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The impact of time delay in the connectivity distribution of complex networks
generated using the Barab́asi-Albert model
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In the Barab́asi-Albert growth model for complex networks new nodes added to the network, obtain instant information from the entire
network and employ preferential connectivity to select a node to establish a connection. In practice, information takes time to propagate
from a sender to a receiver. We modify the Barabási-Albert model to include the time information takes to propagate between nodes. In the
modified model a time delay is associated to the transmission of information and each new node must wait for a period of time to receive
the network connectivity information. By adjusting this waiting time, different functional forms of the connectivity distribution are obtained.
These connectivity distributions form a spectrum of functional forms which lie between two limiting cases: a power law distribution for large
waiting times and an exponential distribution for short waiting times.
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1. Introduction

Complex systems is an interdisciplinary field studying sys-
tems composed of many interacting parts and properties
which cannot always be explained by simple random pro-
cesses [1]. Examples of such systems include the Internet,
condensed matter systems, ecosystems, finance markets, the
brain, the immune system, granular materials, road traffic,
insect colonies, bird flocking and the structure of human so-
cieties [1].

The interactions and properties of complex systems are
often represented using a complex network [2]. These net-
works have become an interesting topic of research since the
late 90’s when it was discovered that there is a large num-
ber of complex networks with common topological proper-
ties [3, 4], despite having different origins and sizes or being
at different stages of development. Among these topological
properties, one of the most studied ones is the power law dis-
tribution of the vertex connectivity in these networks [5–10].
A power law distribution is represented by Eq. 1:

p(k) = ck−γ , (1)

wherep(k) is the probability that a node in the network has
connectivityk, andγ is an exponent which represents the
slope of the function in a log-log plot.

Barab́asi and Albert (BA) proposed a complex network
growth model [11] with two main properties: node aggre-
gation and preferential attachment. Aggregation means that
new nodes connect to existing nodes in the network through
m new links. Preferential attachment refers to the probability
that an existing node will receive a new connection, which
is directly proportional to the amount of links that this node
already has and is given by Eq. 2:

∏
(ki) =

ki∑
j kj

, (2)

where
∏

(ki) is the probability that existing nodei receives a
new connection andki is the connectivity of nodei.

The exact connectivity distribution of the BA model may
be obtained using various methods. This paper uses the
Krapivsky solution [12], which is defined by Eq. 3:

p(k) =
4n

k(k + 1)(k + 2)
, (3)

wheren is the number of nodes in the network. The connec-
tivity distribution of complex networks generated by the BA
model has an exponent ofγ = 3 [13]. However, in real sys-
tems gamma varies from 1.05 to 3.4 [3]. In order to emulate
such systems, other processes have been incorporated into the
BA model. Examples of such models are: models of systems
that perform rewiring of their links at the same time as they
grow [13]; models of systems in which nodes and links are
created at different rates [14]; models where the probability∏

(ki) that existing nodei receives a new connection is not
only proportional to its degreeki, but also to its age [15].

2. Time delay

In real networks, information travels from a source node to
a destination node in a finite amount of time. However, the
BA network growth model does not consider this time delay.
Therefore, for systems in which this time delay is important,
the BA model will not be appropriate.

In this paper we report the effect that delay has in prop-
agating the information needed for the growth of a BA com-
plex network. We argue that it is necessary to consider the
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time delays in the propagation of information in order to have
an appropriate growth model of complex networks.

The BA model assumes that the delay to propagate infor-
mation through the network is zero, that is: a new nodeni

that needs to select an existing nodenx to which it will at-
tach, chooses from all nodes present in the network. In other
words, the new nodeni has a complete and updated view
of the entire network at timeti. This means that every new
node that attaches itself to the network obtains information
instantly about its entire topology.

Let us now consider what happens when the delay is not
zero: each node that becomes attached to the network has to
wait for a timetw to receive connectivity information from
the nodes in the network. If this time is short, the informa-
tion will be obtained only from a subset of nodes, that is,
each new node will have only a partial view of the network
(see Fig. 1). However, iftw is sufficiently long, information
from all the nodes in the network could be obtained. Notice
that in this case, it is also possible that information is old and
inaccurate.

For example, consider a network which grows at a rate of
one node per millisecond (ms), has a delay of 10 ms to trans-
mit information between nodes and a diameter of 20 hops. In
communication’s networks a hop is a link between two nodes
and corresponds, in graph theory, to an edge between two ver-
tices. Then the information from the furthest nodes will take
400 ms to arrive (200 ms for the request and 200 ms for the
answer). If a new nodeni waits 200 ms for the connectivity
information it needs to decide to which node it should con-
nect, it will only receive information from the nodes located
10 or less hops away from itself (10 hops for the request and
10 hops for the answer). It can be seen from this example that
the impact of delay in the connectivity distribution depends
on the diameter of the network in consideration.

Another issue that needs to be considered is that during
this 200 ms period, the network underwent changes in its
topological structure because of the attachment of 200 new
nodes. This means nodeni will select an attachment node
based on outdated information.

As a real world example consider the network formed by
citations to scientific papers. In this example, articles corre-
spond to the vertices or nodes in the network, and citations
to the edges between the nodes. The growth of this network
is carried out in the following way: A scientist, before writ-
ing a paper, tries to read the most recent papers on a subject.
He cannot read all the papers from this subject. Each paper
he reads has citations to other papers, so he selects some of
the cited papers and reads them. This process ends when the
researcher considers he has sufficient knowledge about the
topic. If the time the scientist employs to read citations,tw,
is short, the overall view obtained will be incomplete. In con-
trast, if timetw is sufficiently long, the view obtained should
be more complete.

It is possible that at the moment of writing an article,
somebody else might submit a paper on the same topic. The
authors of the first text will not be able to read the submit-

ted article and include it in their research or citations. Thus,
authors necessarily cite older papers and not the newest ones.

This example shows how the time delays associated to in-
formation propagation through the network produce two im-
portant effects: The view obtained may be incomplete be-
cause there is not enough time to explore the complete net-
work, and the view obtained is necessarily old outdated or
in the past due to recent changes in the network’s topology.
In order to design better models which could approximate to
real systems it is necessary to consider this behavior.

The main objective of this paper is to study the impact of
delay in the connectivity distribution of networks generated
with the BA model.

3. BA Growth Model with Delay

If the time delay that information needs to propagate is intro-
duced to the BA model, each new node that becomes attached
will needtw time to obtain information about the current state
of the network. The new node will use this information and
preferential attachment to select an existing node to which it
will attach.

The procedure previously described implies that, before
connecting, new nodes do not have any knowledge about the
state of the network. Therefore, the first step for a new node
is to obtain information about the network connectivity, and
the second step is to employ this information to choose the
node to which it will connect.

Figure 1 shows a network in which the delay of every
link is 10 ms. Dashed-line arrows represent data connectivity
requests and solid-line arrows represent their answers. For
example, if nodeni waits 50 ms, it will receive information
from nodesnx, n2 andn3. Information will not be received
on time from nodesn4 andn5 because the data request takes
30 ms to propagate fromni to n4 or to n5, and the answer
takes another 30 ms to return. Note that in real networks
these delays are variable, but for the sake of simplicity they
are considered fixed in this example.

FIGURE 1. Impact of waiting time in the amount of topological
information received by a new node (ni).
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The process described below may be used to simulate the
growth of complex networks with delay:

1. A new nodeni randomly selects a nodenx which is
already present in the network.

2. ni sends a request for connectivity information tonx

and starts a count down timer,tw.

3. nx returns its answer toni.

4. nx forwardsni’s request to the other nodes in the net-
work.

5. Each answer thatnx receives comes from other nodes
present in the network and are forwarded toni.

6. Oncetw finishes,ni selects a nodeny. Here,ny be-
longs to a subset of nodes from whichni received
information while timertw was running. Therefore,
tw determines the number of nodes from whichni re-
ceived information.

The process described above will be repeated from Step
1 to Step 6 fori = 3, 4, 5...n − 1 wheren is the final size of
the network.

4. Numerical Simulations

Experiments were carried out using the ns-2 network sim-
ulator [16]. Ns-2 is a discrete events simulator able to con-
sider how packages (information) propagate in a network and
also the effects of delay. In these experiments networks were
grown up to a maximum size of 1,000 nodes because ns-2 re-
quires a large amount of memory and cpu cycles when simu-
lations are packet-intensive, as it is in our case.

FIGURE 2. The connectivity distribution of a network generated
by ns-2 using the BA model. All links have a 10 ms delay and
1 Mbps bandwidth. The growth speed take values from a random
range from 1 ms to 4000 ms. Whentw = 4000 ms the connectivity
distribution matches the BA model distribution (Eq. 3). In contrast,
if tw = 30 ms the connectivity distribution decays exponentially.

The experiments carried out are described in the follow-
ing subsections and their results are displayed in Fig. 2. For
all these experiments the node-birth rate,vb, is random and
uniformly varied between 0.001 seconds and 4 seconds and
tw is the time that new nodes will wait for topological infor-
mation before selecting a node to attach to. Each experiment
has a different value fortw. The links that joined the nodes
were undirected and had a 1 Mbps data rate with a 10 ms
delay.

4.1. Experiment 1

In this experiment,tw was set to 4 seconds. Given the links’
delay properties and the final network diameter,tw is long
enough for each new node to receive connectivity informa-
tion from all the nodes in the network before selecting a node.
As a result, the connectivity distribution obtained in this ex-
periment is similar to the distribution produced by the BA
model, as can be seen by the solid line in Fig. 2. It seems that
the connectivity distribution is not affected by the variable
node-birth rate.

4.2. Experiment 2

For this experimenttw was set to 80 ms.
As the network grows its diameter increases. When the

diameter is still less than 40 ms (tw/2) new nodes receive
information from the entire network, meaning that all nodes
have non-zero probability of being chosen. However, when
the diameter is greater than 40 ms new nodes cannot receive
information from the whole network. Instead, they only re-
ceive information from nodes whose distance is less than 40
ms. Additionally, a fraction of this information is 4 0ms old
and the topology of the network may have changed during
this time. In other words, a fraction of the information given
to a new node can be obsolete at the time of selecting an ex-
isting node to connect.

From Fig. 2 one can see that the connectivity distribution
It can be seen in Fig. 2 that the distribution connectivity for
this experiment follows a slightly concave line with respect
to the abscissa axis. This graph shows that the percentage
of nodes with one link has increased with respect to the BA
model.

4.3. Experiment 3

This experiment is similar to the one in Sec. 4.2., but nowtw
has been set to 50 ms and, therefore, the information obtained
by new nodes has to come from a smaller subset of nodes than
the one in Experiment 2. This subset includes all nodes that
can be reached in less than 25 ms (50 ms/2). Figure 2 shows
that the connectivity distribution for this experiment is a con-
cave line which is more pronounced than that for the previous
experiment.
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4.4. Experiment 4

In this experimenttw was set to 30 ms. Since information re-
quests from the next node take at least 20 ms to arrive (10 ms
for the request and 10 ms for the answer), it is not possible
to receive information from nodes that are two or more hops
away from the requesting node: it would take at least 20 ms
for the request to arrive and a further 20 ms for the reply to
come back. Therefore, new nodes in this experiment can only
choose to connect to their corresponding attachment node,
which was originally selected at random. Thus, the model
effectively behaves like a random growth model.

When a network grows by adding nodes randomly, as it
happens in this case, the connectivity distribution decays as
an exponential [17], as it is shown in Fig. 2.

4.5. Discussion

From Fig. 2, it can be seen that whentw is long enough,
new nodes will receive information from all the network and,
therefore, all nodes in the network will have non-zero proba-
bility of receiving a new link causing the distribution to decay
following the same connectivity distribution at the BA model
(see Eq. 3).

In contrast, whentw is not long enough,ni will have a
partial view of the network topology which includes aPV
subset of nodes. Figure 2 shows that in this case, the number
of nodes with just one link increases and nodes with two or
more links diminishes.tw values of 50 ms and 80 ms have
been also included to demonstrate variations in this behavior.
Our hypothesis is that this happens because most nodes not
in PV (PV ) have just one link and this causes connectivity
one nodes to increase and the other connectivities to decrease
with respect to the power law distribution. This behavior re-
verses for large connectivities as can be seen in Fig. 2 when
k > 100.

Whentw is less than the required time to obtain topolog-
ical information from other nodes in the system, new nodes
will only receive information from the immediate node (see
Fig. 1) and will, in fact, attach randomly. This causes the
connectivity distribution to follow an exponential curve. Fig-
ure 2 shows this case fortw = 30 ms.

5. Conclusions

In this paper, the impact that different values of time delays
have in the connectivity distribution of a modified version of
the Barab́asi-Albert network growth model is reported. When
the delay that information needs to propagate is considered in
the BA model, each node is added to the network must wait a
time,tw, to receive information about the network’s topology.
A set of connectivity distributions were obtained for different
values oftw. At the extreme case whentw is long enough
to receive the full topological information from the network,
the connectivity distribution follows the BA model; but iftw
is too short and it does not allow to receive any topological
information, the distribution is exponential.

There are many factors present in real networks which
could affect the growth and topology of the final system, and
in this paper we have only considered one: delay. Therefore,
we would like to continue this study by including some of the
effects that delays could have on properties of complex net-
works and their processes, for example: rewiring, stale nodes,
etc.
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