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Birefringence description of a helical fiber-coil
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Helical coils are used to produce compact fiber devices with stable polarization properties. We have developed a matrix model for such a
fiber, taking into account effects of photoelastically induced anisotropy and geometrical phase, on residual birefringence and diattenuation.
We present here the theoretical basis used to construct the model and experimental results that validate it.
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1. Introduction

The polarization properties of a helical coil include strain-
induced birefringence, and a geometrical contribution due to
the out-of-plane trajectory described by the light beam travel-
ing along the fiber [1-6]. While the geometrical phase can be
easily calculated taking into account the helix geometry [7],
there is no agreement on how to model the strain-induced
birefringence properties of helical coils [8-19].

Helically wound fibers have been mainly applied for the
construction of electric current and magnetic sensors [20-23].
In these cases, it has been argued that in addition to the Fara-
day signal there is an unwanted linear birefringence contri-
bution associated mainly to fiber bending. To minimize or
cancel out this unwanted perturbation several methods have
been developed [24-30]. Comparing the models reported in
the literature [21-30] we noticed there is no agreement on the
birefringence description of a helical coil.

There is a wide application of helical coils in polarimet-
ric fiber devices and additional potential uses with erbium-
doped fibers are possible. However, to achieve the required
optimization of polarization performance in these fibers, it is
necessary to gain a clear understanding of their birefringence.
In this work we present a birefringence matrix model based
on geometric properties of helices and the resulting effects on
topological phase contribution [7], and diattenuation. These
stress induced and phase contributions have been described
using classical polarization optics, and verified experimen-
tally using erbium-doped fibers. To justify the use of a coil
built with an erbium-doped fiber it is important to mention
that the linear and circular components of their birefringence
and their diattenuation are stronger than those observed for
helical coils built with standard fibers [31,32].

2. Theory
2.1. Helix

Helix is the out-of-plane curve described by the hypotenuse
of a right angle triangle wound around a right circular cylin-

FIGURE 1. Geometrical parameters used to describe a helix:r rep-
resents its radius,ξ is the turning angle andp is the pitch.

der when the wrapped cathetus overlaps with the cylinder
base. In a Cartesian coordinate system the helix is described
by the following equations

x = r cos ξ

y = r sin ξ (1)

z = pξ/2π

wherer is the radius of the circular base,ξ is the turning
angle shown in Fig. 1 andp is the pitch length of the helix.

The helix curvature describes how fast the tangent vector
is changing its direction, and defines the direction of the nor-
mal vector along the helix, a unitary vector whose orientation
varies along the curve. Curvatureκ is given by

κ = r2/(r2 + p2). (2)

The vector product of the tangent and normal vectors pro-
duces the binormal vector, another unitary vector whose rota-
tion speed at the given point measures the helix torsionτ [33],

τ = p/(r2 + p2). (3)
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2.2. Strain-induced birefringence

Practical single-mode fibers are birefringent due to residual
stress and the slight deviations of their cross sections from
a perfect circular symmetry. The experiments we have per-
formed on standard, erbium-doped [34] and photonic single
mode fibers have shown that their residual birefringence cor-
responds to that of an elliptical retarder (simultaneous com-
bination of linear and circular birefringence). This residual
anisotropy is modified by bending and torsion when the fiber
is helically wound.

It has been shown that the resulting bend-induced bire-
fringence is linear [35]. Hence, when the helically induced
birefringence is the dominant effect, the normal vector asso-
ciated to this strain defines the orientation of the fast birefrin-
gence axis of the fiber.

In regard to torsion, it has been shown that for an opti-
cal fiber that behaves as an elliptical retarder, twist-induced
birefringence can be described in terms of the product of two
matrices. A rotation matrixR(bτ + β) associated to the gy-
ration of the birefringence axes produced by torsion [36] and
a modified elliptical retarder matrixM τ [37]

R(bτ + β) M τ . (4)

In Eq. (4),M τ is the matrix of an elliptical retarder with
a retardation angleδ between polarization eigenmodes given
by

δ = δ0 + cτ ; (5)

whereδ0 is the retardation angle between polarization eigen-
modes for the uncoiled (straight) fiber, c is a constant (∼ 1)
andτ is the applied torsion. As we can see (Eq. 5), the retar-
dation angle between polarization eigenmodes varies linearly
with the applied twist. When the twisted fiber is a single-
mode erbium-doped fiber, its enhanced induced birefringence
allowed noticing that the linear birefringence presents two
orthogonal components with an independent twist depen-
dence [38]. Summarizing, in a helical fiber coil, due to the
residual elliptical birefringence the fiber has linear and circu-
lar birefringence components. In addition, the helical wind-
ing contributes with: a) a linear birefringence induced by
bending, b) a modification in the linear and circular compo-
nents of the residual birefringence produced by the applied
torsion (Eq. (5)) - this change includes an independent vari-
ation of linear birefringence at 0◦ and linear birefringence at
45◦ (Jones birefringence), modifying the azimuth ellipticity
angles of the coil’s elliptical birefringence in reference to the
corresponding value for the straight fiber, and c) a geomet-
ric rotation. In addition to all these effects, present in every
differential segment of the helical coil we must also consider
diattenuation. Diattenuation is produced by bending in stan-
dard fibers [39] and in laser fibers it is mainly a result of the
anisotropic absorption of erbium-doped fibers.

Using the differential matrix calculus developed by R.C.
Jones [40] we can deal with the above mentioned simul-
taneous contributions. Employing this formalism, the dif-
ferential linear birefringence contributions at 0◦ and at 45◦

can be added to produce the total differential linear birefrin-
gence contribution. Furthermore, total differential matrices
for linear birefringence, circular birefringence and the gyra-
tion component are also added to build the total differential
retardation matrix.

Twist-induced birefringence in erbium-doped fibers was a
case, already solved, which included these contributions [38].
It was shown that the resultant description is equal to the
product of a gyration matrix by an elliptical retarder matrix

R(ς)Me (6)

where the gyration angleς is in this case equal ton2π(1 −
cos ξ), beingn equal to the number of helix loops [7]. In this
work, Me is the birefringence matrix of an elliptic retarder
with diattenuation [41]

Me =
Aα

γ2
[M1 M2 M3 M4]. (7)

The column vectors in Eq. (7) are

M1 =




γ2 coshα
−αR cos 2εa + δV cos 2ε

αδM sin 2(εa − ε)
−αR sin 2εa + δV sin 2ε


 =




m11
m21
m31
m41




M2 =




−αR cos 2εa + δV cos 2ε
1
2 [cos δ(γ2 − α2 cos 4εa − δ2 cos 4ε)+
cosh α(γ2 + δ2 cos 4ε + α2 cos 4εa)]

−δR sin 2ε− αV sin 2εa

− 1
2M(α2 sin 4εa + δ2 sin 4ε)




=




m12
m22
m32
m42




M3 =




−αδM sin 2(εa − ε)
δR sin 2ε + αV sin 2εa

γ2 cos δ
−δR cos 2ε− αV cos 2εa


 =




m13
m23
m33
m43




M4 =




−αR sin 2εa + δV sin 2ε
− 1

2M(α2 sin 4εa + δ2 sin 4ε)
δR cos 2ε + αV cos 2εa

1
2 [cos δ(γ2 − α2 cos 4εa − δ2 cos 4ε)+
cosh α(γ2 + δ2 cos 4ε + α2 cos 4εa)]




=




m14
m24
m34
m44




where the retardation angle between the elliptical eigen-
modes isδ, ε is the birefringence ellipticity angle (Fig. 2a),
α is the elliptical absorption,Aα = e−αoL, L is the fiber’s
length,αo is the isotropic absorption,εα is the angle formed
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FIGURE 2. The linear and circular birefringence add geometrically. To describe the total retardation the ellipticity angleε must be specified.
Linear and circular diattenuation also add geometrically. The angle between the total diattenuation and its linear component isεa.

by the total absorption and the linear component of absorp-
tion (Fig. 2b), γ2 = δ2 + α2, R = δ sin δ + α sinhα,
V = α sin δ− δ sinh α, M = cos δ− coshα [41]. Up to this
point we are assuming that the birefringence axes are aligned
with the laboratory reference frame;i.e. the azimuth angle of
the birefringence matrix is zero.

2.3. Output polarization state

In this work we use linearly polarized input signals with az-
imuth angleϕ, and we assume that the azimuth angle of the
fast birefringence axis of the helical coil isθ. For these sig-
nals, the output state of polarization (SOP) is given by

Sout=R(−θ) · R(ζ) ·Me · R(θ) · (1, cos 2ϕ, sin 2ϕ, 0)t (8)

wheret indicates transpose. Using Eq. 7, the Stokes param-
eters of the output SOP are:

S0=
Aα

γ2
[m11+m12 cos 2(θ−ϕ)−m13 sin 2(θ−ϕ)] (9)

S1=
Aα

γ2
{cos 2(ζ−θ)[m21+m22 cos 2(ϕ−θ)

+m23 sin 2(ϕ− θ)] + sin 2(ζ − θ)[m31

+ m32 cos 2(ϕ− θ) + m33 sin 2(ϕ− θ)]} (10)

S2=
Aα

γ2
{cos 2(ζ−θ)[m31+m32 cos 2(ϕ−θ)

+m33 sin 2(ϕ− θ)]− sin 2(ζ − θ)[m21

+ m22 cos 2(ϕ− θ) + m23 sin 2(ϕ− θ)]} (11)

S3=
Aα

γ2
[m41 + m42 cos 2(θ − ϕ)

−m43 sin 2(θ − ϕ)] (12)

3. Experiment

The evaluation of the output state of polarization was per-
formed using the semi-automatic polarimetric device shown
in Fig. 3. The monochromatic signal from a tunable laser
source (TLS, Hewlett Packard 8168C) was circularly polar-
ized by means of a polarization controller. An isolator was
used at the TLS output to avoid instabilities produced by re-
flections. The circularly polarized signal was collimated with
a fiber/air coupler c1, and used to illuminate the linear polar-
izer (P), fixed to a motorized rotating mount supported on an
automatic translation stage. The collimated light emerging
from the polarizer was coupled (air/fiber coupler c2) to the
fiber coil sample (coupler c2 was also fixed to a motorized
linear translation stage).

The prism polarizer’s orientation was scanned using the
motorized rotation stage. The emerging linearly polarized
signal was collimated (c3), and traveled through air to an-
other device (c4) used to couple the polarized output signal
to a tunable Fabry-Perot filter and to the light polarization
analyzer (Agilent 8509C).

For each signal wavelength, coupler c2, the fiber coil, and
coupler c3 were removed from the polarimeter optical axis
and the collimated signal emerging from the prism polarizer

FIGURE 3. Semiautomatic polarimeter. Monochromatic circularly polarized light impinges on the input prism polarizer producing a linearly
polarized signal used to illuminate the fiber coil. Light emerging from the helical coil is collimated and inserted in the polarization analyzer.
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FIGURE 4. Trajectories depicted by the output polarization states.
Each color corresponds to a different signal wavelength. Thicker
lines were used to highlight the selected wavelengths (magenta-
1540, black-1545, blue-1550, red-1555, cyan-1560 nm). Thinner
lines correspond to wavelengths between 1517 to 1535 nm and
1565 and 1580 nm.

TABLE I. Erbium fiber used to build the helical coil.

Type r pitch length

402 K5 (INO) 14.8 cm 0.5 cm 8.1 m

the prism polarizer was used to define the polarization ana-
lyzer reference frame. To verify the quality of the circular
state of polarization emerging from coupler c1, the prism po-
larizer can also be removed from the set up (afterwards, it
can be precisely repositioned using the motorized translation
stage).

The evolution of the state of polarization of the signal
traveling through the helically wound erbium-doped fiber
(Table I) was evaluated using the wavelength scanning tech-
nique [34];i.e., the wavelength of the linearly polarized input
signal was varied and the results obtained for the different

wavelengths were compared for a fixed azimuth angle.
When using this method, it is assumed that the retardation
angleδ between polarization eigenmodes

δ = 2πd∆n/λ (13)

presents the same behavior when the fiber length sample d
varies (cut back method), as when the wavelength valueλ of
the light signal is modified. This is true if the fiber birefrin-
gence∆n does not change with the signal wavelength.

Here it is necessary to take into account that erbium-
doped fibers present an anisotropic absorption;i.e., the value
of the birefringence parameter∆n depends on the azimuth
angle of the linearly polarized light used to illuminate the
sample. Therefore, in order to select a wavelength range in
which the variation of the fiber birefringence∆n with wave-
length and with the azimuth angle of the input linear polar-
ization could be neglected, we evaluated the variation of the

FIGURE 5. Experimental and theoretical values of the Stokes pa-
rameters for linearly polarized input signals with azimuth angles
equal to a) 10◦, b) 20◦ and c) 30◦. Along the horizontal axis we
have the signal wavelength inµm.

output state of polarization for a straight sample (1.52 m) of
the same fiber used to build the helical coil. The output SOP
measured for monochromatic linearly polarized signal wave-
lengths (1517 and 1570 nm), was evaluated scanning the in-
put azimuth angle from 0 to 360◦.

To compare the output states of polarization we mini-
mized the contribution of errors due to coupling and wave-
length dependent absorption, normalizing each output Stokes
vector. Under these conditions, mapping the results obtained
for each signal wavelength in the Poincaré sphere, we ob-
tained two major circles. In Fig. 4 we present these results
using a different color for each signal wavelength. The se-
lected wavelengths (1540 to 1560 nm band) have been drawn
with thicker lines.

If the fiber birefringence∆n had shown no wavelength
dependence, these major circles should have overlapped fol-
lowing the same path. From Fig. 4 we can presume that the
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FIGURE 6. Experimental and theoretical values of the Stokes parameters for linearly polarized input signals with azimuth angles equal to a)
90◦, b) 100◦, c) 120◦, d) 130◦, e) 160◦ and f) 170◦. Along the horizontal axis we have the signal wavelength inµm. These data present a
good fitting from 1.54 to 1.56µm.

relative similarity is high for those points where these tra-
jectories overlap, and presents stronger variations for those
azimuth angles of the input linear state of polarization where
these circles move apart.

In regard to the polarization evaluation of the helical coil,
the Stokes parameters of the output signal were measured for
a fixed wavelength, varying the azimuth angle of the input
linear state of polarization from 0 to 180◦ using a 10◦ in-
crement. Finally, a different signal wavelength was coupled
to the fiber coil. For each wavelength a new calibration of
the polarization analyzer was required. We worked with 23
wavelengths from 1500 to 1600 nm. In the following sec-
tion we discuss the results obtained for signals between 1540
to 1560 nm (selected wavelength range), using additional in-

formation measured for a broader wavelength range (1540 to
1580 nm).

4. Analysis of experimental data

In this section we compare the evolution of the state of po-
larization of the light signal along the fiber, predicted by the
theoretical model (Eqs. 10 to 12) with the experimental re-
sults measured using the wavelength scanning technique de-
scribed in Sec. 3. The theoretical values calculated for the
Stokes parameters were labeled as S1c, S2c and S3c, and the
experimental normalized values as S1n, S2n and S3n.

To perform the comparison minimizing the contribution
of errors due to coupling and wavelength dependent absorp-
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tion, we normalized each measured output Stokes vector. Ac-
cordingly, we also normalized the Stokes vectors calculated
using the theoretical model here presented. It is important to
notice that normalization preserves the relative magnitude of
the Stokes parameters.

We know that as the circular birefringence contribution
becomes higher the ellipticity angleε becomes higher, and
when the linear contribution is higherε becomes lower. An-
gle εα should also present a similar behavior to the variation
of the linear and circular components of diattenuation. Fig-
ure 5(a) shows that the change of the ellipticity angle was
observed (ε = 6◦; while in 5(b) and 5(c),ε = 2◦), and the
influence of the diattenuation angleεα could not be detected.
This poor sensitivity to the value ofεα can be explained by
the fact that in our model this parameter appears as the ar-
gument of a trigonometric function always multiplied by the
attenuation coefficient (see the relations after Eq. 7).

Mainly as a result of the change in the ellipticity angle,
the frequency of the curves shown in Figs. 5 and 6 varied
with the azimuth angle of the linearly polarized input signals.

Regarding linear input polarization states with a 10◦, 20◦

and 30◦ azimuth angle, the theoretical predictions calculated
using the model here presented were confirmed from 1540 to
1580 nm, as we can see in Fig. 5. Likewise, predicted results
were confirmed from 1540 to 1560 nm (selected wavelength
band) for the input azimuth angles: 90, 100, 120, 130, 160
and 170◦, as we can see in Fig. 6. In regard with the ellip-
ticity angle, we can mention that for the curves in Fig. 5, the
signals with a smaller azimuth angle (ϕ = 10◦) were fitted
using a larger ellipticity angle (∼ 3 times larger than that cal-
culated forϕ = 20◦ or 30◦). The effect of this additional
circular birefringence was associated with the faster varia-
tion of the retardation angleα between polarization modes
(for ϕ = 10 and 30◦ the absorption coefficient used in the
numerical simulation was the same).

An interesting case was the set of curves measured for
ϕ = 120◦, for which the ellipticity angle was equal to zero,
indicating that in this case the fiber anisotropy was linear.

In general, for each set of parameters associated with dif-
ferent input azimuth angles (Eqs.10-12) it was necessary to
use different values for the retardation (δ) and absorption (α).
An effect we associate with the anisotropy of the cross sec-
tions of erbium ions in glass [42].

Despite the fact that our data, obtained using the wave-
length scanning method limited us to the use of arbitrary
units in our analysis, the relative change of the parameters
and their relative values allowed to verify the validity of the
model here presented for the description of the birefringence
of a helically wound single-mode fiber.

5. Conclusion

Using classical polarization optics, a birefringence matrix
model for the description of a helically wound optical fiber
was presented. This model includes the birefringence in-
duced by the helical winding;i.e., bend induced and twist
induced birefringence, the topological rotation of the refer-
ence frame and the diattenuation introduced by bending. To
include in our model the residual fiber birefringence, the gen-
eral case of a homogeneous retarder (elliptical birefringence)
was assumed. Experimental data obtained for a fiber coil
built with a medium absorption erbium-doped fiber show to-
tal agreement with the proposed model.
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