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Deformation of an elastic cylindrical tube filled
with water and a dry granular material
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The deformation of a vertical thin-walled tube filled with a liquid or a non-cohesive granular material is investigated theoretically and
experimentally. Experiments using latex tubes filled with water or spherical glass beads have been conducted and the results were compared
theoretical results derived from the Janssen model. The results obtained suggest that soft elastic tubes could provide a simple and convenie
means to investigate the forces that arise within different materials.
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1. Introduction container. Specifically, we analyze how an elastic, latex-
walled vertical tube is deformed by the pressure of a column
In 1895, H. A. Janssen, a German engineer concerned witf liquid or by the pressure of a column of granular material
the structural design of silos for corn storage, found the lawshat fills the tube up to a certain height
giving the pressures of dry, non-cohesive granular media on  Latex is well suited for our purposes because it is a soft
the vertical walls and the base of a vertical bin [1]. Theseelastic material with a very wide regime of linear elastic de-
pressures are not the same, contrary to the case a nornfakmation [7]. This property allows visualizing, in a non de-
liquid. The model put forward by Janssen, and extensionstructive testing, the deformations originated by the hydro-
thereof, is widely used today for the design of silos contain-static pressure of a liquid or the stresses of a granular ma-
ing granular materials [2-5]. terial. Comparison between both deformations clarifies the
Pressures in quiescent liquids and in granular materialgay the pressure distributes in each material.

at rest are quite different. Consider a vertical cylindrical con-  The determination of deformations is also a preliminary
tainer filled with a granular material. The vertical pressure orstep toward an analysis of the dynamic pressures and wall
an horizontal plane at a certain depth below the surface of thgeformations arising during the flow of a granular material
material does not increase linearly with depth, as it would daunder the action of gravity. This is a very difficult problem
for a normal liquid. Instead, the Janssen’s model predicts thajue to the strong interaction between the silo structure and

this pressure tends to a constant value independent of deptiihe moving granular material [8] and it will not be tackled
The origin of this behavior is in the static friction between the here.

grains and the walls of the container. Due to this friction, the The paper is organized as follows. In next section the
container walls can support part of the weight of the material;]anssen’s original description of the pressures in a vertical

The validity and possible shortcomings of the simple thetype is presented. Section 3 is devoted to the analysis of the
ory underlying the original Janssen model have been extensiastic deformation of a thin-walled tube made of an elastic
sively tested experimentally and numerically, but, essentiallymaterial due to a hydrostatic or granular load. Section 4 re-
inthe context of the pressure and force measurements [2,4-8)orts a series of experiments where the deformation of elastic

The purpose of this work is to explore the possibility of tubes filled with water or with spherical glass beads is mea-
using the elastic deformation of the wall of a container tosured and compared with the theoretical results. Finally, the
probe the distribution of pressure in the material filling themain conclusions of the work are summarized in Sec. 5.
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e In the Janssen’s model, the vertical friction stress is as-
sumed to be given by Coulomb’s law= ., p,-, with a con-
stant static friction coefficient,,. The solution of Eq. (2)
with the conditiorp.. (0) = 0 is then [1-4]

p=(z) = P,(z) 3
with

P, (z) = pgA Il—exp (—%)] and \ =

70
2K
Equation (4) shows that the vertical pressure first in-
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is the characteristic size of the region where the pressure un-
dergoes this transition. In laboratory colummsZ 1 cm [9],

so that the wall of the container supports most of the weight
of the grains wherfll > 1 cm.

Z
gk >

3. Deformation of the elastic wall

The deformations caused by the horizontal presgui(e)
and the vertical shear stresgdepend on the mechanical prop-
erties of the wall of the tube. These deformations are com-
FIGURE 1. Schematic of the tube filled yvith a granular_material. puted here for a thin-walled open tube in the framework of
The dimensions of th(_e tu_be and the vertigal(¢)) and horizontal o Jinear theory of elasticity. Let < 7, be the thick-
(pr(2)) pressures are indicated. ness of the wall. The radial pressuse produces an ap-
proximately uniaxial state of stress in which the only nonzero
stress component is the circumferential tractipn, /e; see,
2. Pressures of a granular medium in a verti- e.g, Ref. 10. Hence, by Hooke’s law 6r/rq = p,ro/e,
cal container whereF is the elasticity modulus of the material of the wall
andér = r(z) — r¢ is the variation of the tube radius. Thus,
Consider a cylindrical vertical tube of radiug filled with a
dry granular material to a certain height (Fig. 1). Take a r(z) = 1o <1 UG > , (5)
horizontal section of the tube at a deptin the granular ma- eE/ro
terial. According to Janssen’s model, the force exerted per When the tube is filled with a liquid, the hydrostatic pres-
unit area of this section by the material above it on the masure referred to the pressure of the gas outside the tube is
terial below is a vertical pressugg(z). This pressure is not p,(z) = pgz [11], which leads to a linear variation of the
equal to the horizontal pressupg(z) of the material on the dimensionless radius(z)/ro, of the tube with depth,

wall of the tube at the same depth, but the two pressures are r(2) pgro
linearly related [1-5]: e = (1 + ?) . (6)
pr(2) = Kp.(2), (1)  The volume of the deformed tube filled with liquid is

3
; . . Trocs <1+W> —1I @)
dependent ot that characterizes the conversion of vertical 3pg eE ’
stress into horizontal stress within the granulate.
The horizontal pressure acting on the wall of the tubewhich is a relation between the volume of liquid and its
causes a friction stressbetween the wall and the granular height.
material. A simple balance of the forces acting on a slab of When the tube is filled with a granular medium, the

H
where K, named the Janssen parameter, is a constant in- 9 mroeE
V= [ nrédz =
0

the granular material reads Janssen model (1) and (3) predicts the exponentially varying
p dimensionless radius
Pz
WT%E = mripg — 27T, (2) r(z) _ [1 N Krg PJ(Z)]
) el
wherep is the bulk density of the granular material, assumed
to be independent of, andg is the acceleration due to grav- - ( 14+ KropgA [1—exp (_Z/A)I> ’ (8)
ity. el
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For large values of/), the non dimensional radius tendsto 297
the constant value = 184
r(2) [ pgrs ] 16
— = 14— 9) ]
) 2u, Fe i
The volume of the deformed tube can be easily computed but 1 ] P o
its analytical expression is rather cumbersome and will not ] QT -
be reproduced here. o
0.8 o
4. Experiments 06 1
1 o  Water
. . . . 0.4+
In this section we describe and analyze some experiments ] 5 (Gles et
performed to characterize the deformation of soft elastic 021
tubes filled with water or with spherical glass beads, and to 44 P — . : :
measure the compression force acting on the wall in the sec- 0.00 0.02 0.04 0.06 0.08 0.10 012
ond case. The experimental results are compared with the z(m)

theoretical results of the previous sections. Latex tubes werg, . - Theoretical deformation profiles;(z)/ro as a func-
used because of the very wide range of linear deformat'o'aon of z, for a latex tube filled with water (dotted straight line)

displayed by this material [7]. The tubes used in the experigptained from Eq. (6) and glass beads (dashed curve) obtained
ments are 0.20 m long with wall thickness= 7 x 107 m  from Eq. (8). Symbolg) correspond to the mean values of mea-
and internal radiusy, = 1.48 x 1072 m. The elasticity mod-  surements of the shape of tubes filled with water and symkols
ulus isE = 874.5 kPa [7]. The tubes are closed at the bot- correspond to mean values of measurements of the shape of tubes
tom and open at the top. They were filled with water or with filled with glass beads. The line(z)/r0) = 1 corresponds to the
spherical glass beads of mean diameter= 1 mm by gen- undeformed tube. Errors are of the size symbols.

tly pouring these materials from top. Solid toroidal disks of ]

radius slightly larger tham, were fitted at the two ends of €Xtents from the upper level of the material= 0) to about

the tubes to allow clamping them to external supports and = 0-12 m in the case of water and= 0.09 m in the case
stretching them (see Fig. 2). These disks cause deformatio® 9/2ss beads. These points are marked by arrows in Fig. 2.
near the ends of the tubes that are not accounted for in the TYPical pictures of tubes filled with water and with glass
previous section. The region where the experimental result§@€@ds are shown in Figs. 2(a) and 2(b), where clear differ-

can be meaningfully compared to the theoretical prediction§NCeS between the two cases are apparent. Water causes a
radial deformation that increases approximately linearly with

depth, while the profile of a tube filled with glass beads is
nearly uniform over most of its length. The explanation of
this difference lies in the different manners in which the two
material distribute the pressures.

Figure 3 shows the experimental profiles of the deformed
tubes extracted from Fig. 2(a) and compares them with the
theoretical predictions (6) and (8). In the case of water
(p = 1000 kg/m?; circles in Fig. 3), the agreement between
the theoretical (Eqg. (6)) and the experimental results is excel-
lent (we consider the fit as valid up to= 12.00 cm because
no far from this point the deformation induced by the clamp
may affect the pipes shape), showing that the linear theory
of elasticity gives a good approximation to the deformation
induced by the hydrostatic pressure.

In the case of glass beads, some properties of the gran-
ular material must be determined or be specified before

=9 cm| Eqg. (8) can be used. The beads are made of glass of density
- py = 2500 kg/m?. The bulk density iso = np,, where
- 7 is a packing factor which for a granular column has been

FIGURE 2. Pictures of deformed latex tubes filled with (a) water €ported to be abouj = 0.64 for the case of dense pack-
and (b) spherical glass beads. Red-coloured vertical lines were delNg of monodisperse spherical grains poured from top [12].
picted to show the approximately symmetric shape of the pipe andConsequently, the bulk density used in the calculation is
its relatively small deformation. p = 1600 kg/m?. The friction coefficient between the glass
beads and the latex wall was measured with the tilting plate
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methodj.e., by laid a thin layer of the glass beads onto a hor-this point. Other possible origin of the apparent non uniform
izontal plate covered with latex and after the plate is slowlydeformation of the tube could be due to the inhomogeneity of
tited and the angle recorded at which the layer of grainghe thickness along its length, which is inherent to the man-
slides off [13]. It was found that,, = 1.27. Finally, the ufacture process of this type of commercial material (latex
value of the Janssen parameter is determined from the correendom).

lation K = 1.1(1 — sin ¢), where¢ is the angle of internal
friction [5]. In our experiment we found that = 32° [14] 5
which was measured with the heap poured on flat surface’

method [13], thereforél” = 0.51 and thus\ = 1.14 cm. An experimental and theoretical study has been presented of
Figure 3 shows that the experimental deformation meathe deformation of a vertical tube made of a soft elastic mate-

sured (by using a commercial software of digital pictures to'al and filled with a liquid or a dry granular material. When
compute the shape) on Fig. 2(b) compares reasonably withe tube is filled with a liquid, the measured deformation in-
the theoretical prediction (8), when the aforementioned valcreases linearly with depth in the liquid, in good agreement
ues of the properties of the medium are used. In Fig. 2(b ith the prediction based on Hooke’s law. When the tube is
the red-coloured vertical lines were depicted to show visu illed with a granular material, the deformation rapidly levels
a”y the approximate|y symmetric Shape and the small deforlp a Cpnstant Vallue. with ianeaSing depth This result is in
mation of the elastic pipe. In this latest case a slight pixelaline with the prediction of Janssen’s model.

tion (individual pixels are clearly discernible along the verti-

cal direction) is observed on the latex pipe image, howeveracknowledgments

on average, mean values of measurements fit reasonably the

theoretical profile (dashed line), which we consider as validAuthors acknowledge to the anonymous referee for helpful
up toz = 9.00 cm due to presence of the clamp no far from comments on an earlier version of the manuscript.
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