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Thermodynamic properties of sticky electrolytes
In the HNC/MS approximation
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Abstract. \Vestudy an approximation for a roodel which combines the
sticky potential of Baxter and charged hard spheres. In the hyperneut"d
chain (If NC l/mean spherical approximation (MSA), siro1)leexpressions
for the thermodyna.mic functions are obtained. Th('se ('r¡uations should
be userul in representing the propNties of real electrolytC's.A pproximate
expressions that are similar to those of the primiti\"c motld are obta..int"d,
for low dcnsities (conccntrations) of the elN:trolytc.

PACS: 61.20.Gy

1. Introduction

[n lhe lhcory of c1eclrolyles lhe UNe approximalion [11 has playe" a key role. Il
is very acclITate in represcnting the properties of mo(lel solution, in particular for
the primiti\'e model, in which the solvent is a continuum of diciectric constaot (.
Howe\'cr, it is a difficlIlt thoory to haodle numerically.

The MSA [2,:1],00 thc contrary, is not as accurate hut complctciy analytic. One
way of correcting thc shortcomings of the MSA is to combine it with the ideas of
Brónsled [41. This has hcen done for lhe fJrsllime by Ebeling [5) and Renon [6J, and
recently stlldied by Soulahia and Turq (7J. The agrecment with the experimental
activity and osmotic coefficient is vcry good.

\Ve like to introduce a model which shares the principIe with the abovc model,
bul whieh is analylieal and simple. This is lhe slicky c1eclrolyle model (SEM) whieh
was studi(.'(l in another context by Lee and co-workers [8).

In Seco2 wc compute the Baxter function [9] for thc model and a scating param-
eter r'; Seco 3 contains the analytic cxprcssions of the thermodynamic properties.

2. Th. di,tribul;on funetion and Ih. 'lieky .Ieclrolyl. model (SEM) in th. hyp.rn.tl.d
ehain (HNC)/m.an 'pher;eal approximalion (MSA)

The intrgral eqllation approximation for the radial distribulion f\lnctioo 9ij(r) {lO]
(proportionallo the probability dcnsity of finding ions i and j separatcd by a distancc
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rij = r), and lhe d¡recl correlation fundion Cij(r), is dcrived from lhe Ornstcin-
Zcrnike (OZ) equation (11) for mixtures of m species:

h;j{r) = c;j(r) +t P' J c;.(s)h.,(Ir - sI) ds.
.1;=1

(1)

with h;j(r) = g;j(r) -1. where P' is the total number density of sp<'Cicsk ions. The
HNCapproximation [2,3) is given by

c;¡(r) = -fJ4>;j(r) + h;,(r) - In(g;,(r)J;

while the MSA for system with hard core potentials is given by {l2J

(2)

and

h;j(r)=-1

C;j(r) = fJ4>;j(r)

(r < ";j)

(r > ";j).

(3a)

(3b)

where Uij is the diarneter foe the hard core interaction bctwccn spccies i a.nd j
ions a.nd f3 = lfkBT (in this case U¡j = u). For our model, we propose a. hybrid
a.pproximation obta.ined by using the HNCapproximation ¡nside the core (r < u)
and the MSA outside the eore (r > ,,), Thus

and

C;j(r) = -fJ4>;j(r) + h;j(r) -Inll + h;,(r»)

Cij(r) = -fJ4>;j(r)

(r < ,,)

(r > ,,). (4b)

which we rcrer to as the hypernetted-cha.infmean spherical approximation (uNcf
MSA). A similar approximation called the SMSA(soft MSA)was discllssed previollsly
by Blum and Narten {l3J.

The potential for the stieky clectrolyte modcl (SEM) is

where

4>;j(r) =

00

[
,,-6', ]-lag 1)

6r(,,- - ,,)

L e
2
z¡zj

.. (r

"

(r < ,,)

(,,- < r < ,,)

(r > ,,).

(5)

6:j = { O
1

if i = i

ifi t-i.
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f is the dielcclric constant oC the continuum salvenl and ez¡ is lile magnitude oC
charge over lhe ioos. The paramelers in this polential are choscn so that T is a
dimensionless lcmperature, which is zera al zero lemperalure and large al high
tcmperaturcs; the factor 6 is inlroduced purely Coc convenience in the laller equa.
liaos.

Equalions (1a) and (5) imply lhal h;;(r) conlains a singularily al r = u, so
lhal

whcre

(O<r<u), (6)

b1. dx J(x)6(x - u) = J(u) if a < u :5 b.

Thc mathcmatical problcm lo be solved (oosisl oC the mixture az equation Coc
m = 2 'pecics ,ubjccl lo lhe elo,ure (4b) and (6). We follow lJaxler [9J and dcfine
lhe Mayer J-funclion:

J;;(r) = -1 +¿6:;6(r - u) (O<r<u). (7)

The paramclcr ). which measures lhe exlent oC association belween oppositeIy
charged ioos is rclated lo the parameler T (a dimensionless measure oC lhe tem-
peralure T).

Equations (1) can be rewritten as

[
hll
h21 el'] = p [hll

C22 h21 (8)

where (*) denotes the convolution integral and PIO = P20 = p/2.
Equations (8) can be simplified, in the restricted primitive modcl, where we

have the syrnrnetries

We now define

(9)

and

h,(r) = h12(r) + hll(r),
2

c,(r) = cI2(r) + clI(r),
2

hn(r) = hI2(r) - hll(r)
2

cn(r) = cI2(r) - clI(r).
2

(lOa)

(JOb)
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The az equalion for the mixture bceomes the set of uncoupi('d ('C}nations

hs(r) = cs(r) + p J cs(s)hs(lr - sI) d .•

and

hn(r) = Cn(r) - P J cn(s)hn(lr - sl)ds,

subject to the closures

(11 )

( 12)

A -
hs(r) = -1 + ;2 6(r - <7-)

cs(r) = O

and

A<7-
hn(r) = 126(r - <7-)

ez[3
cn(r) =-

<r

where [3= (KBT)-l.

The sum equations

(r > O)

(r> O)

(13)

(11 )

( 15)

(16)

Since rrom Eq.(lOb) lhe sum direcl corrclalion rundion cs(r) is zero beyond r = <7,
lhe Daxler (141 raclorizalion oí lhe az equalion íor Eq. (11) is slraighlrorward,
yielding

rhs(r) = -q~(r) + 2,p j," di qs(t)(r - t)hs(,r - ti) (17a)

and

rcs(r) = -q~(r) +hp ¡"dt qs(I)(1 - r)q~(t), (17b)

where '}s(r), thc Baxter q-function, is zero for r < O and r ;:::a and q~(r) is the
derivative of qs(r) with respect to r. Application of c10SUTC conditions (lOa) on
0< r < a results in the following integral cquation for qs(r):

In the range O< r < a,

rhs(r) = r [-1 + ~; 6(r - (7)] = -q~(r) + hp j," di qs(r)(r - I)hs(r)
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or

[ r ] r ~/72q~(e) = e I - hp Jo di qs(l) + hp Jo di qs(t) -126(e - /7).

We can define

0= 1 - hp lo' dlqs(l)
and

I lo'(3' = -hp diIqs(I).
/7 o

Then, Eq. (18) is

q~(e) = eo + (3'/7 - ~1~26(e -/7).

(18)

(19)

(20)

(21)

(22)

Inlegraling Eq. (21) w¡lh rcspcct to T, and using the condition q~(O') = O,gives

O' ~0'2

qs(e) = "2(e2 -/72)+(3'/7(e-/7)+ 12

for O< e < /7. Suhsliluling lhis form for qs(e) inlo lhe Eq', (19) ami (20) gives lwo
linear equations for O' and f3, which can be solvcd to givc

1+ 2~ - p
0=----

(1 - ~F
whefe 11 is thc dirncnsionlcss densily

(3'= ~-3~ + l'
2(1_~)2' (23)

and

p = ~~(1-~).

These are the rcsults for ncutral adhcsive spheres of Ilaxlcr [9].

(24)

(25)

The dijJerence cqtlalions

The Daxler faclorizalion of Eq. (12) wilh cote) given hy Eq. (16) is somewhal more
involved. Following lhe melhod of Dlum [15,161 we have

(26)
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We lhen consider lhe limil l' --. O, and find in lhis case lhal in real space P 7]

where

'1o(r) = -A foc r ~ o, (27)

Ap = K (28)

and K2 = (47r{3e2/<) ¿; z;p;, K is lhe invecse Debye sccecning knglh foc lhe elec-
trolyte, and eZi and Pi are the charge and number density, rf"Spcdivc1y,oC ion i.
Thus, defining q&( r) by

foc r > O, (29)

so lhal q&(r) = Oal r 2: u, and lhe boundacy condilions on q&(r) are

and

Following Daxlec [141, lhe faclocizalion

[1 + pco(k)] = qo(k)qo( -k)

can be writtcn. I1cre

q(k)[l + ph(k)] = (q(-kJr',

where

h(k) = 2"¡:dr e-O.J(lrl)

and

J(r) = [0dt th(t).

(30)

(31)

(32)

(33)

(34)

Considecing lhe effccl of mulliplying bolh sides of (32) by exp( -ikr) and inle-
grating with rcspect to k from -00 to 00, we have

-q(r) + J(r) - 2"p lo" dt q(t)J(lr - tI) = O

foc r > O, and q(r) = O foc r > u.

(35)
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In our case

(36)

Now, we take the Stillinger-Lovctt zerolh moment (electronf'utrality) condition [18]

J(r) = h 100 dssh(s) = b~ = consto

Subsliluling Eg. (:l7) inlo Eg. (36), we ohlain

and the dcriv?ti\'c

q~;(r) = pAb~.

(37)

(38)

IlIt('grating hetw('('n T aJ1(1 (J' and taking lhe bOllndary conditions (Ec]. (31)) we have

(39)

Subslilutiug I"e Eg. (39) iulo Eg. (38) al r = 0, we gel

pAI1 = 2pl1b~ 2p),I1' /12
[1 + b~pl1F + [1 + b~pl1l'

we remcmhcr that pA = K. To make connection with lhe Dehyc-IIückc1 [19) throry
(sce lJIum [15]) we define a new scaling lengl":

, 1
pbo= ---l'

11 + 1"

By subslitution of this equalion into (40) wc oblain

whkh for ,\ _ O goes lo the corred ¡¡mil.

(41 )

(42)
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Detennination of the parameter A

The solution of thc forrner paragraph is given in terms of thc pararnC'tcrs .A,T and
1]. These pararncl('rs can be related to each other if a c10surc is given. In fact frorn
(40) we have, defining the fundion YI2(r),

and using Eqs. (5) and (7), we find

.IT = Yl'(U).

For the HNCclosure (Eq. (2))

By the definition of ho(r) and hs(r), we have

h1,(r) = hs(r) + ho(r) and c¡,(r) = CS(T) + co(r)

amI Eq. (45) can be written as

r.\ = explhs(u) - c,(u)Jexp(ho(u) - co(u)J,

where

hs(u) - cs(u) = o + (J' + .I~qs(O) - 1

and

which together yicld

(U)

(44)

(45 )

(46)

(17)

(480)

(18h)

In[r.\1 = ~(~ - ~)
(1-~)' uu [-6-~-(r-':-'-+-1-)]-.1 {-(l-~-~-) + uu [-6-'I(-r-~~-u-+-l-)]}+ -.I1'-2~'

(49)
where ~ and r'u are defined by Eqs. (24) and (42) respedivcly. ~ is the inverse
Debye scrcening length.

Thus, the analytic solution oC the lINC/MSA for thc stkky clectrolytc reduces to
solution of a single nonlincar equation Cor the parameter .A.

Qne could arguc that if the HNC/MS approximatioll is lIsC'd, tben in tIJe limit
when A -+ O, thcre is a residual effect oC the sticky interaction ;n Efl' (49), whkh
howevcrvanishes at 1] -+ O. Qne would think that a more appropriate closure is

{ 1 [ r'u ]} .I'~¡nl.lrl = -.I~-- - uu -- + -.
(l-~) r'u+l 12

(-190 )



656 J.N. Ilcm:m .nd L. BI"m

3. Thermodynamic properties

Thcre are different routes lo cxprcss the thermodynamic propcrtics oí a systcm
lhcough il, dislcibulion funelion, [20-23}. The lhermodynamic properl;es by MSA
are ealculaled írom the exccss inlernal energy with computer simulalion !I2,23].

The cxccss internal encrgy by the e1ectrostatic parl is ca!Cuiatcd by mean s oí
lhe relalion (23)

(50.)

wlJcrc q)~j(r) is c1cctroslatic potcntiai and the conlribution al lile internal energy
by lhe slicky polenlial is calculaled wilh lhe expression [24,2.S}

The free energy

v" ('''' 2. D(exp[-¡J,pijD
!:l.E2 = -2 L. p,Pj Jo 4n y,;(r) D¡J .

',;

(50b)

8(¡J!:l.A)
D¡J !:l.E, (51)

whcrc ~A is the cxc('Ss free ('nergy, can be inlcgralcd by parts lo yif'ld

rr ,DE
¡J!:l.A= ¡JE - Jo dr ar,l3'.

The cxccss osmotic coeffi _¡enl is derived from the thcrmooynamic rdatian

_ ¡J!:l.p D (¡J!:l.A)
!:l.,p - --ro- D(o T '

(52)

(53)

here!:l.p is lhe excess pressure, and ¡J i, lhe ¡¡ollzmann lhermal factor (l/I'BT) and
(o = p. Final1y, we gel the activity oocfficicnl Crom the thcrmodynamic formula

¡J!:l.A-- = -!:l.,p + !:l.ln 'Ye<,
(o

(54)

which after a fcw manipulations gives the thermodynamic propcrtics of a sticky
cledrolyte systcm when we take as reference the sticky hard spheres.

The excess internal energy is

(55)

here N is the total number of particles.
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From Eq. (52) and laking /lA = /lA" - ASIIS we have

and the osmotie eoeffieient is ealculated using Eq. (53)

r'J
/l</J= --o3~p

(.16)

(57)

The aclivily eoefficienl is oblained by Eqs. (54), (56) amI (57).
The thermodynamie properties are the sarne as those oC MSA •••..hen ..\ = O.
The funclion 8(ln T)/8/3, which appears in (55), can be ealc"lal,,1 by dilferenl

routes, Corexample Lee and eo-workers propose 8(ln T)¡8j3 = -(2, .•...ltere (2 is the
depth oC a dcep allractive well; 'lile give a set of trial fundions, whidl are associated
with the experimental results [7J.

Intcresting extcnsions to ¡nelude othcr cffccts such as localizNI ndsorption can
be obtained using the beautiful work of Wertheim [26J.
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Resumen. En este trabajo estudiamos una aproximación para un
modelo que combina el potencial de pegado de Oaxt(>ry esferas duras
cargadas. En la aproximación HNC/MSA, se obtienen ('xpresiones sim.
pies para las funciones termodinámicas. Estas ecuaciones pueden ser
utilizadas para repr('s('ntar las propiedades de ('I('ctrolitos reales. Obte-
nemos ('xpr('siones aproximadas que son similares a las ya conocidas
para el modf'lo primiti\'o, en el rango de baja.l, concentraciones.


