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In this article, the perturbed Gerdjikov-lvanov equation, describing the dynamics of propagation of solitons, is studied. The balanced modified

extended tanh-function and the non-balanced Riccati-Bernoulli Sub-ODE methods are used for the first time to obtain the new optical solitons
of this equation. The obtained results give an accurate interpretation of the propagation of solitons. We performed a comparison between ou
results and those in the literature. The efficiency of these methods for constructing the exact solutions has been demonstrated. It is show
that these different techniques reduce the large number of calculations.
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1. Introduction tions (NLPDES) which play a crucial role in nonlinear sci-

- _ ) ) ence. The analysis of such equations provides insightful
The Gerdjikov-lvanov (GI) equation carries the quartic non-pnysical information, useful for further applications. Many
linearity of latter equation while Scbdinger's equation is  rajls have been penned for the physical problems in the last
classically explor_ed with cubic nonlinearity, the dimension—years to get the analytical solutions of the NLPDEs with
less Gl-equation is the recent computer technology [1-12]. A variety of pow-
erful methods have been developed such asthé—¢(¢))-
expansion expansion method [13,14], th& (G)-expansion
method [15,16], the new extended direct algebraic method

plex valued wave structukg(z, t) with  andt as spatial and [17,1_8], the f_irst integral_method [19,20], the extended Jacobi
temporal variables. The initial and last terms of the dimen-€lliPtic function expansion method [21,22], and so on [23-

sionless Gl-equation stand for the linear temporal evolutior?0l- Furthermore, the current analysis concentrates over one

of solitons and the nonlinear dispersion, respectively. All the3Uch nonlinear evolution equation, known as the Gl equation
involved parametersa, b, and ¢ are real-valued constants [31]- A spectral problem and the associated perturbed Gl hi-

such thata gives dispersion of group velocity aridis the erarchy [32] of nonlinear evolution equations is presented and
coefficient of the quartic nonlinear term. shown that the Gl hierarchy is integrable in a Liouville sense

The famous full nonlinearity structure of the perturbed and possesses bi-Hamiltonian structure. Numerous efficient
GI- equation is, and influential methods have been projected for obtaining so-
lutions of Gl equation, such as algebra-geometric solutions
iqs + aqy, + blgt| +icq’q: [33], soliton hierarchy [34], bifurcations and travelling wave
[35], bright and dark soliton solutions [36], Darboux trans-
=i (ozqt + A [q|q|2m} ) + (“q\zm} q) , (2 formations [37] and many more being studied for more than
* * a decade [38-48], and Kaur and Wazwaz [49] obtain the op-
wherea, ;1 and A represent the inter-modal dispersion, thetical solitons for perturbed Gl equation. In this paper we are
higher-order dispersion effect and the self-steepening fogoing to apply the balanced modified extended tanh-function
short pulses, respectively, while accounts for full nonlin-  (METF) method as a new technique to get new exact solution
earity effects. for the perturbed GI equation.
Big varieties of biological, chemical, and physical phe-
nomena are governed by nonlinear partial differential equa-

i + ague + b|q*|q + icg®q = 0, 1)

whereg*(z, t) denotes the complex conjugation of the com-
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2. The METF method wave number, phase constant and velocity, respectively. In-
serting Egs. (8-11) into Eq. (2), followed by uncoupling of

The main idea of the METF functions method is finding rea| and imaginary parts of the equation gives a pair of equa-
the exact solution of any model which can be expressed bygns j.e., the real part is

a polynomial of¢(¢) controlled by the Riccati differential

equationg’ = b + ¢2(¢), ¢ = = — vt whereb, c are ar- au — (w— vy’ + ak? — 20k’ — ap'?)u
bitrary constants to be determined later. The degree of the 5 , .
polynomial can be calculated by the homogenous balance +cu’(k — ') +bu” =0, (12)

between the highest order derivative term and the nonlin-
ear term. Equating the coefficients of the different powerd"d the imaginary partis
of ¢(¢) to zero, we get the system of algebraic equations.
This system of algebraic equations can be solvetibyple
or Mathematica to determine the constants of the polyno-
mial.

According to the proposed method the solution is,

—a0+z<z¢z A>’ (3)

i wherea; andb; denote the constant and nonlinear chirp pa-
wherea;, b;, are constants to be determined, such thats rameters, respectively. Substitution of Eq. (14) into Eq. (13)
0 or by, # 0 and¢ satisfies the Riccati equation leads to

¢ =b+ ¢>. 4) (4a1a + c)u® + (2aby — 2ak —v) = 0. (15)

aug” — (2ak — 2a¢’ — cu®)u’ = 0. (13)

In order to solve this pair of equations, we use the transfor-
mation

o' = ayu® + by, (14)

Equation (4) admits several types of solutions according torhis gives, consequently; = —c/4a, by = (v/2a) +
the value of the constant namely,

Case 1.If b < 0, then r_ (X _C.2
(5o +k— ), (16)
—+v/ —btanh(v/—b(), or
( < and upon substitution of Eqg. (16) in Eq. (12), we obtain
—v —=bcoth(v—-b(). (5) ‘
W' = nju+ nou® + ngu’® =0, 17)
Case 2.If b > 0, then
© = Vbtan(Vb(), or where
——\/Bcot(\/BC) ©6) n _02—4kva—4aw n _ @
’ e 4a? TR T g2
Case 3.If b =0, then ; <3C2 + 16ab>
nsg = _—
1 16a2
== 7
=7 (7)

When we set, = H'/2? in Eq. (17), we obtain the equa-

Now, for the proposed problem in Eq. (2), let us introducetion

this wave transformation:

u(Q) exp(i9 (. 1)) (@  2HHTHT AT A dng T =0, (18)
qr = exp(ip(x,t)) [—vu' + i{w — vy’ }u], (9)  which, after balancing the nonlinear and higher order deriva-
tive terms where we obtain thatV + 2 = 4M (hence,
= exp(i(w, 1)) [u” —i{k — ¢"}u], 10) = 1), the solution becomes
= it ) — il —ug ) B,
. H{()=Ao+ A + . 19

with ¢ = z—vt, ¥(x,t) = —kax+wt+¢(C), u(¢) represents  Inserting the expression of Eq. (19) in every term of Eq. (18)
the shape features of the wave pulgér, ¢) is the phase ele- and equating the coefficients of each power¢f) to zero
ment of the solitonk, ¢, w, v represent the soliton frequency, yields a set of algebraic equations,
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34 4nzA? =0,
Ag + A%(?’LQ + 4TL3A0) =0,

681 + A1 (20 + 4ny + 12n9A40) + 8A1n3(3A2 + 224, B;) = 0,
Ao(b + 27L1 + 12n3A1B1 + 4713140) + 3712A1B1 = 0,

30? — 4n3B? = 0,
A0b2 =+ B%(?’LQ +nsAg + n3A1) =0,

6A10% + B1(6b + 4ng + 4ny Ag + 24nz A% + 164, B;) = 0.

By solving the system of Eq. (20) by any computer program, we have:

ni

ni

ni

ny

ni

ni

ni

ni

By

ni

—16A 1 /3
:4A87 ng = 3 07 77/3:27 A1:_2\/g7 31:07 b:07
—164, i I3
=443 =—— =2, Ai=-4/=, B1=0, b=
0 n2 3 5 ns3 ) 1 9 25 1 07 Oa

27 3 /3 /3
— 2 = 4iV6, ng=2, Aoz—’\/;, Alz—% 2 B =0, b=0,

27 2 2’

:_2?7, ne = —4iV6, nz =2, A():—?;i\/g, A1=;\/§, By =0, b=0,
:7§’ no = —4iV6, ng =2, Ao—?;i\/g, A1—;\/§, By =0, b=0,
:—2?7, no = —4ivV6, ng =2, 02% ; 1=% ; By =0, b=0,
:_%‘613—%1, ng = 4ivV6, ny =2, Ao=—32i\/§, A1=—% g
:<_1?f+?;>\@, b:%ﬁl—%v

:_1;;613 %i, ng = 4ivV6, ng =2, AO:—?’;\/E, Alz_% g
:(i’§+5ﬁ;)\@, bzllier%gi,

——%Jr%i, no = —4iV6, ng =2, AOZ% ; Al:% g’
:<_1?:’56_5éi>x@, b:%+%7

:_1;7;13-1-%1‘, ng = —4ivV6, ng =2, Ao—zi\/g, Alzg g
_<i§_5§)ﬁ, bzlli‘;—%?i,
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where the outlined method and the results of Egs. (1-6) imply the existence of the solution

HO =200, HO="m2 - wEy =T
u(z,t) = \/_féw — 4(z\/§vt)’ q(z,t) = \/_fg2 - 4(17\/31)15) exp(i¥(z — vt)), (21)

whereV (z,t) = —kx + wt + ¢(x, t).

qlz,t) = \/_3(1?‘40) X V3 exp <z [kx+wt+x_lvt]>, (22)

x — vt)

Req(z,t) = /1 - 4(xljyt) cos (—kx + wt + . _1 Ut> , (23)
|mq(m,t)=,/1—4(x\/§vt) sin (—kx+wt+xlvt), (24)

Similarly, from Egs. (7-10), another solutions is given by

—3ny V3 18

H(() =

and sincé > 0, then

\//\/:0\15 20 "
VA

FIGURE 1. The plot of real part Eq. (23) in two and three dimensions with values:= 4A3, no = —1640/3, n3 = 2, A; =

—(i/2)(+/3/2), B1 = 0,b = 0.
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x
FIGURE 2. The plot of imaginary part Eq. (24) in two and three dimensions with valugs= 4A%, no = —16A40/3, n3 = 2, Ay =
—(i/2)(\/3/2), By = 0,b = 0.
—3n, 183 ( 72 ) 18
H(z,t) = — tan x—t) | + = -,
72tan | —=(x — vt)
V13 ]
1/2
—3ny  18V3 72 18
t) = - t —ot) + = =
(z,t) 16 i3 an \/ﬁ(x vt) ™
72tan | —=(x — vt)
L V13
1/2
- 1 [ 72 1
q1(x,t) = ny _ 8V3 tan 7 (x— vt)} + i exp(i¥(x — vt)), (25)
16 V13 | V13 2.
72tan —\/ﬁ(x vt)
1 09 1
Re ¢ (z,t) = <—1.8 — 8.6 tan[20{x — vt}] + Ttan[20{z — vt}]) cos <—k:c +wt + p— vt> , (26)
1 0.5 1
Im ¢ (z,t) = <1.8 — 8.6 tan[20{x — vt}] + Ttan[20{z — vt}}) sin (k:z: + wt + o vt) (27)
or
- 1 2 1
H(x,t) = ng + j\ligcot <\7ﬁ($ - vt)> - 728 ,
3 13 72 cot (\/—Tg(a: - vt))
1/2
—3ny | 18V3 ( 72 18
u(z,t) = + cot (xz— vt)) - ,
( 16 V13 V13 72 cot (%(l‘ - Ut))
1/2
—3n, | 183 72 18 ,
g2(x,t) = + cot < (z— vt)) - exp(i¥(x — vt)). (28)
( 16 ' Vi3 V13 72 cot (T (w - ot))
1 0.5 1
Re t)=|—-1.8—-8.6cot|2 — vt —k t 29
q(z,t) ( 8 — 8.6 cot[20{x U}]+4C0t[20{x—vt}]> cos( T+ w +x—vt>7 (29)
1 0.5 1
Im t)=|—1.8—8.6cot|2 — vt in | —k t 30
q1(z, 1) ( 8 — 8.6 cot[20{x v}]+4cot[20{x—vt}]> Sm< T+ w +x—vt>’ (30)

Rev. Mex. 5. 67 050704
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FIGURE 3. The plot of real part Eq. (26) in two and three dimensions with valugs= —44 — 8.37, no = —9.84, ng = 2, Ap = 1.84,
Ay = 0.6i, By = (6.9 — 10i), b = 11.1 — 16.64.

o = O o

FIGURE 4. The plot of imaginary part Eq. (27) in two and three dimensions with values: —44 —8.3i, ne = —9.8i, n3 = 2, Ag = 1.8,
A1 =0.6i, By = (6.9 — 107), b = 11.1 — 16.64.

FIGURE 5. The plot of real part Eq. (29) in two and three dimensions with valuwgs= —44 — 8.3i, no = —9.84, n3 = 2, Ag = 1.84,
Ay = 0.6i, By = (6.9 — 10i), b= 11.1 — 16.64.
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04 0.6 0.8 1.0

1.0

1.0 —4 L

FIGURE 6. The plot of imaginary part Eq. (30) in two and three dimensions with values: —44 — 8.3, no = —9.8i,n3 = 2, Ag = 1.84,
A1 = 0.6i, By = (6.9 — 10¢), b = 11.1 — 16.64.

3. The RBSub-ODE method
According to the RBSub-ODE method [29,30] the suggested solution is
v = Au®>~" + Bu + Cu™, (31)

wherea, b, ¢, andm are constants to be determined later. It is important to note that wliegz 0 andn = 0 Eq. (31) is a
Riccati equation. Wherl # 0, ¢ = 0, andn # 1, Eq. (31) is a Bernoulli equation. By differentiating Eq. (31) once we get

u” = AB(3 — n)u* ™" + A%(2 — n)ud " + nC%*u*" ! + BC(n + 1)u" + (2AC + B?)u. (32)

Substituting the derivatives af into Eq. (31) yields an algebraic equation of by consider the symmetry of the right-hand
item of Eq. (31) and setting equivalence for the highest power exponenta@ican determine:. Comparing the coefficients
of u’ yields a set of algebraic equations that can be solved fdg, andC.

According to the obtained values of these constants and using the transforgpatian— vt the RBSub-ODE equation
admits the following solutions:

(1) Whenn = 1, the solution of Eq. (31) is,

u(¢) = C eATBHOK (33)
(2) Whenn # 1, B =0andC = 0, the solution of Eq. (31) is,

u(Q) = (A(n = 1)(¢ + C)) /=", (34)
(3) Whenn # 1, B # 0 andC = 0, the solution of Eq. (31) is,
A 1/(n-1)
u(¢) = (B n cleB<"1><> . (35)

(4) Whenn # 1, A # 0 andB? — 4AC < 0, the solution of Eq. (31) is,

r 1\ 1/(1—n)
u<<>=<;f+”4AfA_BQtan (1_")”§AC_BQ<<+01>> , (36)
and - _
- o\ 1/(-n)
u(¢) = (;ff 4 PAT I oo | LmVAC =B o) ) , @)

Rev. Mex. 5. 67 050704
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(5) Whenn # 1, A # 0 andB? — 4AC > 0, the solution of Eq. (31) is,

24 24 th 2 (C+C)

w(¢) = <—B+\/B2—4Acco [(1-n)VBT—4AC ]

and

w(¢) = <;13 . \/322;14AC et | L n)\/f2 —1AC o)

(6) Whenn # 1, A # 0 andB? — 4AC = 0, the solution of Eq. (31) is,

1 B 1/(1—n)
0= (mperer )

where(] is an arbitrary constant.
Now we will apply the RBSub-ODE method for the equation mentioned above,

QHH" — H'? + 4nyH? + 4no H? + Ans H* = 0,
that can be rewritten according to the RBSub-ODE method as
H' = AH* "+ BH + CH".
Hence,
H" = (3—-n)ABH> ™™ + (2 - n)A’H>"?" 4+ nC?H*"~! + (n+ 1)BCH"
HH" = (3—n)ABH®*™" + (2 —n)A?H*"*" 4+ nC*H*" + (n + 1)BCH"**
which we can substitute into Eq. (41) after takimg= 1 we get
2 ([3—n]ABH*™" + [2 — n]A°H**" + nC°H*" + [n+ 1]BCH" ™" + |
— (AH?* ™+ BH + CH™)? + 4ny  H? + 4no H?® + dnz H* = 0,
which can be expressed as
6ABH® 4+ 4A?H* + 2BCH + (4AC + 2B*)H? — (AH? + BH + C)? + 4n, H? +
Equating the coefficients of different powerséfto zero, we get a simple system of alge
H* = 3A% + 4n3 =0,
H3 = AB +ny =0,
H? = 2AC + B* 4+ 4n; =0,
Constant=- C = 0.

By solving this system of algebraic equations, we get,

—4
n3 B—+ n2

3 ’ —4’[’[,3,
V 3

A=+

) 1/(1—n)
>1/<1n>

+ (2AC + BY)H,
+ (2AC + B*)H?,

2AC + B*|H?)

Ano H® + dns H* = 0.

braic equations,

According to these obtained solutions and the constructed method we have the following cases:

(7) Whenn # 1, B # 0 andc = 0, the solution becomes

Rev. Mex. ks.67 050704
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4
H(z,t) = (% + Cle_B(”_”t)> ,
—(1/2)
4
W(z,t) = (i + Cle—B(z—vt)) ’
2
Ans . I
q3(x,t) = (% + Che” (th)> el(* T4+wt+ )7 (47)
—(1/2)
4 1
Regs(z,t) = (% + Cle_B(m_”t)> cos (—kw + wt + p— vt) , (48)
sy ~(1/2)
Imgs(z,t) = (72 + Cle_B(x_”t)> sin (—kx + wt + 0). (49)

IWAWAWAS
VY

FIGURE 7. The plot of real part Eq. (48) in two and three dimensions with=1,n3 = -1, B =08, C =0,C1 =1, w=1,v =1,

| FAWAAY
AR

FIGURE 8. The plot of imaginary part Eq. (49) in two and three dimensions with valugs= 1, n3 = —1, B =0.8,C =0, C; = 1,
w=1v=1 A=+1.2.
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(8) Whenn # 1, A # 0andB? — 4AC < 0,

and

leading to

and

Thus,

and

Hence,

4ng 9n32 n3
S ¢ C
w0 = | gy [ e [ L e |
- 3 -
4ng 9n3 n3
== t
uQ) = | G+ S ot | F5 €| |
_ 33 -
4ng | 9n3 n3
t)=| — t —vt+C
u(z, t) 6 + 62 an 5 (x—vt+Cy)| |,
- 3 -
4ng | 9In2 4ng
u(z,t) = . + 16n2 cot 5 (x —vt+Ch)
- - —(1/2)
4ng 9n3 4ns
t)=| — t —vt+C
wiet) = | 5, F 1602 | 2 (z—vt+Cr) ’
_ o —(1/2)
4ng | 9n3 4ng
t)=| — b —vt+C
w(x,t) 6 + “T6n? co 5 (x —vt+ C1)
—(1/2)
4ng 9n3 i (—kz+wt+0)
t)= | — t —t R 50
w@t) = gn, T\ Tiemg o0 | T @ v ¢ ’ (50)
1
Reqy(x,t) = (0.6 + 0.75 tan[0.4{x — vt + C1}]) 7% cos (—kx +wt+ — vt) , (51)
1
Im q4(x,t) = (0.6 4+ 0.75tan[0.4{x — vt + C1}]) " sin (—kx + wt + . vt> , (52)

Rev. Mex. 5. 67 050704
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11

A==£12.

FIGURE 10. The plot of imaginary part Eq. (52) in two and three dimensions with values= 1,n3 = 1, B = 0.8, C = 0, Cy
w=1v=1A==+1.2.

and

—(1/2)
(z,t) = dng n In3 cot 4ns (x— vt +Cy) i(—ka+wt+0)
okt 6na —16n2 2 1 )

1
Regs(w,t) = (0.6 4+ 0.75 cot[0.4{x — vt + C1}]) ™ cos (—kx + wt + p— vt) ,

1
Im g5(z,t) = (0.6 + 0.75 cot[0.4{x — vt + C1}]) " sin <—kx +wt + P 'ut) .

(9) Whenn # 1, A # 0andB? — 4AC > 0,

(2 ns o fue 7B
u(¢) = (3—@ 35 coth [ >\ Ing ¢+ CQ}) ,

Rev. Mex. 5. 67 050704
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N A
\5 \1y 5./

FIGURE 11. The plot of real part Eq. (54) in two and three dimensions with=1,n3 =1, B=08,C =0,C1 =1, w =1,v =1,
A=41.2.

s N\ 8

FIGURE 12. The plot of imaginary part Eg. (55) in two and three dimensions with values= 1,n3 = 1, B =0.8,C = 0,Cy = 1,
w=1v=1A==41.2.

and
2n3 2TL3 no -3
=(-——-—tanh |—4/— C
w0 = (52 - 2 | 2/ P )] ).
2TL3 2TL3 no -3
=|——-—coth|—=4/—(x—-vt+C ,
u(e) <3n2 By [2 4ng (@~ v+ 1)})
leading to
2713 2713 no -3
t)=|-—— -—tanh | —4/—(z — vt .
ua1) (3n2 Bng {2 V4n3(x ! +Cl)]>
Thus
. —(1/2)
2n3 2n3 no -3
t)=|-——-—coth |—/—(x— vt
w(z,t) <3n2 3 co 2\ 1 (x—wv +Cl)_> ,
and
- —(1/2)
2n3 2n3 Nno -3
t)=| — — —tanh | —/—(x — vt .
w(z,t) <3n2 3, an 5V 2 (x—w —|—C1)_>

Rev. Mex. 5. 67 050704
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5 \_"10 \y 0

FIGURE 13. The plot of real part Eq. (57) in two and three dimensions with=1,n3 =1, B=08,C =0,C1 =1, w=1,v =1,
A =412,

20

tn
g_
tn

FIGURE 14. The plot of imaginary part Eq. (58) in two and three dimensions with valugs= 1,n3 =1, B=0.8,C =0,C; = 1,
w=1lLv=1A=41.2.

Hence,
—(1/2)
2713 2713 Nno -3
=82 | 22 2=
w(z,t) <3n2 3, t [ >\ Ins (x — vt + Cl)}) ,
(z,t) = 2ny _ 20 tanh | 2 =3 (z — vt + Cy) o ei(—katwi+) (56)
W= 3ny ~ 3ny 2\ dn, ! ’
1
Re ¢s(z,t) = (0.6 — 1.2sin[0.4{z — vt + C1 }]) =/ sin (—kw +wt + — Ut) : (57)
Imgs(z,t) = (0.6 — 1.25in[0.4{z — vt + C1}])~1/? cos (—kx + wt + ! t) . (58)
x—v

By the same manner we can easily plot the last equation,

(2.1) = 2ng _ 2ng coth ny | —3 (¢ — vt +Cy) —u ot (—ka+wt+0)
s o 3712 3712 2 4713 ! )
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