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A new fractional mechanics based on fractional addition
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In this paper, we introduce a new fractional derivative to define a new fractional velocity and a new fractional acceleration with the fractional
space translation symmetry, which is given by fractional addition. We also construct the fractional version for Newton mechanics with frac-
tional space translation symmetry in one dimension. We show the conservation of fractional energy and formulate the fractional Hamiltonian
formalism for the fractional mechanics with fractional space translation symmetry. We exhibit some examples for the fractional mechanics
with fractional space translation symmetry.

Keywords: Fractional calculus; the new fractional derivative; the fractional Hamiltonian formalism.

PACS: 45.50.Dd; 45.05.+x; 45.20.Jj

DOI: https://doi.org/10.31349/RevMexFis.67.68

1. Introduction

Fractional derivative is a derivative of fractional (non-integer)
order and has a long history [1]. It has attracted much at-
tention from mathematicians, physicists, and engineers in re-
cent decades [2-18]. In Ref. [2], the concept of the solu-
tion has been presented for a differential equation of frac-
tional order with uncertainty. Ref. [3] concentrates on the
class of fractional derivatives most important in applications,
the Caputo operators, and provides a self-contained, thor-
ough, and mathematically rigorous study of their properties
and the corresponding differential equations. Also, the au-
thors have investigated the applications of fractional calculus
to first-order integral equations with power and power log-
arithmic kernels, and with special functions in kernels and
to Euler-Poisson-Darboux’s type equations and differential
equations of fractional order in Refs. [4]. In Ref. [5-11],
the most comprehensive developments on fractional differ-
ential and fractional integral-differential equations involving
many different potentially useful operators of fractional cal-
culus are provided. In Ref. [12], the authors propose a novel
fractional-order adaptive filter structures such that the output
from the conventional filtered-x least mean square algorithm
is passed through a new update equation derived from a cost
function based on a posteriori error and optimized using frac-
tional derivatives. In Ref. [13-15], the steady-state fractional
advection-dispersion equation on bounded domains inRd is
discussed, and the fractional differential and integral opera-
tors are defined and analyzed. A novel method as the double
integral method, for obtaining the solution of the fractional
differential equation in the class of second-grade fluids mod-
els is proposed [16]. Nonlocal differential and integral oper-

ators with fractional order and fractal dimension have been
recently introduced in Ref. [17], and in this paper has been
defined the powerful mathematical tools to model complex
real-world problems that could not be modeled with classical
and nonlocal differential and integral operators with a single
order. In Ref. [18], the local asymptotic stability and the
global asymptotic stability for the trivial equilibrium point of
the fractional electrical RLC circuit have been discussed.

Fractional derivative is regarded as a powerful tool for
studying nonlinear systems [19-22]. In Ref. [19], the local
fractional Burgers’ equation (LFBE) is investigated from the
point of view of local fractional conservation laws envisaging
a nonlinear local fractional transport equation with a linear
non-differentiable diffusion term. Reference [20] is a review
of physical models that look very promising for the future de-
velopment of fractional dynamics, and the Authors suggest a
short introduction to fractional calculus as a theory of inte-
gration and differentiation of noninteger order. Also, Some
applications of integro-differentiations of fractional orders in
physics are discussed, and the models of discrete systems
with memory, lattice with long-range inter-particle interac-
tion, dynamics of fractal media are presented [20]. In Ref.
[21], the problem of robust control of uncertain fractional-
order nonlinear complex systems is investigated and, after
establishing a simple linear sliding surface, the sliding mode
theory is used to derive a novel robust fractional control
law for ensuring the existence of the sliding motion in finite
time. In Ref. [22], By use of the Gibbs-Appel approach and
the complementary constitutive axioms corresponding to the
fractional Kelvin-Zener model of the viscoelastic body, the
equations of motion were derived. Riemann and Louville [9]
first constructed the fractional derivative through the integral,
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∂α,RL
x f(x) =

1
Γ(n− α)

dn

dxn

x∫

0

(x− ξ)n−α−1f(ξ)dξ, (1)

wheren = [α] + 1 and[x] is the greatest integer equal to or
less thanx. Riemann-Louville fractional derivative of a con-
stant is not zero. To cure this problem, Caputo [14] modified
Riemann and Louville’s definition for fractional derivative,
which is called Caputo fractional derivative,

∂α,C
x f(x) =

1
Γ(n− α)

x∫

0

(x− ξ)n−α−1 dn

dξn
f(ξ)dξ, (2)

wheren = [α] + 1.
Riemann-Louville fractional derivative and Caputo frac-

tional derivative do not obey the Leibniz rule. A new frac-
tional derivative obeying Leibniz’s rule was introduced by
Khalil, Horani, Yousef, and Sababheh [23]. It is called a con-
formable fractional derivative and depends just on the ba-
sic limit definition of the derivative. Namely, for a function
f : (0,∞) → R the conformable fractional derivative of or-
derα ( 0 < α ≤ 1) of f atx > 0 is defined by

(∂α,KHY S
x f(x)) = lim

∆x→0

f(x + ∆xx1−α)− f(x)
∆x

= x1−α∂xf(x), (3)

and the conformable fractional derivative at0 is defined as
(∂α,KHY S

x f)(0) = limx→0(∂α
x f)(x). Some applications of

the conformable fractional derivative are given in [23-34].
Riemann-Louville fractional derivative and Caputo frac-

tional derivative have been successfully applied to character-
ize the constitutive equations of viscoelastic non-Newtonian
fluid, by using the fractional derivatives to replace the integer-
order derivatives [35-37]. For the conformable fractional
derivative, a study on the classical mechanics was given in
[29], and a study on the motion in the viscoelastic medium
was given in [30], where the fractional velocity was defined
as

v(t) := (∂α,KHY S
t x(t)) = lim

∆t→0

x(t + t1−α∆t)− x(t)
∆t

= t1−αẋ. (4)

The fractional velocity defined in Eq. (4) can be written as

v(t) = lim
t′→t

x(t′)− x(t)
1
α ((t′)α − tα)

, (5)

Eq. (5) is not invariant under the translation in timet → t+τ
while it is invariant under the fractional translation in time,
tα → tα + τα.

Instead of the fractional velocity with fractional transla-
tion in time, we can consider the fractional velocity with frac-
tional translation in space. In this paper, we introduce a new
fractional velocity defined by

v(t) = lim
t′→t

1
α [(x(t′))α − (x(t))α]

t′ − t
, (6)

for x(t′) > x(t) > 0. We refer to the fractional velocity (6)
as fractional velocity with fractional space translation sym-
metry. The fractional velocity with fractional space transla-
tion symmetry is not invariant under the translation in po-
sition x → x + a while it is invariant under the fractional
translation in position,xα → xα + aα. Using the fractional
velocity with fractional space translation symmetry, we de-
fine the fractional acceleration with fractional space transla-
tion symmetry and construct the fractional Newton equation
with fractional space translation symmetry. This paper is or-
ganized as follows: In Sec. 2, we discuss the fractional ve-
locity and fractional acceleration. In Sec. 3, we discuss the
fractional work, fractional kinetic energy, and fractional po-
tential energy. In Sec. 4, we discuss the fractional Hamilto-
nian formalism for the fractional mechanics. In Sec. 5, we
discuss some examples of the fractional mechanics.

2. Fractional velocity and fractional accelera-
tion: New definitions

Now let us invoke the average velocity when a particle lies on
x(t) at timet and lies onx(t′) at timet′ wheret′ > t, which
is

vave =
displacement

change in time
=

x(t′)− x(t)
t′ − t

, (7)

where the displacement is defined as

displacement= x(t′)− x(t), (8)

and it is invariant under the ordinary space translation.
First let us consider the case thatx(t′) > x(t) > 0. If we

define the fractional displacement as

fractional displacement= (x(t′))α − (x(t))α, (9)

and define the fractional average velocity as

vave =
fractional displacement

change in time
=

(x(t′))α − (x(t))α

t′ − t
, (10)

we know that the fractional average velocity is invariant un-
der the fractional space translation.

The numerator in Eq. (10) can not be regarded as the
deformed subtraction because its corresponding deformed
addition is not associative. For this reason, we define the
fractional addition and fractional subtraction for the case of
x > y > 0 as

x⊕α y = (xα + yα)1/α (0 < α ≤ 1), (11)

xªα y = (xα − yα)1/α (0 < α ≤ 1). (12)

The fractional addition is commutative and associative and
preserves the dimension.
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The fractional displacement is then written as

fractional displacement= [x(t′)ªα x(t)]α, (13)

and the fractional average velocity

vave =
[x(t′)ªα x(t)]α

t′ − t
. (14)

Here we have a problem. The positionx(t) can take a neg-
ative value. In that case, the fractional addition or fractional
subtraction becomes a complex number. To cure this prob-
lem, we should modify the definitions of fractional addi-
tion and fractional subtraction so that they may hold for any
x, y ∈ R.

For x > 0, y > 0, the fractional addition and fractional
subtraction are defined as

x⊕α y = (xα + yα)1/α,

xªα y =

{
(xα − yα)1/α (x > y)
−(yα − xα)1/α (x < y)

. (15)

For x > 0, y < 0, the fractional addition and fractional sub-
traction are defined as

x⊕α y =

{
(xα − (−y)α)1/α (x > −y)
−((−y)α − xα)1/α (x < −y)

,

xªα y = (xα + (−y)α)1/α. (16)

For x < 0, y > 0, the fractional addition and fractional sub-
traction are defined as

x⊕α y =

{
(yα − (−x)α)1/α (−x < y)
−((−x)α − yα)1/α (−x > y)

,

xªα y = −(yα + (−x)α)1/α. (17)

For x < 0, y < 0, the fractional addition and fractional sub-
traction are defined as

x⊕α y = −((−x)α + (−y)α)1/α,

xªα y =

{
((−y)α − (−x)α)1/α (x > y)
−((−x)α − (−y)α)1/α (x < y)

. (18)

Thus we can write the fractional addition and fractional sub-
traction as

x⊕α y = ||x|α−1x + |y|α−1y|1/α−1

× (|x|α−1x + |y|α−1y),

xªα y = ||x|α−1x− |y|α−1y|1/α−1

× (|x|α−1x− |y|α−1y). (19)

Besides, we have the relationx ªα y = x ⊕α (−y). For
the fractional addition and fractional subtraction, we have the
following properties:

1. Distributivity

(kx)⊕α (ky) = k(x⊕α y),

(kx)ªα (ky) = k(xªα y), k ∈ R. (20)

2. Expansion

(A⊕α B)(C ⊕α D) = AC ⊕α BC ⊕α AD ⊕α BD. (21)

From the definition of fractional average velocity, the frac-
tional instantaneous velocity (shortly fractional velocity) is
defined by

v(t) = lim
t′→t

[x(t′)ªα x(t)]α

α(t′ − t)
for x(t′) > x(t), (22)

and

v(t) = − lim
t′→t

[x(t)ªα x(t′)]α

α(t′ − t)
for x(t′) < x(t). (23)

Equation (22) and Eq. (23) are unified as follows:

v(t) = Dα
t x(t)

= lim
t′→t

|x(t′)ªα x(t)|α−1[x(t′)ªα x(t)]
α(t′ − t)

, (24)

or
v(t) = |x|α−1ẋ, (25)

which is derived in Appendix A.
The fractional average acceleration is defined as

aave =
change in fractional velocity

change in time

=
v(t′)− v(t)

t′ − t
, (26)

hence the fractional instantaneous acceleration ( shortly frac-
tional acceleration) is given by

a =
dv

dt
. (27)

The fractional version of Newton’s law is then

F = ma = m
dv

dt
= m

d

dt
(|x|α−1ẋ). (28)

Equation (28) is invariant under the following transformation
for the fractional velocity,

v′ = v + u (u > 0), (29)

which is the same as the ordinary case. But, Eq. (28) is not
invariant under the ordinary Galilei transformation

x′ = x− ut, t′ = t. (30)

Instead, Eq. (28) is invariant under the fractional Galilei
transformation, which is given by

x′ = (xα + αut)1/α = x⊕α (αut)1/α, (31)

for x, x′, u > 0. Now we will refer to the system whose
coordinatex′ is given by Eq. (31) as a fractional inertial
frame. For the fractional inertial frame, the fractional version
of Newton’s law remains invariant, which is called a frac-
tional Galilei relativity.
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3. Fractional work, fractional kinetic energy,
and fractional potential energy

In ordinary mechanics, workw is the product of the force
and displacement. When a forceF is acted on a body with a
massm, and this body moves fromx to x′ (x′ > x) in a same
direction as the force, the work is given by

w = (force)× (displacement) = F (x′ − x). (32)

When the force varies during motion frombi to bf , the work
is given by

w =

bf∫

bi

dxF (x). (33)

For the conserved force, we have the potential energyF =
−∂xV ; thus, the work reduces to

w = −(V (bf )− V (bi)). (34)

For the fractional case, we define the fractional workW as
the product of the force and fractional displacement,

W = (force)× (fractional displacement) = F (x′ ªα x)α.
(35)

If we setx′ = x + ∆x, we have

(x′ ªα x)α ≈ α|x|α−1∆x. (36)

Thus, the fractional work reads

W =

bf∫

bi

dαxF (x) =

bf∫

bi

dx(α|x|α−1)F (x). (37)

If we define the fractional potential energy as

F (x) = −Dα
x V (x), (38)

where

Dα
x V (x) = lim

x′→x

α(V (x′)− V (x))
|x′ ªα x|α−1(x′ ªα x)

= |x|1−α∂xV, (39)

we have
W = −(V (bf )− V (bi)). (40)

Now let us find the fractional kinetic energy from the defini-
tion of the fractional work, which is given by

W =

bf∫

bi

madαx =

bf∫

bi

ma(α|x|α−1)dx

= α

bf∫

bi

m
dv

dt
|x|α−1 dx

dt
dt = α

bf∫

bi

m
dv

dt
vdt

= K(bf )−K(bi), (41)

where the fractional kinetic energy is defined as

K =
1
2
mv2 =

1
2
m(|x|α−1ẋ)2. (42)

Thus, we have fractional energy conservation,

E = K + V =
1
2
mv2 + V. (43)

4. Fractional Hamiltonian formalism in the
fractional mechanics

The fractional classical mechanics is also constructed by the
fractional Poisson bracket defined as follows:

{F (x, p), G(x, p)}α = |x|1−α

×
(

∂F

∂x

∂G

∂p
− ∂F

∂p

∂G

∂x

)
, (44)

which gives
{x, p}α = |x|1−α. (45)

If we introduce the fractional Hamiltonian as

H =
p2

2m
+ V (x), (46)

we have the fractional Hamilton’s equation of motion as

ẋ = {x, H}α = |x|1−α p

m
,

ṗ = {p, H}α = −|x|1−α∂xV (x) = −Dα
x V (x). (47)

From the first relation of Eq. (47), the fractional momentum
is given by

p = m|x|α−1ẋ = mv. (48)

Inserting Eq. (48) into Eq. (47), we have the same equation
like Eq. (28).

Now let us find the geometrical meaning of the fractional
Poisson bracket. The fractional Poisson bracket is related to
the mechanics in a curved space. In one dimensional curved
space, the metric is given by

ds2 = gxxdx2. (49)

In a curved space, the Poisson bracket is deformed as

{x, p} = g−1/2
xx . (50)

This is the same as Eq. (45) if we take

g−1/2
xx = |x|1−α, (51)

or
ds2 =

1
|x|2(1−α)

dx2. (52)

Thus, our model is related to the mechanics in a one-
dimensional curved space with a metric of the form (51).

Rev. Mex. F́ıs. 67 (1) 68–74
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The fractional momentum defined by Eq. (48) is not re-
lated to the ordinary translation but the fractional translation
Tα(∆x) : x → x ⊕α ∆x. Indeed we can easily check
that the fractional momentum is invariant under the frac-
tional translation. This translation obeys the product rule,
Tα(∆x)Tα(∆x′) = Tα(∆x ⊕α ∆x′). Thus, the fractional
momentum is the conserved quantity for the fractional trans-
lation.

5. Some examples of the fractional mechanics

In this section, we will discuss some physical examples of
fractional mechanics.

5.1. Uniform fractional velocity

Let us consider the motion of a particle with a uniform frac-
tional velocityu. From the definition of the fractional veloc-
ity, we have

|x|α−1ẋ = u, x(0) = x0, (53)

or
d

dt
(|x|α−1x) = αu. (54)

The solution of Eq. (54) depends on the signs ofu andx0.
Case 1.u > 0, x0 > 0: In this case, we have

xα = αut + xα
0 . (55)

Its solution is
x(t) = (αut + xα

0 )1/α. (56)

Figure 1 shows the plot ofx versust with u = 1, x0 = 1 for
α = 1 (Gray),α = 0.8 (Brown), andα = 0.5 (Pink).
Case 2.u > 0, x0 > 0: In this case, we have

|x|α−1x = αut− |x0|α. (57)

Its solution is

x(t) =




−(|x0|α − αut)1/α

(
t < |x0|α

αu

)

(αut− |x0|α)1/α
(
t ≥ |x0|α

αu

) . (58)

Figure 2 shows the plot ofx versust with u = 1, x0 = −1
for α = 1 (Gray),α = 0.8 (Brown), andα = 0.5 (Pink).
Case 3.u < 0, x0 > 0: In this case, we have

|x|α−1x = −α|u|t + xα
0 . (59)

Its solution is

x(t) =





(xα
0 − α|u|t)1/α

(
t <

xα
0

α|u|
)

−(α|u|t− xα
0 )1/α

(
t ≥ xα

0
α|u|

) . (60)

Figure 3 shows the plot ofx versust with u = −1, x0 = 1
for α = 1 (Gray),α = 0.8 (Brown), andα = 0.5 (Pink).

Case 4.u < 0, x0 < 0: In this case, we have

|x|α−1x = −(α|u|t + |x0|α). (61)

Its solution is

x(t) = −(α|u|t + |x0|α)1/α. (62)

Figure 4 shows the plot ofx versust with u = −1, x0 = −1
for α = 1 (Gray),α = 0.8 (Brown), andα = 0.5 (Pink).

5.2. Uniform fractional acceleration

Let us consider the motion of a particle with a uniform frac-
tional accelerationa. From the definition of the fractional
acceleration, we have

dv

dt
= a, (63)

which gives
v(t) = v0 + at. (64)

For simplicity, let us consider the case thatv0 = 0, a > 0.
Then we have

|x|α−1x =
1
2
αat2, (65)

which gives

x(t) =
(

1
2
αat2

)1/α

. (66)

Figure 5 shows the plot ofx versust with a = 1 for α = 1
(Gray),α = 0.8 (Brown), andα = 0.5 (Pink).

5.3. Fractional harmonic oscillator

Now let us consider the fractional harmonic oscillator prob-
lem. The fractional version of Newton’s law reads

m

α

(
d

dt

)2

(|x|α−1x) = −k(|x|α−1x), (67)

with initial conditions

x(0) = A > 0, v(0) = 0. (68)

Solving Eq. (67), we get

|x|α−1x = Aα cos

√
kα

m
t, (69)

which gives

x(t) =





A

(
cos

√
kα
m t

)1/α

(x > 0)

−A

(
− cos

√
kα
m t

)1/α

(x < 0)
(70)

or

x(t) = A| cos

√
kα

m
t|1/α−1 cos

√
kα

m
t. (71)

This gives a periodic motion with a period

T = 2π

√
m

kα
. (72)

Figure 6 shows the plot ofx versust with A = 1,m = 1, k =
1 for α = 1 (Gray),α = 0.8 (Brown), andα = 0.5 (Pink).
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6. Conclusion

In this paper, we introduced a new fractional derivative to de-
fine a new fractional velocity with fractional space translation
symmetry based on the fractional addition rule. We used the
fractional addition rule to introduce the concept of fractional
displacement, fractional velocity, and fractional acceleration
and constructed the fractional version of Newton’s law. We
showed that the fractional version of Newton’s law is invari-
ant under the fractional Galilei transformation. We defined
the fractional work through the fractional displacement and
constructed fractional kinetic energy and fractional potential
energy. We also derived the conservation of fractional me-
chanical energy. We discussed fractional Hamiltonian for-
malism for the fractional mechanics with the help of the frac-
tional Poisson bracket. We found that the fractional mechan-
ics with fractional space translation symmetry is related to
classical mechanics in a curved space. We discussed some
examples of the fractional mechanics such as uniform frac-
tional velocity motion, uniform fractional acceleration mo-
tion, and fractional harmonic oscillator problem.

Appendix A

We derive Eq. (25) for the following four cases:

1. x(t′) > x(t) > 0: In this case, we have

v(t) = lim
t′→t

(x(t′))α − (x(t))α

α(t′ − t)
= (x(t))α−1ẋ. (73)

2. x(t) > x(t′) > 0: In this case, we have

v(t) = − lim
t′→t

(x(t))α − (x(t′))α

α(t′ − t)
= (x(t))α−1ẋ. (74)

3. x(t) < x(t′) < 0: In this case, we have

v(t) = lim
t′→t

(−x(t))α − (−x(t′))α

α(t′ − t)
= (−x(t))α−1ẋ. (75)

4. x(t′) < x(t) < 0: In this case, we have

v(t) = − lim
t′→t

(−x(t′))α − (−x(t))α

α(t′ − t)

= (−x(t))α−1ẋ. (76)
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