; sends a request for connectivity informationrigo
and starts a count down timey,.

4. n, forwardsn;’s request to the other nodes in the net-

work. 4.1. Experiment 1

5. Each answer that, receives comes from other nodes In this experimentt,, was set to 4 seconds. Given the links’
present in the network and are forwardechto delay properties and the final network diametgr,is long
o enough for each new node to receive connectivity informa-
6. Oncet,, finishes,n; selects a node,,. Here,n, be-  tion from all the nodes in the network before selecting a node.
longs to a subset of nodes from which received  Ag 5 result, the connectivity distribution obtained in this ex-
information while timert,, was running. Therefore, periment is similar to the distribution produced by the BA
t., determines the number of nodes from whichre-  model, as can be seen by the solid line in Fig. 2. It seems that
ceived information. the connectivity distribution is not affected by the variable

node-birth rate.
The process described above will be repeated from Step

1to Step 6 fori = 3,4,5...n — 1 wheren is the final size of
the network. 4.2. Experiment 2

For this experiment,, was set to 80 ms.

As the network grows its diameter increases. When the
Experiments were carried out using the ns-2 network simdiameter is still less than 40 ms,(/2) new nodes receive
ulator [16]. Ns-2 is a discrete events simulator able to coninformation from the entire network, meaning that all nodes
sider how packages (information) propagate in a network anflave non-zero probability of being chosen. However, when
also the effects of delay. In these experiments networks werée diameter is greater than 40 ms new nodes cannot receive
grown up to a maximum size of 1,000 nodes because ns-2 réformation from the whole network. Instead, they only re-

quires a |arge amount of memory and cpu Cyc|es when SimU’.‘Eive information from nodes whose distance is less than 40
lations are packet-intensive, as it is in our case. ms. Additionally, a fraction of this information is 4 Oms old

and the topology of the network may have changed during
this time. In other words, a fraction of the information given

4. Numerical Simulations

4000ms to a new node can be obsolete at the time of selecting an ex-
o 80ms  x isting node to connect.
. 50 o . .. L .
30?2 . From Fig. 2 one can see that the connectivity distribution

X ] It can be seen in Fig. 2 that the distribution connectivity for

0.01 ) : . . .
BA model this experiment follows a slightly concave line with respect

< 0.001 to the abscissa axis. This graph shows that the percentage
o - of nodes with one link has increased with respect to the BA
model.
0.0001
1e-05 4.3. Experiment 3

1e-06 ] 0 : 100 This experiment is similar to the one in Sec. 4.2., but ngw

k has been set to 50 ms and, therefore, the information obtained
FIGURE 2. The connectivity distribution of a network generated by new n_OdeS has to come frqm a Smal!er subset of nodes than
by ns-2 using the BA model. Al links have a 10 ms delay and the one in Exper_|ment 2. This subset includes z_ill nodes that
1 Mbps bandwidth. The growth speed take values from a randomc@n be reached in less than 25 ms (50 ms/2). Figure 2 shows
range from 1 ms to 4000 ms. Whegn = 4000 ms the connectivity ~ that the connectivity distribution for this experiment is a con-
distribution matches the BA model distribution (Eqg. 3). In contrast, cave line which is more pronounced than that for the previous
if £, = 30 ms the connectivity distribution decays exponentially. experiment.
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4.4. Experiment 4 Whent,, is less than the required time to obtain topolog-
ical information from other nodes in the system, new nodes

In this experiment,, was set to 30 ms. Since information re- ;|| only receive information from the immediate node (see

quests from the next node take at least 20 ms to arrive (10 Msig. 1) and will, in fact, attach randomly. This causes the

for the request and 10 ms for the answer), it is not possiblgonnectivity distribution to follow an exponential curve. Fig-
to receive information from nodes that are two or more hopgyre 2 shows this case foy, = 30 ms.

away from the requesting node: it would take at least 20 ms

for the request to arrive and a further 20 ms for the reply to

come back. Therefore, new nodes in this experiment can onlp. Conclusions

choose to connect to their corresponding attachment node,

which was originally selected at random. Thus, the modeln this paper, the impact that different values of time delays

effectively behaves like a random growth model. have in the connectivity distribution of a modified version of
When a network grows by adding nodes randomly, as ithe Baralasi-Albert network growth model is reported. When

happens in this case, the connectivity distribution decays a#1e delay that information needs to propagate is considered in

an exponential [17], as it is shown in Fig. 2. the BA model, each node is added to the network must wait a
time, t,,, to receive information about the network’s topology.
4.5. Discussion A set of connectivity distributions were obtained for different

] ) ] values oft,,. At the extreme case wher, is long enough
From Fig. 2, it can be seen that whep is long enough, g receive the full topological information from the network,
new nodes will receive information from all the network and, the connectivity distribution follows the BA model; butti,
therefore, all nodes in the network will have non-zero probais too short and it does not allow to receive any topological
bility of receiving a new link causing the distribution to decay jnformation, the distribution is exponential.
following the same connectivity distribution at the BA model

There are many factors present in real networks which
(see Eq. 3).

) ) could affect the growth and topology of the final system, and
In contrast, whert,, is not long enoughg; will have a i this paper we have only considered one: delay. Therefore,

partial view of the network topology which includesfd” \ye would like to continue this study by including some of the

subset of nodes. Figure 2 shows that in this case, the numbgfiacts that delays could have on properties of complex net-

of nodes with just one link increases and nodes with tWo 0tyorks and their processes, for example: rewiring, stale nodes,
more links diminishesz,, values of 50 ms and 80 ms have gt

been also included to demonstrate variations in this behavior.

Our hypothesis is that this happens because most nodes not

in PV (PV) have just one link and this causes connectivity6. Acknowledgments

one nodes to increase and the other connectivities to decrease
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