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The elastic scattering data for low-enerdf. (< 80 MeV) positive pions from carbon-12 and oxygen-16 nuclei has been successfully
analyzed by using our local optical potential based on the inverse scattering theory within the framework of the full Klein-Gordon equation.
It is found that the same potential parameters used intthe '>C, cases are still valid for™—'2C with a need to change the three
parametersRy, Vi andWs with the pion’s incident kinetic enerdy,.. This is also found to hold in analyzing successfully the measured
angular distributions for ™ —'60 in the same energy region. The systematic trends in the changed three free potential pafameteaad

W with T are compared to their counterparts for—'2C. The different relations obtained for the two cases under consideration'?C
andrT—160, reveals their dependence on the atomic weight of the target nucleus. As such, this suggests the use of a scaling method tc
obtain the potential parameters for a certain pion-nucleus system,-a$°O, from a similar nearby one, as"—'2C. Further studies are

needed to confirm our new findings.
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1. Introduction gives a reasonable agreement between the analytical forms
of the potentials and the extracted potential points. This will
It is well-known that pion-nucleus elastic scattering has beetve in conjunction with providing a nice explanation for the
of great importance in nuclear physics and other related discexperimental angular distributions. The accuracy of the ex-
plines. The pion’s properties of having a spin zero, an isospitiracted potential points is affected by errors that obligatory
one and a mass between the electron and the nucleon mass@sst in the phase shift analysis of the scattering data, and
make it the most useful probe of nuclear research [1]. Conusually given as error bars. Alam [8] has highlighted all pos-
trary to other probes, as electrons and protons, the pion hadble errors and provided valuable suggestions for reducing,
both charges which makes it special in describing Coulomtput not eliminating, their effects.
effects and studying the charge-exchange scattering experi- So either the nonexistence of phase shift analysis or the
ments. In particular, low-energy pions are of special interunavoidable errors in the available phase shifts for pion-
est and importance as they can penetrate deeply into the naucleus scattering data limits, if not prevents, the use of
cleus, and information about the nuclear interior can be obthe inverse scattering theory. This creates a strong motiva-
tained [2]. This attribute is very important in gleaning nu- tion to search for an alternative method that gives approx-
clear information as nuclear structure and densities; in addimate values, if not exact ones, for the potential parame-
tion to other subtler aspects [3]. Nevertheless, the low-energiers. For nucleus-nucleus and alpha-nucleus cases, the scal-
pion-nucleus elastic scattering process contributes to the s#Ag method [9] has shown a reasonable success. With this in
lution of pionic-atom problem, especially the explanation ofmind, we are trying to test the extent of success for a scaling
the shifts and widths of the energy levels in pionic atoms [4].method, or relatively a similar one, in obtaining approximate
The significance of the low-energy pion-nucleus elastic scatvalues for the potential parameters by scaling from one pion-
tering measurements remains incomplete without the comaucleus system to another nearby one in the same energy re-
plementary theoretical treatments. As alluded to in a previougion. In this investigation, we try this method in obtaining
study [5], several theoretical optical models, used in explainthe 7™ —'°O potential parameters from the" —'2C poten-
ing the pion-nucleus elastic scattering data, faced a limitedial parameters.
success. This provides a strong inducement to use our poten- The following section briefs the theory. In its subsequent
tial adopted in explaining successfully the measured differsection, results and discussions fot —10 and =+ —12C
ential and reaction cross sections for the elastically scatteregystems, and the scaling method are outlined. The last sec-
low-energy negative pions from the same nucl&G [6]. tion summarizes the conclusions.

When phase shift analyses are available for elastically
scattered pions from certain nuclei, one can use the inversg. Theory
scattering theory as a guide to extract potential points from
available phase shifts [7]. Then one can search for better pdrhe adopted nuclear potential heté; (), has the same an-
tential parameters, by adjusting one parameter or more, thatytical form used in our recent study [6]:
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TABLE |. The changed three potential paramet®sgin fm), V1 (in MeV) andWs(in MeV) used in Eq. (1) for incident positive pions with
energiesl’-(in MeV) noted in column one and incident on carbon-12 target. Other potential parameters, also given in Eq. (1), are kept fixed
with the valuesly, = —37.0 MeV, ap = 0.324 fm, Ry = 3.00 fm, a1 = 0.333 fm, R3 = 1.70 fm andas = 0.370 fm. Our calculated
reaction cross sections,. (theor) in millibarns, compared to the available experimental anggxpt) in millibarns, are listed in columns

5 and 6, respectively. The last column shows the references for availa(ebept).

Tr Ro \% Ws o (theor) or (expt) References
13.9 4.11 160 -285.0 368.1 Not Available -
20.0 4.00 150 -210.0 247.0 Not Available -
30.0 3.85 129 -120.0 144.4 114 [4]
94+ 7 [30]
35.0 3.80 119 -95.0 119.1 Not Available -
40.0 3.75 103 -77.0 106.5 Not Available -
125 + 14 [29]
50.0 3.67 83 -53.0 83.4 117 [27]
120.9- 165.7 [28]
152 + 14 [29]
60.0 Not Available
65.0 3.54 57 -54.0 99.1 202 + 17 [29]
80.0 3.46 31 -95.0 158.7 Not Available -

TABLE Il. The changed three potential paramet®gsgin fm), V1 (in MeV) andWWs(in MeV) used in Eq. (1) for incident positive pions with
energiesl . (in MeV) noted in column one and incident on oxygen-16 target. Other potential parameters, given in Eq. (1), are kept fixed
with the same values as carbon-12 target, Vo, = —37.0 MeV, ap = 0.324 fm, Ry = 3.00 fm, a1 = 0.333 fm, R3 = 1.87 fm and

as = 0.370 fm. Our calculated reaction cross sectioms(theor) in millibarns, compared to the experimental omegexpt) in millibarns,

are presented in columns 5 and 6, respectively. The last column displays the references for avdéaplg.

Tr Ry % W3 o (theor) or (expt) References
20.0 4.15 180 -300.0 352.9 Not Available -
30.0 4.00 155 -175.0 2115 44 [31]
40.0 3.89 125 -110.0 151.1 141 [31]
50.0 3.79 100 -78.0 122.1 184 [31]
201 [4]
60.0 3.67 85 -54.0 92.5 Not Available -
70.0 3.60 64 -80.0 143.4 Not Available -
80.0 3.55 42 -133.0 223.2 Not Available -
given by:
V) = —— 2 (3_2) r<R
resp (758) 14 e (52)] Volry=4 Tt S @
s r> R

Ws3 exp (—T;? )
3 (1) where Zr is the atomic number of the target nucleus,
{1 + exp (%)] e? J4mey = 1.44 MeV.fm, g is the permittivity of free space

o . _ andR, is the Coulomb radius. The total potentialr) is the
i.e, it consists of a real part composed of an attractive Woodssym of nuclear and Coulomb potential terms:

Saxon and a repulsive squared Woods-Saxon terms, and

an imaginary phenomenological attractive surface Woods- V(r) = Vn(r) + Va(r) ()
Saxon term, respectively. For an incident positive pion and

a target nucleus, which is considered of a uniformly charged To calculate the scattering amplitude, the differential and
spherical distribution, the Coulomb potential teffp(r) is  reaction cross sections, the poteniigl) is implemented in

+1
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the radial part of Klein-Gordon equation: where Py(cos 6) is the Legendre polynomial, and, is the
1(+1 Coulomb phase shift defined by [12]:
d?/dr® + k* —U(r) — 5 [Bu() =0 (4

1 1 1
avzargF<7+2+in>+27r<7—2—€) (12)

In order to put Eq. (4) in a more convenient mathematical

form, Ry,;(r) is written as: and the parameteris given by :

2
1
- 72 2
which assures the convergencewf;(r) at the origin,i.e. ¢+ 2) 2L (13)

lim, g ¢ni(r) = 0, and Eq. (4) becomes,
& N 2(0+1) d
dr? r o dr

Rn((r) = (kT)ZJrlQOnl(T) (5)
S

Knowing f(0), the elastic differential cross sectiafy /df2,
+ k2 —U@)| ou(r)=0 (6) can be calculated using the formula:

do
with k2 andU (r) are given by = |F(O)[? (14)
E* = (B? — m?ct) /hc? (7)  In addition, one can easily calculate the reaction cross sec-
tions,o,., defined as:
2F T
U(r) = y35[V8r) = V3(r)/2E] (®) or =15 2 2L+ 1)1 =S (15)
{=0

where E, m, andc are the effective pion energy, effective 9is )

pion mass, and the velocity of electromagnetic wave in vacWherese = ¢=°* is the S-matrix. _ ,
uum, respectively. Using Numerov's method, Eq. (4) is in- _Benefiting from pion'2C, 1°0 available phase shifts
tegrated numerically from the origin outward. As such thel13,14] and the use of inverse scattering theory, with a com-

logarithmic derivative for the inner solution is obtained at theP!€te relativistic treatment, in conjunction with obtaining a
surfaceji.e. atr = R where the nuclear part of the poten- nice fit for available differential and reaction cross sections

tial Viy(r) vanishes. In contrast, the outer solutiae, for data within the framework of the relativistic Klein-Gordon
r > R, where the potential is purely Coulomb, is well-known equation, the real and imaginary parameters of the poten-

and is given by tials were determined. The inverse scattering theory, used as
a guide for extracting potential points from available phase
_ 1 exp(2ide) — 1 shifts, was fully explained [15] and, as such, will not be re-
Pue(r) = (kr)“l{Fdn’ k)t = peated here.
x [Gen, kr) +4F4(, kr)]} ® 3 Results and Discussion

where the relativistic versions of the regular and irregu-3 1 +_12¢c case

lar Coulomb wave functionsF, and G, respectively, are

used. These relativistic Coulomb wave functions are genern a recent study [6] the— —'2C elastic scattering data has
ated when the nuclear part is turned off in solving the radiabeen successfully analyzed by using a three-term simple lo-
part of Klein-Gordon equation [10,11]. For a projected posi-cal optical potential obtained by using inverse scattering the-

tive pion, the Sommerfeld parametgrs the defined by : ory, as a guide, from available phase shifts. As such, and
following the same strategy, we started by analyzing the

ZTCVE 12 . . .
=7 (10)  7+-12C elastic scattering data in the same low-energy re-

gion. As indicated in Table I, six potential parametéis =
with « is the fine structure constant. —37.0 MeV, ag = 0.324 fm, Ry = 3.00 fm, a; = 0.333 fm,

At the matching radius = R, which is taken 5.4 fm and Rs = 1.70 fm andas = 0.370 fm, were kept fixed and the
6.0 fm form™ —12C andn ™ —'°0, respectively, the inner and other three parameter®,, V; and W5, were changed with
outer logarithmic derivatives are equated and complex phasge pion’s incident kinetic energy;:, to provide a nice agree-
shifts, d,, for all contributing partial waved, are obtained. ment between measured and calculated differential and reac-
This makes it feasible to calculate the scattering amplitudgjon cross sections. The analytical forms of these potentials,
f(#), at angled in the center of mass system, using the for-3long with the extracted potential points from available phase
mula: shifts [13,16] are shown in Fig. 1 at all energies considered

1 & _ _ herein. In Fig. 2, and by using these potentials, our calculated

f(0) = %% Z(% + 1)e*77[e* —1]Py(cos#) (11) differential cross sections are compared with the experimen-
ik :

£=0 tal ones [16-24]. The agreements are very satisfactory. In
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addition, our calculated reaction cross sections at all energiesalculated reaction cross sections simulate the correspond-
under consideration, compared to the available experimentéhg changes in the strength of the imaginary p&t,. This
ones, are shown in Table I. Unfortunately, the available experis highly expected as both represent the opening of inelastic
imental and theoretical reaction cross sections [4,25-28] arehannels.

cloudy and uncertain; and even with no agreement on their Concerning the three potential paramete®s,(V;, W3)
increasing behavior with energy [29]. In addition, the situa-that change with,, it is found that bothR?, andV; change

tion is more corrupted if one compares the reported reactiotinearly, while W3 changes quadratically, withi. as clearly
cross sections at 30 MeV [4,30,31] shown in Tables | and lirepresented in Figs. 6, 7 and 8. By applying a spline fit for
as the value for the carbon case is almost two to three timesach of these graphs, the following corresponding relations

as that for the oxygen case. are obtained:
Unfortunately this is an outrageous contradiction, but still
acceptable compared to the more valuable and positive re-  Ro = —9.58 x 107 +4.17 (fm) (16)

sults. As such, the priority here is given for the ability of
the potential to provide a nice agreement between predictions
and experiment for elastic differential cross sections rather W3 = —0.12572 + 14.4T, — 451.0 (MeV) (18)
than reaction cross sections. In principle, this forms a strin-

gent test for the correctness and success of the potential. Nev- Itis clear that thé/; — T relation in (17) is different from
ertheless, and in our investigation, one can also notice that tite corresponding one obtained for the —'2C scattering

Vi = 2.00T; + 187.00 (MeV) (17)
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FIGURE 1. The real (solid line) and imaginary (dashed line) parts of the potentials used in anatyzintf C elastic scattering data at the
indicated eight pion’s incident kinetic energies. Where available, the analytical forms of the real and imaginary parts of the potentials are

compared with the real and imaginary potential points, shown as solid circles and empty triangles, respectively, extracted from available
phase shifts [13,16] using inverse scattering theory.
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case [6]. This consolidates the need for different, althoughu; = 0.333 fm, R3 = 1.87 fm anda3 = 0.370 fm; and the
close, potentials in explaining the elastic scattering data fothree changed paramete®s, V; andWs. All these parame-
pions with both charges. This is also supported by the obters are indicated in Table Il. The analytical forms of the po-
tentials, real and imaginary parts, are plotted in Fig. 3. These
potentials, real and imaginary parts, are reasonably compared
with the potential points, solid circles and empty triangles,
respectively, extracted from available phase shifts [14,31] us-
ing inverse scattering theory. Using these potentials, with
only three free parameters, our calculated differential cross
tic scattering data forms an inducement to use it in analyzingections are in very good agreement with the experimen-
the 7t —160. This has been carried out in a similar fashiontal values at 30, 40 and 50 MeV [16,20] but slightly differ
as phase shift analyses are available at most, if not all, eneat forward angles for 20 MeV [19] and at large angles for
gies under consideration. This enables the use of the welBO MeV [1] as clearly depicted in Fig. 4. It is worth to men-
established inverse scattering theory, for the elastic scattetion that all the fixed six parameters have the same values
ing of two non-identical particles, to be used as a guide iras forr*—12C case, but with a slight change in the absorp-
determining the potential parameters. The obtained potertion radiusR3. As in ther™—12C case, our calculated reac-
tial parameters consist of six fixed parameters with the valtion cross sections, compared to the experimental ones where
available, are tabulated in Table Il; and again the evidence

tained values, and the corresponding relations, Hgrand
Ws.

3.2. 7t—-160 Case

The success of our potential in explaining the—'2C elas-

uesVy = —37.0 MeV, a9 = 0.324 fm, R; = 3.00 fm,
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FIGURE 2. Our calculated differential cross sections represented by solid lines, using our potentials in Fig. 1, are compared with the
measured ones [16-24] at the indicated eight pion’s incident kinetic energies.
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FIGURE 3. The real (solid line) and imaginary (dashed line) parts

of the potentia|s used in ana|yzimd’_160 elastic Scattering data FIGURE 4. Our calculated differential cross sections represented

at the indicated five pion’s incident kinetic energies. The analytical by solid lines, using our potentials in Fig. 3, are compared with

forms of the real and imaginary parts of the potentials are comparedhe measured ones @ = 20 MeV [19], T = 30, 40, 50 MeV

with the real and imaginary potential points, shown as solid circles [16,20] andT’> = 80 MeV [1] as indicated.

and empty triangles, respectively, extracted from available phase

shifts [14,34] using inverse scattering theory. on available experimental and theoretical values [4,16,26,31]
is scanty. This is very obvious in the very large discrepancy
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in the total reaction cross sections of 166 and 284 mb, aB.3. The Scaling Method
50 MeV for 7+ 160 case, reported by Meiraat al. [26]
and Malbroughet al. [31], respectively. Hence, our calcu- Scaling potential parameters of a certain nuclear system to
lated reaction cross sections are proposed pending further ranother nearby one has been used with a reasonable success.
lated studies. It has been established that scaled potential parameters can
Again, applying a spline fit to each of the three changedoredict the general feature of the cross section. It is worth-
parametersiy, V7 andWs with 77 reveals the following re-  while mentioning that the derived scaling relations rely on
lations: a strong theoretical background as they are connected to the
_ —3 well-known energy density functional (EDF) theory [7]. In
Ro = —10.10 x 10777 + 4.311 () (19) fact, Haider and Malik [9] obtained th&C - '2C poten-
Vi = —2.27T, +221.00 (MeV) (20) tial parameters by scaling th€O - 'O potential param-
5 eters [32]. Also Malik and Reichstein [33] have obtained
W3 = —0.162T; +18.9T — 607.0 (MeV) @1)  thea - 325,315 potentials by scaling from the - 22Si po-
These three relations fart—160 case are different from tential parameters [34]. In addition, Shehadeh and his co-
their counterparts given by Eqgs. (16), (17) and (18) forworkers [7,35,36] have used the scaling procedure as a guide
7t —12C case. This strongly indicates the dependence of than determining the potential parameters 8 - ®Ni, 36S -
parameters of these potentials on the atomic massf the ~ °64Ni, 4°Ca -48Ca and?7Al - °Ni nuclear systems. Nev-
target nucleus. So in comparison, and in connection, wittertheless, Sabrat al. [37] have used scaling to obtain the
the scaling method for none relativistic alpha-nucleus angbotential used in their study. In all mentioned cases, the goals
nucleus-nucleus scattering cases, does a scaling method existhind using the obtained potentials by scaling procedure are

for pion-nucleus cases? achieved; and a remarkable success was very obvious. This
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FIGURE 5. In the left side, predicted elastic differential cross sections calculated at pion’s incident kinetic energies of 60 and 70 MeV.

The right side shows the analytical forms of the potentials, real and imaginary represented by solid and dashed lines, respectively, used i

predicting these elastic differential cross sections.
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FIGURE 8. The depth of the imaginary part of the potential versus
the pion’s incident kinetic energy. The solid and dashed curves are
for nT—12C andr T —1'%0 cases, respectively.

creases a¥);. increases. The ratio between the slope&ef
given by the relations (16) and (19), and represented in Fig. 6,
is 1.054. Similarly, the paramet&f also decreases d% in-
creases. The ratio between the slopegiofiven in (17) and
(20), and plotted in Fig. 7, is 1.135. Such close ratios which
are, in turn, close t9A,)'/3/(A;)'/? = 1.10 makes it fea-
sible to scale the two parametelRg and V; with the pion’s
incident kinetic energ{’,, and the atomic weight$A,) and
(As), of the two target nuclei in the two pion-nucleus sys-
tems. On the contrary, the paramel&s changes quadrati-
cally with T';. A deep look at théV’3-relations, given in (18)
and (21), reveals that relation (21) is obtained by multiply-
ing (18) with 1.3 which is approximately the ratio between
the atomic weights of the two target nucleg. 16/12,i.e.

W3 didn't follow the A'/3 rule in scaling. Moreover, Fig. 8

the pion’s incident kinetic energy. The solid and dashed lines areshows that botfiV’s — 7). curves have a minimum at 60 MeV.

for 7T —12C andr™ —150 cases, respectively.

Such a behavior is in accord with the calculated cross sections

is also compelling to use the scaling method in analyzindisted in the tables; and may be attributed to the pion mean
high-energy alpha-nucleus scattering data from a recent sufi€e path that allows a minimal number of pion-nucleon in-

cessful determined potential [11].

Here, and in this new preliminary study, we are investi-

elastic scattering fof’, = 60 MeV compared to other lower
and higher energies in the low energy region under consid-

gating the possibility of scaling from one pion-nucleus sys-eration. This is clearly manifested iv; as the other two

tem to another; namely from* —12C into 7+ —10. So far,

imaginary parameters;; andas, remain unchanged.

we have obtained systematic trends for the changed potential In Fig. 6, the values of?, at 13.9 and 80 MeV are not on
parameters with energy rather than exact scaling relationshe straight line which may suggest that a better scaling pro-
This is clearly indicated in the Figs. 6, 7 and 8. This is alsocedure is obtained for a certain energy intervallas< 20

legal as the possibility of parameterization of pion-nucleusveV, 20 < T, < 80 MeV and80 < T, < 100 MeV. With a
optical potential has been previously drawn to attention [38]reasonable degree of confidence, especially in the energy re-

One may notice that the fixed paramefey has differ-
ent values for oxygen-16R; = 1.87 fm, and carbon-12,
R3 1.70 fm, cases.
the ratio,1.87/1.70 ~ 1.1, equals the ratiod}/®/A}/® =
(16)'/3/(12)'/3. On the other hand, is the same for both

gion20 < T, < 80 MeV, the new suggested scaling method
is summarized by a) multiplying the two paramet&sand

It is very interesting to see that1; by 1.05-1.14, b) multiplying the paramet8r; by 1.30,

and c) keeping the other six parameters fixed vidgHollows
the A1/3 rule. To become sure and more confident, and with

cases which may tell that the positive incident pion starts facthese encouraging results, the analyses of elastically scattered

ing a noticeable repulsion &; = 3.0 fm. This is legitimate
as the two target nuclei are close to each other and each
them is tightly bound nucleus. For the parametey, it de-

positive pions fron?®Si, 232S,40Ca,*¢Fe,*®Ni and*°Zr nu-
ofear targets by scaling from* — 12C andr+ — 150 cases
will be investigated in the nearest future.
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4. Conclusions

is found to be the same 4s,)'/%/(A,)'/? and, as such, to
follow the A'/3 rule. With these important findings, this pa-

In this investigation, the adopted simple local optical poten{P€r will be a contribution to fit further experimental data in
tial shows a remarkable success in explaining low-energ§n€ energy range defined here, and shows the success of the
xt—12C, 160 elastic differential cross sections data. TheScaling method prediction of potential parameters on similar
role of the inverse scattering theory in guiding to the cor-nuclei to describe the pion plus elastic scattering.

rect potential parameters is very obvious. For the first time,

the use of a scaling method with changes in three free poacknowledgments

tential parameter®,, V1, and W3 with 7. has been estab-
lished. In fact, linear relations faR, andV;, and quadratic
relations forW; for both 7+ —-12C and 7+ —160 systems
have been obtained. The slopes®f and V; are related
to (A2)'/3/(A;)'/3 while W is connected toly/A;. Also
the ratio betweeR; values forrt—12C andrt—160 cases
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