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Gravitational waves bounds in Brane-Worlds
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This paper is dedicated to investigate an astrophysical method to obtain the new dynamics generated by extra dimensions as well as bounc
for the brane tension. Using the modified Einstein equations in the brane with a vanishing non-local effects, we study the contributions of the
modified radiated power by gravitational waves and the stellar period modified by branes in a binary system composed by two neutron stars.
Finally we propose two lower energy bounds, using these astrophysical methods.
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1. Introduction lated with the Weyl's tensor and the fields contained in the
bulk [23]. Remarkably these corrections must has effects in
Brane world dynamics is an interesting alternative for com-the CMB [24,25], gravitational waves (cosmic and astrophys-
plementing the Einsteinian general relativity (GR) by addingical) [26-28] and in galaxy dynamics imprints which could
new degrees of freedom caused by the existence of extra die measured in the future with space and terrestrial experi-
mensions. Many proposals try to solve diverse physical probments [29,30].
lems such as hierarchy problem [1,2], the cosmological con-  Under this scenario, we take the task of finding bounds to
stant (CC), the accelerated expansion of the universe [3-%he brane tension to investigate the region of validity of the
and the radiative corrections in quantum processes with atheory. We calculate the correction predicted by the brane
extra dimensions [8,9]. Similarly, other authors generalizetheory about the power of gravitational waves radiated by an
for example, the Randall-Sundrum models (RS) assuming astrophysical binary system, and compare it with the obser-
cosmological scenario with the aim of studying the spacevational data of the PSRB13 + 16 [31] binary system, in
time evolution, the scalar perturbations and the structure forerder to set an upper bound of the brane tension. Also, it
mation with brane world corrections [10-13] and possibleijs calculated the equation of period and shown the new term
consequences of a scalar-field as dark matter which only livegrovided by branes in high energy regime. Similarly, using
in a hidden brane [10-12]. Analogously, the perspective of inthe data of the binary system, it is possible to obtain an upper
teracting branes is welcomed due to the extra terms in the dysound for the brane tension.
namical equations and in the equation of state (EoS) [14,15], The article is organized as follows: In Sec. 2, we focus
which provide with relevant information principally in high our attention to a short review of the mathematical branes for-
energy epochs such as inflation [14]. malism, in Sec. 3 we obtain a bound of brane tension from
Numerous experimental and observational evidencean expression of the radiated power and orbital period, using
constrain the range of action of the brane world dynam-an extensively studied binary system. Finally, in Sec. 4 we
ics [12,16-22]. For example, some observational results amdiscuss the results and give our conclusions.
gue that the brane tension must be> (1 MeV)? in or-
dgr to nucl_eos_ynthe3|s holds [16]; similarly, the dark rad|—2. A short review of the Mathematical Formal-
ation contributions caused by the non-local effects are con-" .
strained by CMB and nucleosynthesis observations to be ISm
no more than~ 5% of the radiation energy density [16].

. . Let us start by writing the equations of motion for an em-
Other authors [17,18], focus in understanding the effect y g .

Hedded brane in a five dimensional bulk using the Randall-

hvsical d . incipall h dificat f th Sundrum 11 (RSII) model [2], see also [16,23]. We first as-
physical dynamics, principally on the modification of the g\ e hat the Einstein equations are the gravitational equa-

Tolman-Oppenheimer-Volkoff (TOV) [17] equation and in oo ot motion of the Sdim Universe,
consequence in the galactic rotational curves and density pro-
files [18].

Particularly, this paper is focused on the assumption
that the 5dim Einstein’s equation is correct; the assumpwhereGag denotes the five dimensional Einstein tengag
tion generates corrections in the four dimensional Einstein’sefers to the 5D energy-momentum tensdys) represents
equation on the brane, producing quadratic contributionshe 5dim cosmological constant, arg, is the 5dim gravi-
in the energy-momentum tensor and non local effects retational coupling. In order to write the gravitational equations
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of motion in the 4dim brane, we need to calculate the Gausthat contributions of the non-local effects caused by the Weyl
and Codacci expressions, respectively, tensor reflected ig,,,, can be neglected [35].
Wpa  — B ou v po N N Considering that the metric embedded in the brane can
Rs = "Ry ,00,q39505 + K5 Kps — K5 Ksy, (28)  pe written asgu, = N + fuw Wherel|f, || < 1,
v _ (5) o p nuw = diag(—1,1,1,1) and assuming an appropriate gauge
DKy = Dult = Rpon” gy (2b) (0s 17 = (1/2)9,.f), Eq. (3) can be written as
where the extrinsic curvature over the 4D manifold is ) o — 4 1(0)
given by K,,, = ¢3¢2Vans, K = K¥, andD,, is the co- (V2= 0)) fuw = =K T — 2605100, (5)
variant differentiation ofy,,,. It is important to remark that _ _ ©) (0)
in the brane world scenario, our 4dim world is described by avhere /%" = 0, fu, = fu — (1/2)n,, and T/, T, are
domain wall (3-brane){t,g,..,) in 5dim space-time},q,..,). both calculated '_[0 zero order ify, . Note_, that we properly
We denote the vector unit normal tof by n® and the in- ~ retain only contributions off,,, , to study its effects.
duced metric ooVt by g,.,, = g, —n,.m,, [23]. Following an Slomllarly, the conservation equation is maintained
appropriate computation, it is possible to demonstrate that th¥" 75 = 0, and as we argued previously, we consider non
modified 4dim Einstein’s equation can be written as [16,23] local contributionst,,, = 0, implying that quadratic correc-
tions are also conservéTzI”HfB,) = 0. Roughly speaking,
G+ &+ Ay 9w = K70y T +85) W + 535 Frw , (3)  there is not exchange of energy-momentum between the bulk
and the brane [16]. Also, we assume no fields in the bulk

where space-time generating tha,, = 0. Then Eqg. (5) can be

A 1 N K(s) K 42) written as

@ =586 T35 A a

2 2\ 2 0 2 -1 0
s (V2 =) fuw = =i T — 126 ALY, (6)

2 _ _

Ky = 81GN = —= A, (4b)  \wherex?, = Ax“. /6. In GR limit (the vacuum case), the
6 (4) ()

brane tension is infinite) — oo generating a plane wave
(3T.sT*" —T?), (4c)  solution written asf,, = A exp(iko,x®), whereA,, is a
A B - constant, symmetric, rank-2 tensor dngdis a constant four-
5
_ 2T'aBY, 9, I 290 Tapnn® — T . (4d) vector known as theave vectorIn general, the Green func-

TT v
pe oy G

1 (6%
H“”__ZT"“T” T 24

F, = . . - .
! 3 3 4 tion G(z* —y*), of the d’Alembertian operator is the solution
_ () E F A B of the wave equation in presence of a delta function source.
Suv = Cappnen” 9,9, - (48)  Thenitis possible to write

Here,A(5) andA 4 are the five and four dimensional cosmo-  _ 1 o .
logical constants, respectivel§y is Newton's gravitational ~ fur (2%) = —12K{;)A /G(ma — YY) (y*)d'y. (7)
constants 4 is the 4dim gravitational constant,is related (1)
to the brane tensiom,z is an unit normal vector to the brane . . . )
manifold M, and ®CE,, is related with the 5dim Weyl's After some calculations, we obtain the following expression
tensor [16,23]. Note that in what follows, we use the most- _ 12G . .
plus signaturediag(—, +, +, +)) for the line elements, and fij (8, %) = O[GR] + =% My(tr), 8
natural units in whicle = A = 1. o ]

For purposes of simplicity, we will not consider bulk mat- where O[GR] indicates that the GR terms are omitted for

ter, which translates int&),, = 0, and neglect the non-local simplicity and recovered later. Here, the dots represents
effects caused by the Weyl's tensor, so that = 0; the derivatives with respect to time. Under the assumption that
last hypothesis is due that the system of equations for the ext'® Spatial extent of the source is negligible compared to the
terior is not closed until a further condition is given on the distance between the source and the observer, automatically
Weyl's tensor [16,17]; we will comment on the effects this it is valid the replacemenik —y| = R, beingtr = ¢ — R
assumption has on the results. Note also that we will keef' retarded time andi/;; the quadrupole momentum tensor
the presence dfl,,,,, see Eq. 4c, in the equations of motion associated with the quadratic energy momentum tensor orig-
throughout the paper, and these quadratic corrections will biated by the brane-world theory

our main concern for the study of brane effects on the 4D ©) 3
physical phenomena. M;j = /Z/iyjnoo dy. 9)
(3)
3. Gravitational Waves Bounds From here, it is straightforward to find the quadrupole radia-

. . oL - ion equation in the brane-world dynamics as [32
In this section, we study the gravitational waves or|g|natec1I a y [32]

in binary systems in the brane world context, using the mod-

1
ified Einstein’s Eq. (3). At first approximation, we assume ~ 5~ 3

3

6G, [ o
= O|GR]+ T2 (]\/[ijMij -

MZZM]]) +Z, (10)
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where Eq. (10) shows the projection on its traceless compo-

. u?= ]6]\/[5)
nent andZ corresponds to the interference term bet\/@éﬂ oM2
andHfPl,). am2

In the following subsection, we explore the radiation 1M3
Eq. (10) with a binary system [31] with the aim of under-
stand the contributions of the brane-world theory in the grav-

itational waves emitted by astrophysical objects.

(Ps,)

T

GR> 7

3.1. Modified power radiation using a binary system

Due to the mathematical complexity of Eq. (9) caused by the

Dirac deltas, it is most appropriate use the discrete equation Av
of (9), written as FIGURE 1. Behavior of Eq. (18) for different values of the reduced
9 massu. We observe a constant tendency whei,, < 1. On the
Mij = Z MoYailajs (11)  other hand, when branes dominates the scene, we have the equation
(0%

<PBT> = 4U2 <PGR> /)‘%/

together with the explicit path of both stars [32]
PSRBI913 + 16, that is one of the most studied and better

yi = d(¢) L= (cos(), sin(¢), 0), (12)  known [31-33].
mi Considering the mass of both stars as; = 1.4414 +

yh = d(qb)i (— cos(¢), —sin(e),0), (13)  0.0002 Mg andms = 1.3897 & 0.0002 Mg, it is possible to
ma obtain a numerical upper energy limit for the brane tension

wherey is the reduced mass definedasmims/(my+msy),  asA, > 1.4150 & 0.0002 Mg ~ 1.5831 x 10*° EeV. This
beingm; andm, the respective mass of the binary stars sysTesult remarks a lower energy lower bound\of, in function
tem. Notice, that the space time structure and in consequen® the reduced mass of the astrophysical object.

the paths, is only affected by the geometric terms §ke. Similarly, notice that
However, in this case these terms does not play a role. 9

Now, it is possible to obtain the total average power radi- (Po.) _ 4 n 4 1 +1.996 <M@) (18)
ated (recovering GR contribution) over one period of ellipti- (Por) A2 ) v/

cal motion as . .
for the binary system PSRB13+16. The behavior is shown

(P,) = [(ml ma) + 4/“”1’”2} ’ (14) in Fig. 1 for different values of the reduced massThe usual
" A GR result is recovered in the limit
where 442
: 7
lim |1+ } =1, (29)
_ 32GL mim3 ) Eeg N ?ﬁe4 (15) 1/ Ay, —0 [ A2
X= 5051 — )72 21 T 96° )

whereas in the opposite case we get

Notice that), is the energy value of the brane tension in a

defined regiong the semi major axis ane the eccentricity lim {1 I 4M2] _ 47#2 (20)

of the ellipse binary system. Note that as a toy model, the 1/ Ay — 00 A2 A2

interference term will not be studied in this paper. This last

expression differs from GR [32] only in the second term of ~ Other interesting exercise is use the data obtained with

the clasp. the system PSRB)13 + 16 and apply to the period equation
Not less important is to show the equation for radiatedfor gravitational waves in the brane regime (In this case, we

power at high energies where brane tension is dominant ovéxtend the results shown in [32,33]). This equation in high

the mass distribution, resulting in energy regime (where brane effects dominates), can be writ-
ten as
128G um3m3 73, 37,
Wralioh =55 (1-e2)7/232 (1e3itgeet) - a9 Iry _ _384GY/ mim]
dt 52
Now, from Eq. (14) is easily to establish the following bound v
. -5/3
for the brane tension energy X (m1 + m2)77/3 (%) M, (21)
2mimy
Av >, = 2 A7 where
where the result is only mass depending. With the aim of test- 3, 37, o7
. . . . = _ _ — - /2
ing the last result, we probe it using the pulsar binary system M= (1 + o1 + 96° ) (1—e%) ’ (22)
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herer is the binary system period. Using the data reported Also it is shown the modified period by the presence of
in [33], we obtain the following constraint for brane tension branes in the high energy regime. In the same way and with
energy:\, = v2u =~ 140.0001 Mg ~ 1.1194 x 10*® EeV,  the data provided by the binary system, we propose a new
which is in good agreement with the results obtained in thdower energy bound for brane tension. Remarkably, both
radiated power. bounds for the brane tension are compatible with the data pro-
vided by nucleosynthesis and other cosmological tests. Even
more, the data obtained for the brane tension is compatible
with astrophysical test, particularly in stellar stability [17].
Due to the lack of results at microscopic scales in the LHC, As afinal remark, we think that this attempt can generate
the community has decided to look for evidence of brane& more suitable bound of the brane tension with the capabil-
worlds in other test. For this reason, in this paper is proposelly of being detected in future experiments, principally (under
new ways to detect the existence of branes in different astrghe current experimental scenario) in the evolution of the dy-
physical tests, or in its case, constraining the brane tensioi@mics of binary systems and other more complex systems
value with the aim of known the validity region of the theory. COmposed of neutron stars [34].

Focusing in the gravitational wave case, we explore
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istic that it is mediated with the brane tension. Without lossand Francisco Linares for reading the first results and for the
of generality and assuming that it is valid the same scenariobservations proposed for improving the paper. This work
at high energies, it is shown the average power radiated iis supported by a CONACyT postdoctoral grant. Instituto
extreme conditions (where lambda terms is dominant) andwvanzado de Cosmoladg (IAC) and Beyond Standard The-
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4. Discussion and Conclusions
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