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Quasiclassical approach to tunnel ionization in the non
relativistic and relativistic regimes
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Non relativistic and relativistic transition rates were observed for the deep tunnel regime for the case of a linear polarized laser field. The
contribution of the initial momentum of an ejected photoelectron, the ponderomotive potential and the linear Stark shift for the Ar atom
and its ions were taken into account. It was shown that, in both regimes, these processes have an influence on the transition rate behavior.
The curves obtained for the transition rate show that with increasing laser filed intensities and ion charge the influence of relativistic effects
increases.
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1. introduction laser field this field influences the electron’s binding poten-
tial, perturbs it and makes it much higher than the unper-

Studying of the photoionization of atomic and molecular Sys_turbed value. There are at least two reasons for this increase:
tems is one of the important ways to investigate the charadhe linear Stark effect and the ponderomotive potential.
teristic properties of the interaction of these systems with an  Ifan atomis placed in an external electric field, its energy
electromagnetic field. This provides many fundamental inlevels are altered. This phenomenon is essential and known
sights into light-matter interactions and because of that it hags the Stark effect. As the field increases, the states spread
been the subject of many theoretical and experimental invegut in energy and therefore have linear Stark effects even in
tigations over the years. As a result, many theories were ddower intensity fields.

fined as the theoretical framework of these processes. Every- The ponderomotive potential is caused by the quiver mo-
thing started in 1964 with the Keldysh theory [1] that showed tion of an electron in an atom. The ponderomotive potential
for the first time, that the tunnel effect and the multiphotonis directly proportional to the laser field intensity, meaning
ionization of atoms are two limiting cases of photoioniza-that its significance increases with increasing laser intensity.
tion. The theory is quasi classical meaning that an atom igherefore, the description of ionization must take into ac-
described quantum-mechanically whereas the laser field igount both effects.

treated classically. Keldysh introduced the Keldysh param-

eter of adiabaticity, determined through the field strenfgth
the frequencyv of the external field and the binding energy
E; of the electron in the atomy = w(2E;)'/?/F (in the
atomic units) [1]. Tunneling ionization is the limiting case of

2. Corrections of the ionization potential

The field free ionization potential of an atom can change un-
N i . er laser irradiation. We observed two effects which change
a photoionization process, when the dimensionless Keldys e ionization potential and, at the same time, the tunnel-
parametery < 1. ing rate in non relativistic and relativistic domains of laser
Tunneling ionization of atoms occurs in an intense lasefield intensities. In recent years (recently) modern laser sys-
field when the potential barrier of an atom is deformed intems are able to generate laser pulses with peak intensities
a way that bound electrons can tunnel thrOUgh this barrieﬂp to ~ 1022 Wcm—2_ This progress in laser physics and
and “escape” from an atom easily. Tunneling plays a centhe laser technique enables numerous experiments opening
tral role in the interaction of matter with intense laser pulseSa window to the physica| phenomena Occurring in the rela-
Fory < 1 the multiphoton dynamics dominates. Soon after tivistic domain. They became significant for intensities up to
PerelomOV, POpOV and Terent’ev developed the new PPT the; 1018 Wcm*QI We considered the deep tunne”ng regime'
ory [2] to calculate the ionization rate for hydrogen like atomsyhere the Keldysh parameter< 0.2. According to Reiss
in a linearly and circularly polarized laser field. Twenty years[4] the v — 0 limit also requires relativistic treatment.
later Ammosov, Delone and Krainov derived the ADK the-  Ap electron is always oscillating around its nucleus, but
ory [3] for the case of tunneling ionization for arbitrary com- e did not take into account this motion in our analysis.
plex atoms and atomic ions. This is still one of the commonly\we observed only electron motion in an oscillating electric
used models for calculating the ionization rate. field. The physical picture of this motion is mathematically
The ionization process is directly determined by the elecdescribed by the ponderomotive potential which represents
tron binding energy. When an atom is placed in an intens¢he time average kinetic energy of the electron oscillating
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in a laser field. We have an electron in a varying external Equation 7 indicates that under the influence of the laser
laser field and with a kinetic energy large enough so Newfield, ignoring the rapid oscillatory term, the movement of the
tonian equations of classical physics= f(ﬁ t) could be  slow-varying term is driven by an effective force:

used (here and below, the atomic system of units is used

e = m = h = 1). F(7,t) is the electric field vector at f= _Lv(ﬁ) (8)

the position of the electron. The field intensity should be ’ dw?

large along the beam axis, and should fall smoothly to zero at. . . )
some distance from the axi(7, t) can be decomposed into f is normally referred to as the ponderomotive force which

a fast oscillation term modulated by a slowly varying ampli- points along the gradient of the intensity. If the laser field is
tudeﬁ(F). For a linearly polarized field: non-time-varying, this force is a conservative one, and can be

associated with a potential given by:
7 = F(F) cos wt. 1) 2
As the light frequency from the optical range is very big, Up = 402’ ©)
we can picture our electron wiggling slightly around the cen- o
tral position at the optical frequency. This picture is mathe-O"> in @ standard system of units:
matically described if one adds a slow drift term, and a slow

212
amplitude modulation, to the standard rapidly oscillating si- » = o 5 (10)
nusoidal solution of this problem: dmew
7(t) = a(t) + ﬁ(t) cos wt, ) From Eq. 9 follows that with increasing of the laser field

intensity the influence of the ponderomotive potential on the
whered(t) is the coordinate of the position of the electron field free ionization potential’; becomes larger and it be-
andﬁ(t) the amplitude of the wiggling motion. The temporal comes more significant. Increase of the laser field intensity
variations ofa, 3 take place in a time interval much longer also leads to the relativistic domain and for these intensities
than one optical cycle. That means we can expﬁ(vﬁ) ina the relativistic ponderomotive potential may be written in the
series in3 and keep the first two terms in the expansion:  following form U;e' = /c* +2c¢2U, — ¢? [5], wherec is the
. . speed of light and/,, is the nonrelativistic ponderomotive po-
F(a(t) + B(t) coswt) tential (see the Eq. 9). To account for the ponderomotive po-
=, = =, tential we replaced the ground bound st&favith the shifted
=F(@)+ (5 V)F(@)coswt 4. (3) energyFies :pEi +U, :gEi + F? /4w for the nonrelativistic
Substituting Eq. (2) and Eq. (3) into Eq. (1) we obtain: andElf = B; + U = E; + (/' +2¢2U, — ?) for the
) B B relativistic domain.
a — w?B(t) coswt = [F(A(t)) As we already mentioned when an atom is placed in an
- _, external electrical field its energy levels undergo a splittin
+ (8- V)F(a(t)) coswt]coswt.  (4) proportional to the field intensi?z This effect igs knov‘\)/n asg

On the right hand side of Eq. 4 we have the term which in_the linear Stark effect and unlike the weak fields where it

cludescos? wt, a factor very rapidly oscillating at frequency MY b€ neglected in a strong laser field that is not the case.
w. After averaging over the rapid oscillation at frequency JSINg the perturbation theory approximation the shifted ion-
will be equivalent in gain to the term on the left hand sideization potential can be represented in the following form

which does not contain thes wt factor, so we obtain: Eiet = Bi + Eg = Ei + aF?/4[6], where g is the shift
caused by the linear Stark effect ands the static polariz-
) 1 1z . = ability of the atom. It is convenient to use the perturbation
(@) = 5T /(ﬂ -V)F(d)dt. (5)  theory for describing the aforementioned effects because of
P its simplicity and the availability of experimental data for po-
) . larizabilities for atoms and ions [7].
two-l';rejfr;es Ir?lualli?pgi:d (E)c;z;(zzp;(.)ndence between the remaining Having both effects in minde. the shift caused by the
: ponderomotive potential and the linear Stark effect, the effec-
- 1 = tive ionization potentiaFi, for the nonrelativistic (Eq. 11)

() = _E<F (@))- ©6) and relativistic (Eqg. 12) laser field intensity, can be expressed

Sinceq, 8 andF' are slowly varying quantities compared as.
to the optical frequency, their average values over an optical B B 9 9
cycle do not change, thus we can remove the average sign in Biet = By + Up + Egy = Ei + F* /4w + oF7/4, - (11)

Eq. (5) and Eq. (6): e E + U;lr)el + Eg
) 1 =
@ =5 V(F?). (7) = E; +\/c* + 22U, — ¢ + aF?/4. (12)
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resulting potential is the so-called effective potential. The

SEE P correction of the ionization potential changes the value of the

80| o effective potential/, f f (see The Fig. 2). In the parabolic

P coordinates, as a function of variabjend the corrected ion-
60 P ization potentialF; (see the Eq. 11 and 12) this potential can

’ be expressed in the form
40
(2n2 + [m| + 1)(2(E; + F?/4w + aF?/4))2
20 | Uett=—
n
2x10°  4x10° 6x10° 8x10° 1x107 Ijwiem?] - 777

FIGURE 1. The effective ionization potential;' (dot-dashed line for the nonrelativistic case and for the relativistic case in the
represents the ionization potential corrected with the ponderomo-, visti visti :

tive shift and the solid line when corrected with the ponderomotive form
and the Stark shift). 1
e (2notm|+1) (2 (Eit\/c 422U, —+aF? [4))°
The presence of additional terms leads to increasing oge“_ n

the ionization potential (Fig. 1) which means that more pho- Fn
tons or a stronger laser field is necessary for the photoioniza- ——
tion process. For the intensity 1020 Wem~=2 this increase 2
is approximately 13%. Figure 1 shows that with increase ofwhere n, is the parabolic andn is the magnetic quan-
the laser field intensity the Stark shifted potential grows andum number of the initial state. From all possible values
this is in accordance with theoretical predictions. of parabolic quantum number, only ns .., IS interesting
When an atom is “exposed” to the external laser fieldto us because the contribution of all others is negligible;
its Coulomb potential is deformed and as a result the barns,.x = n* — 1 wheren* is the effective quantum num-
rier through which the electron can tunnel is formed. Theber,n* = Z/(2E;).

y Ueff[a.ul.] | | | | n
0.5 1 15 2 2.5

S
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FIGURE 2. (a) The effective potential/;¢ for the fixed laser field intensity at the value bf= 10'® Wem~2 and#7(0,2.5), (b) Shown
maximum from (a). For both graphs the following notation is used: dot-dashed for the ionization potential without corrections, solid line for

the ionization potential corrected with the ponderomotive shift and dashed line with the ponderomotive and the Stark shift, respectively.

TABLE |. The tunneling distances.

The laser field The tunneling distance [a.u.]
intensity Went 2 Ry=% Ry = BitE?/e) Ry = (EtE? [dotaF?/4)
1014 10.7397 10.9763 11.126
) ) 2 /40 E;+ cA42c2U,—c? ) +aF?/4
Ro= 5 Ry = Bt/ go = BV 2 ) )
1018 0.107397 23.7738 38.7371
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As we can see from Fig. 2 the potential barrier is increas- W[a.u]
ing making the tunneling process harder and at the same time 1
the transition rate decreases.

Here it is convenient to show how increasing of the laser
field intensity influences the tunneling distan&, = FE;/F
[8]. It is assumed that an electron in the classical Coulomb
well moves back and forwards along one chosen axis. With ~  ,
the aforementioned corrections of the ionization potential
the tunneling distance can be written the following form as 0.2
Rg = (E; + F? /4w + «aF?/4)/F for the nonrelativistic, and

g (Bit (V/* 422U, — ) + aF?/4)
rel

0.8

0.6

a)

F
for the relativistic domain. The results obtained for the Y[au.]
two chosen laser field intensities, one from the nonrela- 1

tivistic (10'* Wem~2) and one from the relativistic domain 0.8
(10'® Wem=2) are shown in Table 1.
As can be seen from Table I, the influences of additional 0.6
processes which certainly occur in an atom are more signif-
icant in the relativistic domain. But, no matter how small, 0.4
they also exist in the nonrelativistic domain.
0.2

3. Correction of the transition rates

From all aforementioned it follows that these corrections of P)
the ionization potential must be incorporated into an expres-
sion for the tunneling rate in order to obtain a more preciseFiIGURE 3. (a) Non relativistic tunnel transition rate$}nonrel

picture of the tunnel ionization process. (b) Non relativistic tunnel yieldsYnonre. The laser field inten-
Krainov's expression for the relativistic transition rate [9] Sity = 10'* — 10'® Wem ™2 | the fixed parabolic coordinate at
is given by formula: valuen = 150 andZ = 1. For both graphs the following no-
5 ) tation is used: solid line without any correction of the tunnel rate
Woet = W, Exp | — 2E.y . EZv (13) (yield), dashed line with a correction for the initial momentum of
rel nonrel 3w 2w |’ the ejected electron, dot-dashed line with a correction for the pon-

. L. . ._deromotive shift and dotted line with a correction for the pondero-
where E, is the kinetic energy of ejected electrons. This motive and the Stark shift.

equation is obtained based on the Landau-Dykhne formula

[9] (with exponential accuracy): [11] (see Fig. 3). Herg, denotes the longitudinal compo-

to nent of the initial momentum? is the ion charge and n the
Wiy Exp[—QIm/(Ef(t) + E;)dt], (14)  principal quantum number. Selection of the ADK theory is
0 in accordance with the fact that this theory for rare gas atoms
such as Ar, Kr and Xe just foy < 0.5 fits experimental
results [12]. We incorporated corrections of the ionization
potential in the expression for the momentum of the ejected
hotoelectron

whereL; (t) is the relativistic energy for a free electron in the
laser field [10] and®; is the ionization energy for the initial
state. This formula is also valid for the relativistic case whe
the aforementioned condition concerning the photon energ
should be exchanged for a milder requirement that it must be
small compared to the kinetic energy of the ejected electron. 1 [w\/2(E; + F2/4w + aF?/4)
The classical relativistic motion of charged particles in a laser Po=73 v n
field is assumed. According to Eq. 13 the non relativistic part
of the expression has an important influence on the general —
rate behavior. We first considered non relativistic ionization \/w\/2(Ei+F2/4w+aF2/4) 1
probability, Whonrel in the frame of a widely used ADK the- K Y "
ory with the correction for non zero initial momentum of the
photoelectron wherew is the frequency of the electromagnetic laser field
5\ 2n-1 3 5 3 and I is the electric field strength. It is found that the ob-
Woonrel = (426> Exp [_ 22° 7307} (15)  served physical picture can be best described using parabolic
Fnt 3Fn? 3w coordinates [13]. The parabolic coordinates are defined as

-1

1

; (16)
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& =r+z,n1=r—zandg = arctan(y/x) wheret, n €[0,00] Now it was interesting to observe how the tunnel rate be-
and¢ €[0,27]. haves for larger laser field intensitieés. for values belong-
The obtained tunnel rates and appropriate yields, ing to the relativistic domain. So we returned to Eq. 2. Itis
assumed that the major number of photoelectrons is focused
Y = /TWdt» along the polarization axis and that the electrons have mod-

erate values of kinetic energiés = /p3c? + ¢t — 2 [9],

are shown in Fig 3. . . ¢ = 137.02 is the speed of light in atomic units. We trans-
It can be seen that the ponderomotive potential has ? . S . )
ormed this expression into the following form:

more significant influence on the photoionization yield (see

Fig. 3(b)). |
2
wy/2 (E;4++/c*4-2c2U,—c2+alF?/4
E.= % \/ ( - /)77—1— ! At+ct—c® . (17)
v w\/2(Ei+ c4+262Up702+o¢F2/4)
n 5 n—1

Wla.u) Wla.u]

2x10° 4x10° 6x10° 8x107 1x107 1[Wiem’] 2x10° 4x10° 6x10° 8x10° 1x10* I[Wem’] 2x10°  4x10° 6x10° 8x10® 1x107 l[w/em’]

FIGURE 4.Relativistic transition rat@V,e for the ion chargeZ = 1, 5, 10 respectively, the laser field intensify= 10'® — 10?* Wem™?

and the fixed parabolic coordinate at valueno= 0.25. For all graphs the following notation is used: solid line without any correction of

the tunnel rate (yield), dashed line with a correction for the initial momentum of ejected electron, dot-dashed line with a correction for the
ponderomotive shift and dotted line with a correction for the ponderomotive and the Stark shift.

tive potential and the linear Stark shift leads to decreasing
of the transition rate. Part of the laser pulse energy is used
for increasing the momentum, ponderomotive potential and
the Stark shift of ejected electrons living smaller amounts of
light quanta available for ionization of the remaining elec-
trons. But forZ = 10 the relativistic effects become more
significant and behavior of the transition rate is different. The
transition rate increases along the whole observed interval of
laser field intensities. This is completely in accordance with

I[w/em’]

0 the theoretical predictions. As one more illustration we give
the dependence of the relativistic tunnel transition rate from
the laser intensities and parabolic coordinater the ionic

102" Wem™2 andn(0.1,0.3). charge stateg =1, 5, 10.

FIGURE 5. The relativistic tunnel transition ratéy;, for the
ion charge,Z = 1,5,10, the laser field intensity = 10'® —

In Eq. 17 we expressed the initial momentum taking
into account the correction for the ionization potential (seeq.  Conclusion
Eq. 16).

We observed the relativistic transition rate based onn this paper we analyzed tunnel ionization of atoms and ions.
Eq. 13 for the argon atom which is irradiated with a Ti- The ponderomotive potential and the Stark shift were taken
sapphire laser of\ = 800 nm. Intensities are up to into account. Nonrelativistic and relativistic treatment of the
10'® Wem~2. Figure 4 shows the dependence between theransition rate was used. The results of our theoretical anal-
transition rate and the laser field intensities #oe= 1, 5, 10. ysis show that some usually neglected effects have an influ-

From Fig. 4 itis obvious that for all values of ion charges, ence on the nonrelativistic as well as on the relativistic tunnel
Z = 1,5,10 incorporation of the momentum, ponderomo- ionization rate.
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