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This paper revisits Chua’s electrical circuit in the context of the Caputo-Liouville fractional derivative. We introduce the Caputo-Liouville
fractional derivative into the modeling of the electrical circuit. The solutions of the new model are proposed using numerical discretizations.
The discretizations use the numerical scheme of the Riemann-Liouville integral. We have determined the equilibrium points and study their
local stability. The existence of the chaotic behaviors with the used fractional-order has been characterized by the determination of the
maximal Lyapunov exponent value. The variations of the parameters of the model into the Chua’s electrical circuit have been quantified
using the bifurcation concept. We also propose adaptive controls under which the master and the slave fractional Chua’s electrical circuits
go in the same way. The graphical representations have supported all the main results of the paper.
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1. Introduction

Chaos, bifurcations, and Lyapunov exponent are longestab-
lished mathematical problems that continue to generate much
attention. Chaotic systems can be found in physics (e.g.,
the Lorentz actuator), in finance, in biology, or electrical cir-
cuits (e.g., Chua’s electrical circuits); for other fields where
chaotic behaviors can be found, see Refs. [2,3,7,8,13]. In
1993, Chua et al. introduced the idea of modeling electri-
cal circuits through chaotic systems [2], and Chua’s electrical
circuits have found interest in the literature. In chaotic sys-
tems, three concepts are fundamental. The first is the stability
analysis of the equilibrium points. The stability consists of
studying how a solution converges asymptotically around an
equilibrium point, taking into account the initial condition.
Note that chaotic systems are very sensitive to the initial con-
ditions, where the behavior can easily change. In general,
chaotic systems are described utilizing many parameters, and
it is also crucial to analyze the chaotic behavior generated by
the changes in the values of these parameters, the so-called
bifurcations. In other words, in bifurcations, we analyze the
impact of the changes in the parameters of the model on
the behavior of the chaotic system. Another concept is the
Lyapunov exponent, which is used to characterize the exis-
tence of chaos or not; the determination of this number is
done numerically in fractional cases. Recent years fractional
calculus [17, 28] have emerged and attracted many authors.
This new field finds much application in the following areas:
physics [11, 16, 29, 31], mechanics, biology [30], mathemat-
ical physics [16, 19, 22], electrical circuits [20], economics,
modeling fluids [21, 25] and many others [12, 24, 27]. Fol-
lowing this direction, the Chua’s system is remodeled in this
paper using the Caputo-Liouville fractional derivative.

There exist many papers that address chaotic models. The
literature is long, but we give a brief presentation. In [1],
Chenget al. investigate the synchronization of the fractional

Chua’s chaotic model. In [2], Chuaet al. introduce an
electrical circuit chaotic model and study the synchroniza-
tion of this proposed model as well. Note that all inves-
tigations on Chua’s electrical circuits come from this origi-
nal paper. In [3], Abdelouahabet al. propose a bifurcation
analysis of the fractional-order simple chaotic electrical cir-
cuit. In Ref. [4] Maksoudet al. present the implementa-
tion of fractional Chua’s chaotic system by using Grunwald-
Letnikov’s derivative. In [5], Hartleyet al. present the frac-
tional Chua’s electrical circuit using the Riemann-Liouville
derivative. The authors, in their investigation, analyze the im-
pact of the fractional-order derivative into Chua’s electrical
circuit. In [6], Wanget al. investigate on generating multi-
scroll Chua’s attractors using the simplified piecewise-linear
Chua’s diode. In [7, 13], Petras presents the control prob-
lem in the context of the fractional Chua’s electrical circuit.
In [8], the author uses the Atangana-Baleanu derivative for
modeling the fractional Chua’s electrical circuit.

The objective of this paper is to revisit the Chua’s electri-
cal circuit described by fractional-order derivative. The mo-
tivations for this use are explained in the next section. The
model is new. Therefore the stability analysis of the equilib-
rium points has been studied. The second step will be to ana-
lyze the evolution of Chua’s chaotic system when the differ-
ent parameters of the model have been modified. We mainly
use the bifurcation notion to do this investigation. The other
point in the research is the characterization of chaos. In other
words, we use the determination of the Lyapunov exponent
to characterize the existence of the chaos for a particular or-
der of the fractional-order derivative. Note that due to the
form of the fractional Chua’s electrical circuit, we decom-
pose the fractional differential equations in three different
sub-systems. The research of adaptative control will close
this present work.
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2. Basic definitions of fractional operators

The fractional derivative is used in this paper for modeling
Chua’s electrical circuit. The motivations for such use are
described in the next section. In this section, we remind the
fractional derivatives used in this paper. We recall, respec-
tively, the fractional integral, the Riemann-Liouville deriva-
tive, and the Caputo-Liouville fractional derivative. We have
the following definitions.

Definition 1 [17, 28] We represent the Riemann-Liouville
integral of the functionx : [0,+∞[−→ R as the following
form

(Iαx) (t) =
1

Γ(α)

t∫

0

(t− s)α−1
x(s)ds, (1)

underΓ(...) represents the Gamma function and with the or-
derα obeying the condition thatα > 0.

Definition 2 [17, 28] We represent the Riemann-Liouville
derivative of the functionx : [0, +∞[−→ R, of orderα in
the following form

Dαx(t) =
1

Γ (1− α)
d

dt

t∫

0

x(s) (t− s)−α
ds, (2)

with t > 0, the orderα ∈ (0, 1) and Γ(...) denotes the
Gamma function.

Definition 3 [17, 28] We symbolize the Caputo-Liouville
fractional derivative of the functionx : [0, +∞[−→ R, of
orderα in the following relationship

Dαx(t) =
1

Γ (1− α)

t∫

0

dx

ds
(t− s)−α

ds, (3)

with the conditionst > 0, the orderα ∈ (0, 1) and Γ(...)
represents the gamma Euler function.

There exist many other types of fractional-order deriva-
tives. In recent years, fractional derivatives with non-
singularities have attracted a lot of attention. The definitions
of these derivatives can be found in Refs. [9,10].

3. Presentation of the new fractional Chua’s
electrical circuit model

In this section, we present the fractional-order Chua’s electri-
cal circuit represented by Caputo-Liouville fractional deriva-
tive. The Chua’s model is an electrical circuit including the
resistorR, the inductorL, two capacitorsC1 andC2, and
a nonlinear resistorNR. The classical model can be repre-

sented by the following differential equations [2]

C1
dVC1

dt
=

1
R

(VC2 − VC1) + g(VC1), (4)

C2
dVC2

dt
=

1
R

(VC1 − VC2) + IL, (5)

L
dIL

dt
= −VC2 , (6)

where the functiong can be represented as the following form

g(VR) = GbVR +
1
2

(Ga −Gb)

× [|VR + Bp|+ |VR −Bp|] (7)

whereVC1 is the voltage across the capacitorC1, VC2 is the
voltage across the capacitorC2, I is the current through the
inductance,Ga andGb are the slopes, and±Bp denote the
breakpoints. Under the following change of variables:

x =
VC1

Bp
, y =

VC2

Bp
, z =

IL

BpG
, a = RGa, (8)

and

b = RGb, d = C2/C1,

c = C2R
2/L, t = τG/C2, (9)

Chua’s model can be rewritten as

ẋ = d (y − x− f(x)) , (10)

ẏ = x− y + z, (11)

ż = −cy. (12)

In general, the fractional-order Chua’s electrical circuit can
be obtained by replacing the integer-order derivative with
non-integer order derivative; the reasons for this replacement
are given next. We have

Dα
t x = d (y − x− f(x)) , (13)

Dα
t y = x− y + z, (14)

Dα
t z = −cy, (15)

with the initial conditions represented by the following rela-
tionships

x(0) = x0, y(0) = y0, z(0) = z0, (16)

and where the functionF (x) is defined as follow,

f(x) = bx +
1
2

(a− b) [|x + 1| − |x− 1|] . (17)

Owing to the fact that Chua’s electrical circuit –in the
context of fractional order derivatives– has not been much
exploited, it is our motivation to extend Chua’s model ot
the non-integer-order derivative case. This paper will be
interested in the Chua’s electrical circuit using the Caputo-
Liouville fractional derivative. Another motivation in this pa-
per is to see what happens with Chua’s circuit when the non-
integer-order derivative replaces the integer-order derivative.

Rev. Mex. F́ıs. 67 (1) 91–99



MATHEMATICAL VIEWS OF THE FRACTIONAL CHUA’S ELECTRICAL CIRCUIT DESCRIBED. . . 93

The question related to the use of the fractional-order deriva-
tive comes from the Leibniz question, where one tries to ob-
tain the value of

dαx

dtα
, (18)

whenα = 0.5. This question is reasonable because when
α = 1, we recover the integer-order derivative. In fractional
calculus, the intuition dictates that many phenomena can be
described by models using fractional-order derivatives. Many
arguments support these reasons. First, we notice all mod-
els in real-word problems contain error terms in measuring
the real data; for example, in econometric models, where
all models are linear differential equations with error terms.
Other situations, like the data collected for the revenue and
the consumption do not follow exact linear differential rela-
tionships because of the amount of existing error terms. For
the deterministic differential equations, we notice the one
of the solutions do not follow the behaviors obtained with
real data. It is because of these reasons that the stochastic
representations of differential equations are introduced. For
short, many of the phenomena that is commonly represented
with integer-order derivatives, are not being described ade-
quately at all times. To take into account all these errors,
the fractional-order derivatives are proposed for solving real-
world modeling problems.

4. Numerical investigation of the fractional
model

In this section, we describe and apply the numerical scheme
considered in this paper. The numerical scheme is motivated
by the fact the analytical solution of the Chua’s electrical
circuit is quasi-impossible. The homotopy methods can be
used; the problem will be, after how many iterations the so-
lutions will converge. We use the numerical scheme of the
Riemann-Liouville fractional integral. Note that the follow-
ing representations give the solutions of the fractional Chua’s
electrical circuit

x(t) = x (0) + Iας (t, x) , (19)

y(t) = y (0) + Iαξ (t, y) , (20)

z(t) = z (0) + Iαζ (t, z) , (21)

where the functionsς, ξ andζ come from the chua’s electrical
model considered in this paper, we have the following

ς (t, x) = d (y − x− f(x)) , (22)

ξ (t, y) = x− y + z, (23)

ζ (t, z) = −cy. (24)

At the pointtn the discretization should be represented in the
following forms

x(tn) = x (0) + Iας (tn, x) , (25)

y(tn) = y (0) + Iαξ (tn, y) , (26)

z(tn) = z (0) + Iαζ (tn, z) . (27)

Using the gridtn = nh, whereh represents a constant step-
size, the scheme of the fractional integral operators are given
by

Iας (tn, x) = hα
n∑

j=1

dn−jς (tj , zj) , (28)

Iαξ (tn, y) = hα
n∑

j=1

dn−jξ (tj , zj) , (29)

Iαζ (tn, z) = hα
n∑

j=1

dn−jζ (tj , zj) , (30)

where the parameter is given bydn−j = ((n− j + 1)α −
(n− j)α)/ 1

Γ(1+α) . We utilize now the first-order inter-
polant polynomial of the functionsς (τ, x(τ)), ξ (τ, y(τ))
andζ (τ, z(τ)) expressed as the following forms

ς (τ, x(τ)) = ς (tj+1, zj+1) +
τ − tj+1

h

× [ς (tj+1, zj+1)− ς (tj , zj)] , (31)

ξ (τ, y(τ)) = ξ (tj+1, zj+1) +
τ − tj+1

h

× [ξ (tj+1, zj+1)− ξ (tj , zj)] , (32)

ζ (τ, z(τ)) = ζ (tj+1, zj+1) +
τ − tj+1

h

× [ζ (tj+1, zj+1)− ζ (tj , zj)] . (33)

Taking into account Eqs. (31)-(33), the numerical discretiza-
tions of the fractional integrals are represented by the follow-
ing expressions

Iας (tn, x) = hα


d̄(α)

n ς (0) +
n∑

j=1

d
(α)
n−jς (tj , xj)


 , (34)

Iαξ (tn, y) = hα


d̄(α)

n ξ (0) +
n∑

j=1

d
(α)
n−jξ (tj , yj)


 , (35)

Iαζ (tn, z) = hα


d̄(α)

n ζ (0) +
n∑

j=1

d
(α)
n−jζ (tj , zj)


 , (36)

where the parameters in the above equations are represented
in the following expressions

d̄(α)
n =

(n− 1)α − nα (n− α− 1)
Γ (2 + α)

, (37)
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and when the indices describe the setn = 1, 2, ...., the previ-
ous parameters can be expressed as the following form

d
(α)
0 =

1
Γ (2 + α)

and

d(α)
n =

(n− 1)α+1 − 2nα+1 + (n + 1)α+1

Γ (2 + α)
. (38)

Finally, as numerical schemes for Chua’s electrical model in
the context of fractional order derivative, we have the follow-
ing representations

x(tn)=x (0)+hα


d̄(α)

n ς (0)+
n∑

j=1

d
(α)
n−jς (tj , xj)


 , (39)

y(tn)=y (0)+hα


d̄(α)

n ξ (0)+
n∑

j=1

d
(α)
n−jξ (tj , yj)


 , (40)

z(tn)=z (0)+hα


d̄(α)

n ζ (0) +
n∑

j=1

d
(α)
n−jζ (tj , zj)


 , (41)

where

ς (tj , xj) = d (yj − xj − f(xj)) , (42)

ξ (tj , yj) = xj − yj + zj , (43)

ζ (tj , zj) = −cyj (44)

We finish this section by recalling some explanations con-
cerning the stability and the convergence of the proposed nu-
merical schemes. We consider thatx(tn), y(tn) andz(tn) the
numerical approximations of the Chua’s electrical model and
xn, yn andzn the exact solutions of the same model. We can
write the residual functions as the following forms

|x (tn)− xn| = O
(
hmin{α+1,2}

)
, (45)

|y (tn)− yn| = O
(
hmin{α+1,2}

)
, (46)

|z (tn)− zn| = O
(
hmin{α+1,2}

)
. (47)

The convergence of the used numerical scheme comes from
the fact h converge to0. The stability of the numerical
schemes in this paper is obtained by the fact the functions
ς, ξ, andζ are Lipschitz continuous.

5. Stability analysis of the equilibrium points

In this section, we study the stability of the equilibrium points
of the fractional Chua’s electrical circuit. The main idea is to
decompose the fractional system into three cases. In the first
case, we suppose∈ (−∞,−1], wheref(x) = bx− (a− b).

In this case, fractional Chua’s electrical circuit is given by

Dα
t x = d (y − x− bx + (a− b)) , (48)

Dα
t y = x− y + z, (49)

Dα
t z = −cy. (50)

As supposed by Chua’s, we set the parameters tod = 10,
c = 14.87, a = −1.27, andb = −0.68. The equilibrium
points of the fractional equations represented in Eqs. (48)-
(50) are given by

(x∗, y∗, z∗) =
(

a− b

1 + b
, 0,

b− a

1 + b
,

)
. (51)

It is straightforward to obtain the Jacobian matrix at the equi-
librium point (x∗, y∗, z∗); we get the following relationship

J =



−d (1 + b) d 0

1 −1 1
0 −c 0


 . (52)

Considering the values of the parameters of the fractional
Chua’s model, the characteristic polynomial of the Jacobian
matrix is given by

P (λ) = −λ3 − 4.2λ2 − 8.07λ− 47.584. (53)

The eigenvalues of the are given by theλ1 = −4.6597,
λ2 = 0.2298 + 3.1873i, and λ3 = 0.2298 − 3.1873i.
We note that|arg (λ1)| = π > απ/2 for all α ∈ (0, 1),
|arg (λ2)| = 43π/90 > απ/2 when α < 0.95, and
|arg (λ3)| = 137π/90 > απ/2 for all α ∈ (0, 1). Thus, we
conclude the equilibrium point(x∗, y∗, z∗) is locally asymp-
totically stable when the order satisfiesα < 0.95. If not, the
equilibrium point is unstable.

For the second case, we supposex ∈ [−1, 1], where
f(x) = ax, where the fractional Chua’s electrical circuit is
given by

Dα
t x = d (y − x− ax) , (54)

Dα
t y = x− y + z, (55)

Dα
t z = −cy. (56)

We consider the valuesd = 10, c = 14.87, a = −1.27, and
b = −0.68. The equilibrium point of the fractional equation
represented in Eqs. (54)-(56) is given by

(x∗, y∗, z∗) = (0, 0, 0) . (57)

The Jacobian matrix at the equilibrium point(0, 0, 0) is

J =



−d (1 + a) d 0

1 −1 1
0 −c 0


 . (58)

Considering the values of the parameters of the fractional
model, the characteristic polynomial of the Jacobian matrix
is now

P (λ) = −λ3 + 1.7λ2 − 2.17λ + 40.149. (59)
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Direct computation usingMatlab shows that the eigenval-
ues ofP (λ) are given by theλ1 = 3.8477 λ2 = −1.0739 +
3.0465i and λ3 = −1.0739 − 3.0465i. We note that
|arg (λ1)| = 0 < απ/2. Thus, it is concluded that the equi-
librium point (0, 0, 0) is not stable.

In the last case, we supposex ∈ [1, +∞[ wheref(x) =
bx + (a− b), in this case the fractional Chua’s electrical cir-
cuit is given by

Dα
t x = d (y − x− bx− (a− b)) , (60)

Dα
t y = x− y + z, (61)

Dα
t z = −cy. (62)

Following the work of Chua, we considerd = 10, c = 14.87,
a = −1.27, andb = −0.68. The equilibrium point of the
fractional Eqs. (60)-(62) is given by

(x∗, y∗, z∗) =
(

b− a

1 + b
, 0,

a− b

1 + b

)
. (63)

The rest of the procedure is identical as in the first case. It is
straightforward to see that the Jacobian matrix at the equilib-
rium point is given by the following relationship

J =



−d (1 + b) d 0

1 −1 1
0 −c 0


 . (64)

Considering the values of the parameters of the fractional
model, the characteristic polynomial of the Jacobian matrix
is given after calculation by the following form

P (λ) = −λ3 − 4.2λ2 − 8.07λ− 47.584. (65)

The eigenvalues are given byλ1 = −4.6597, λ2 =
0.2298 + 3.1873i andλ3 = 0.2298− 3.1873i. We note that
|arg (λ1)| = π > απ/2 for all α ∈ (0, 1), |arg (λ2)| =
43π/90 > απ/2 when α < 0.95, and |arg (λ3)| =
137π/90 > απ/2 for all α ∈ (0, 1). Thus, we conclude
the equilibrium point is locally stable when the order satisfies
the conditionα < 0.95. If not, then the equilibrium point is
unstable.

Finally, we can observe the trivial equilibrium point is not
stable, but the two non-trivial equilibrium points are locally
stable under the condition the fractional-order derivative does
not exceed 0.95.

6. Graphical support of the numerical scheme

In this section, we study the chaotic behaviors of the frac-
tional Chua’s electrical circuit. We represent the solutions
graphically by using the numerical discretizations described
in the previous section. We also analyze the impact of the
different parameters using the bifurcation concept. Note that
a bifurcation is a tool used to analyze the sensitivity of the
fractional differential equation due to the variation of one
of its parameters. For the rest of the paper, we suppose the

FIGURA 1. Dynamics of fractional Chua’s electrical circuit with
α = 0.95.

following initial condition: x(0) = −0.68, y(0) = 0 and
z(0) = 0.68. The parameters of the model ared = 10,
c = 14.87, a = −1.27 and b = −0.68 and we consider
the orderα = 0.95.

Figure 1 focuses on the dynamics of the fractional Chua’s
electrical circuit in the axisx-axis,y-axis andz-axis. Figure 2
highlights the dynamics of the fractional Chua’s electrical cir-
cuit on thex-axis, andy-axis. Figure 3 describes the dynam-
ics of the fractional Chua’s electrical circuit on they-axis,
andz-axis. Figure 4 depicts the dynamics of the fractional
Chua’s electrical circuit on thex-axis, andz-axis.

Let us now analyze the impact of the parameterd ∈
(9, 11) on Chua’s electrical circuit. The other parameters of
the model are supposed constant and do not vary. In Fig. 5,
we depict the bifurcation diagram with the variation of the
parameterd. Let us explain the dynamics represented in
Fig. 5 and give its physical meaning. According to refer-
ence [3], when the parameterd ∈ (9, 10.5), it corresponds
to the asymptotic stability of the trivial equilibrium point,
the Chua’s system exhibits chaotic behaviors whend exceeds
10.5.

FIGURA 2. Dynamics of fractional Chua’s electrical circuit with
α = 0.95.

Rev. Mex. F́ıs. 67 (1) 91–99
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FIGURA 3. Dynamics of fractional Chua’s electrical circuit with
α = 0.95.

FIGURA 4. Dynamics of fractional Chua’s electrical circuit with
α = 0.95.

We continue by analyzing the impact of the parameter
c ∈ (14, 15) on Chua’s electrical circuit. The other parame-
ters of the model are assumed to be constant. In Fig. 6, we
depict the bifurcation diagram with the variation of the pa-
rameterc. Let us explain the dynamics represented in Fig. 6
and to give its physical meaning. According to Ref. [3], when
the parameterc ∈ (14, 14.6), Chua’s system exhibits chaotic
behaviors and whenc exceeds14.6, which corresponds to
the asymptotic stability of the trivial equilibrium point, con-
firming the previous analysis related to the stability and the
chaotic behavior observed in Figs. 1-4.

We finish by proposing the Lyapunov exponent of the
fractional Chua’s electrical circuit. The importance of the
Lyapunov exponent is to detect the presence of chaotic be-
haviors. There exist some methods proposed in the literature
for the detection of the chaos in the fractional context like the
method proposed in Ref. [33] based on the semi-analytical
solution, and the Lyapunov exponent base on the numerical

FIGURA 5. Bifircation diagram with variation of parameterd.

FIGURA 6. Bifircation diagram with variation of parameterc.

scheme and the Jacobian matrix, as described in our con-
text [32]. As for the detection of the presence of chaotic
dynamics, it is said that when the maximal value of the Lya-
punov exponent is large and positive, then chaotic behaviors
are taking place. As previously discussed in the bifurcation
section, we fixα = 0.95, andd = 10, c = 14.87, a = −1.27,
b = −0.68 andf(x) = ax. The method of the determination
of the Lyapunov exponent is described in the context of the
fractional calculus in [32]. The novelty in the determination
of the Lyapunov exponent in our context is that we replace
the numerical scheme used in [32] by our numerical scheme,
and utilize the Jacobian matrix of Chua’s model. It is also im-
portant to mention that the value of the Lyapunov exponent is
sensitive to the initial conditions. Here, the initial conditions
arex(0) = −0.68, y(0) = 0 andz(0) = 0.68. Under such
initial conditions, the maximal values of the Lyapunov expo-
nent of the fractional Chua’s model whenα = 0.95 is ob-
tained at timeT = 19.98 and is given byLE = 0.3270. The
maximal Lyapunov exponent is positive and large, confirm-
ing the existence of high chaotic behavior, as we can observe
in Figs. 1-4.
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7. Adaptative controls

In this section, we propose an adaptative control under which
the driving system and the response system oscillate or go in
the same direction. It is essential when the stability analy-
sis of a particular model is not trivial. In the first case, we
consider the driving Chua’s model described by

Dα
t x1 = d (x2 − x1 − bx1 + (a− b)) , (66)

Dα
t x2 = x1 − x2 + x3, (67)

Dα
t x3 = −cx2. (68)

Let the response fractional chaotic Chua’s model given by

Dα
c y1 = d (y2 − y1 − by1 + (a− b)) + u1, (69)

Dα
c y2 = y1 − y2 + y3 + u2, (70)

Dα
c y3 = −cy2 + u3, (71)

where the control input is supposed as followsu =
(u1, u2, u3). In the first case, the objective will be to give
adaptive values to the control inputs. Let the error terms be
defined by

η1 = y1 − x1 η2 = y2 − x2 η3 = y3 − x3. (72)

Applying the Caputo-Liouville fractional derivative to the er-
ror terms we get the following fractional differential equa-
tions

Dα
c η1 = d (η2 − η1 − bη1) + u1, (73)

Dα
c η2 = η1 − η2 + η3 + u2, (74)

Dα
c η3 = −cη2 + u3. (75)

We propose the following controlu = (0, 0, 0) and we prove
using the Lyapunov function that the fractional differential
equation given by Eqs. (73)-(75) is globally asymptotically
stable. Let the Lyapunov function defined by

V (η1, η2, η3) = η2
1 + η2

2 + η2
3 . (76)

We continue with the linear fractional differential equations.
Then the Caputo-Liouville fractional derivative along the tra-
jectories of Eqs. (73)-(75) is represented by the following
relationships [23,26]:

Dκ
t V ≤ η1D

α
c η1 + η2D

α
c η2 + η3D

α
c η3,

≤ η1 [α (η2 − η1 − bη1)]

+ η2 [η1 − η2 + η3] + η3 [−βη2] ,

≤ −
[
d + db−

(
1 + d

2

)]
η2
1

−
[
1− 1 + d

2
− 1− c

2

]
η2
2 −

c− 1
2

η2
3 . (77)

Thus, under the supposed control, and the supposed pa-
rameters of the model, we observe Eq. (77) is a negative
term; that is, the trivial equilibrium of fractional error system
is globally asymptotically stable, which in turn implies that
limt→+∞ ‖η‖ = limt→+∞ ‖y − x‖=0. Finally, the driving
system and the response of the fractional Chua’s electrical
circuit go in the same way when the signal control isu = 0.

In the second case, we repeat the same procedure, since
not many changes are done in the calculations. We consider
the driving Chua’s model described by

Dα
t x1 = d (x2 − x1 − ax1) , (78)

Dα
t x2 = x1 − x2 + x3, (79)

Dα
t x3 = −cx2. (80)

Let the response fractional chaotic Chua’s model given by

Dα
c y1 = d (y2 − y1 − ay1) + u1, (81)

Dα
c y2 = y1 − y2 + y3 + u2, (82)

Dα
c y3 = −cy2 + u3, (83)

where the control inputu = (u1, u2, u3). In the second case,
the objective will be to give adaptive values to the control
inputs. Let the error terms be defined by

η1 = y1 − x1 η2 = y2 − x2 η3 = y3 − x3. (84)

Applying the Caputo-Liouville fractional derivative to the er-
rors terms, we get the following fractional differential equa-
tion

Dα
c η1 = d (η2 − η1 − aη1) + u1, (85)

Dα
c η2 = η1 − η2 + η3 + u2, (86)

Dα
c η3 = −cη2 + u3. (87)

We propose the following controlu = (0, 0, 0) and we prove
using the Lyapunov function that the fractional differential
equation given by Eqs. (85)-(87) is globally asymptotically
stable. Let the Lyapunov function defined by [23,26]:

V (η1, η2, η3) = η2
1 + η2

2 + η2
3 . (88)

The rest of the proof is not difficult to perform and we fall on
the linear fractional differential equation. Then the Caputo-
Liouville fractional derivative along the trajectories of Eqs.
(85)-(87) is represented by the following,

Dκ
t V ≤ η1D

α
c η1 + η2D

α
c η2 + η3D

α
c η3,

≤ η1 [α (η2 − η1 − aη1)]

+ η2 [η1 − η2 + η3] + η3 [−βη2] ,

≤ −
[
d + da−

(
1 + d

2

)]
η2
1

−
[
1− 1 + d

2
− 1− c

2

]
η2
2 −

c− 1
2

η2
3 . (89)

Rev. Mex. F́ıs. 67 (1) 91–99



98 N. SENE

Thus, under the chosen control and values of the model
parameters, we observe that Eq. (89) is a negative term;
that is, the trivial equilibrium of fractional error system is
globally asymptoatically stable, which in turn implies that
limt→+∞ ||η|| = limt→+∞||y−x|| = 0. Finally, the driving
system and the response of the fractional Chua’s electrical
circuit go in the same direction when the signal control is
u = 0.

For the last case, a similar procedure to the one before is
followed. We consider the driving Chua’s model described
by

Dα
t x1 = d (x2 − x1 − bx1 − (a− b)) , (90)

Dα
t x2 = x1 − x2 + x3, (91)

Dα
t x3 = −cx2. (92)

Let the response fractional chaotic Chua’s model given by

Dα
c y1 = d (y2 − y1 − by1 − (a− b)) + u1, (93)

Dα
c y2 = y1 − y2 + y3 + u2, (94)

Dα
c y3 = −cy2 + u3, (95)

where the control input is supposed as followsu =
(u1, u2, u3). In the last case, the objective will be to give
adaptive values to the control inputs. Let’s the errors term
defined by the following terms

η1 = y1 − x1, η2 = y2 − x2, η3 = y3 − x3. (96)

Applying the Caputo-Liouville fractional derivative to the er-
ror terms we get the following fractional differential equa-
tion:

Dα
c η1 = α (η2 − η1 − bη1) + u1, (97)

Dα
c η2 = η1 − η2 + η3 + u2, (98)

Dα
c η3 = −βη2 + u3. (99)

We propose the following controlu = (0, 0, 0) and we prove
using the Lyapunov function that the fractional differential
equation (97)-(99) is globally asymptotically stable. Let the
Lyapunov function be defined by

V (η1, η2, η3) = η2
1 + η2

2 + η2
3 . (100)

We continue with the linear fractional differential equation.
Then the Caputo-Liouville fractional derivative along the tra-
jectories of Eqs. (97)-(99) is represented by the following
relationships [23,26]:

Dκ
t V ≤ η1D

α
c η1 + η2D

α
c η2 + η3D

α
c η3,

≤ η1 [α (η2 − η1 − bη1)]

+ η2 [η1 − η2 + η3] + η3 [−βη2] ,

≤ −
[
d + db−

(
1 + d

2

)]
η2
1

−
[
1− 1 + d

2
− 1− c

2

]
η2
2 −

c− 1
2

η2
3 . (101)

Thus, under the supposed control, and the supposed pa-
rameters of the model, we observe Eq. (101) is a neg-
ative term, that is the trivial equilibrium of fractional er-
ror system is globally asymptotically stable, which in turn
implieslimt→+∞ ‖η‖ = limt→+∞ ‖y − x‖=0. Finally, the
driving system and the response of the fractional Chua’s elec-
trical circuit go in the same way when the signal control
u = 0.

8. Conclusion

In this paper, we have revisited the fractional Chua’s electri-
cal circuit. The numerical schemes allow us to get the solu-
tions of the proposed model and to analyze the model have
been presented. The qualitative properties as the stability
analysis of the equilibrium points, the bifurcation diagrams,
and the Lyapunov exponent were discussed. The Lyapunov
exponent depends on the chosen initial condition and the con-
sidered order for the fractional derivative. Note that this fac-
tor proves the existence of highly chaotic behavior when the
fractional order is used in modeling Chua’s electrical circuit.
This paper demonstrates that the fractional-order can also be
used for modeling the electrical Chua’s circuit in general.
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