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We developed a somewhat novel fractional-order calculus workbench as a certain generalization of Khalil's conformable derivative. Although
every integer-order derivate can naturally be consistent with fully physical-sense problem’s quotation, this is not the standard scenario of the
non-integer-order derivatives, even aiming physics systems’ modeling, solely. We revisited a particular case of the generalized conformable
fractional derivative and derived a differential operator, whose properties overcome those of the integer-order derivatives, though preserving
its clue advantages. Worthwhile noting that the two-fractional indexes differential operator we are dealing with departs from the single-
fractional index framework, which typifies the generalized conformable fractional derivative. This distinction leads to proper mathematical
tools, useful in generalizing widely accepted results, with potential applications to fundamental Physics within fractional order calculus. The
latter seems to be especially appropriate for exercising the Sturm-Liouville eigenvalue problem, as well as the Euler-Lagrange equation, anc
to clarify several operator algebra matters.
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1. Introduction ties of the classic integer-order derivative, such as the product

rule or the chain rule. In 2014 Khakit al. [1] introduced the
Derivatives of non-integer order have been discussed for definition of the conformable fractional derivative, analogous
long time. In 1695 L'Hopital asked Leibniz what meaning to the limit definition of the standard integer-order derivative.
could be ascribed t®™ f if n were a fraction. Since thattime, This definition was later generalized by Katugampola [2],
fractional calculus has drawn the attention of many mathewhose work was later addressed by Andersbal. [3], who
maticians. Most of them have used an integral form to deused Katugampola’s results to explore its properties and its
fine the fractional derivative; the two most popular ones argotential application in guantum mechanics, see also [4-8]. In
the Riemann-Liouville definition and the Caputo definition. 2017, Al-Refai and Abdeljawad [9] suggested a generaliza-
However, these definitions did not inherit most of the proper-



430 E. REYES-LUIS, G. FERMNDEZ-ANAYA, J. CHAVEZ-CARLOS, L. DIAGO-CISNEROS AND R. MBIOZ-VEGA

tion of the well-known Sturm-Liouville eigenvalue problem The restrictions of)(u, «, 3) are:
using the conformable derivative. In 2018 Ztret@l. [10] in-
troduced a set of Maxwell's equations using the Generalized
Conformable Fractional Derivative (GCFD), which obeys the
classical properties of the integer-order derivative. Several Y(x,a,0) #0 r €RT
works have recently appeared on conformal derivatiees,
[14-19]. Clearly showing that it is a field of great growth,
despite its recent creation. Some applications of these con-
formal derivatives to optical solitons solutions are in [20,21].

We generalize the conformable derivative introduced by V(o0 B1) #Y(s . B2)  Br# e
Khalil et al. [1] by exploring the properties of a fractional whereqa; andg; € (0,1], fori = 1,2,3....
derivative operator derived from the GCFD derivative. Un-
like the rest of the fractional derivatives, the order of our op-  Let f : [0,00] —, R and x> 0 also leth(x) andk(z) be
erator is determined by two fractional indexes and two poscontinuous functions, wherg(z) > 0 andk(x) > 0. Then

itive functions, which can be arranged to recover the intethe ” o, 3hkl conformable fractional derivative” of of order
ger order derivative. The two fractional indexes and the tway, 3 is defined by:
functions give the derivative greater freedom and more com-

Wz, 1,1) =1 z €R*

¢(-,(11,ﬁ) 7& 1/)(-,0@’5) aq 7& (6]

f@+ 0P @)™ ")) — f(a)

plex dynamics than single-index and single-function deriva- .3 (f)(z) = lim @)
tives; furthermore, being a conformable derivative, itis a lo- — k! e—0 € ’

cal derivative just like in the integer-order case. In this way,yhere

our proposed GCFD is similar to the Gateaux derivative [10] k=0 (2) ! k=i ()

but definitively is not equal. We present a differential op- € = Z i ©))
erator in which the order of the derivative now depends on J=1 '

the two fractional indexes and 3, preserving almost all forx > 0,a, 3 € (0,1]. If the limit exists, we say thaft(z) is
the properties of integer-order derivatives, as it is often they-differentiable.
case with conformable local derivatives. We construct oper- Recently M.N. Alam and Xin Li [13] solved the com-
ators with potential application in quantum mechanics, genplex fractional Schidinger equation using the conformable
eralizing some results obtained by Anderson and Ulness [3ferivative introduced by Khalit al. [1]; our fractional oper-
We generalize some well-known results, such as the Eule@tor generalizes the operator introduced by Khalil.
Lagrange method [11] and the Sturm-Liouville eigenvalue If we seth(z) =1, 3 = 1, k(z) = « andl = 1 then we
problem [12] by replacing the integer-order derivative op-recover the conformable fractional derivative definition from
erators with our operator, following a similar procedure askhalil et al.:
Abdeljawadet al. [9] and we show some examples. i flx+ ext™) — f(z)

= 111m

a,l

In the first section, we present the definition of the opera- DY (F)(z) €—0 € ' )
tor, its main properties, such as the product rule and the chain
rule, as well as some examples. In the next section, we furthe{
explore its properties, we introduce an inverse operator, an
then we explore its commutator and anti-commutator prop-
erties, as well as some results with applications in quantum
mechanics. In the last section, we generalize some results
obtained in the second section, namely the Sturm-Liouville
operator. We consider the Sturm-Liouville eigenvalue prob-3, pProperties of the differential operator
lem using the differential operator introduced in the first sec-
tion. We also generalize some results, such as the Lagranget o € (0,1] andf, g be~ -differentiable at a point > 0.
Identity and the Euler-Lagrange equation. Using Eq. 2) and Eq.8), it can be easily proved that:

1. fof,l(af +bg) = aDgﬁl(f) + bD;;;ﬁl(g), ab € R.

If we seth(z) = z, 8 = 1, k(z) = z=—1 andl — oo
en we recover the fractional derivative of ordedefinition
rom Katugampola:

Do ()t FEETE) 1)

z,x =1 oo e—0 €

®)

2. Preliminaries 2. D (a") = na " hP (2)k1 % (z), n € R.
3. Dgfl(c) =0, for all constant functions.
Let ¥ (u,a, 3) be a fractional conformable function and aﬁ’ s o
o, 3 € (0,1]. The "af derivative” of f: Rt — R atz is 4. Dyc(f9) = 9(@) Dy () + f(2) Dy (9)-
defined as: 5 Do (i) 9@ DR ()= F(2) Dl (9)
- Phxily) = (@) .
o, T f(x+€w(x7avﬂ))_f(x) .
Dy (fle) = iy ; - @ e DY (fog) = Lg(e) Dy (9) ().
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7. Dﬁ:ﬁl(f) = hﬂ(x)kl—a(a:)%. Applying the anti-derivative operatolrﬁﬁ1 to Dﬁf’l
B Of ap yields
8. Dyl f(gl(x)» N () = I Diia(yi) + o +
Of na, ( z
) h,k,1 Yn)- a o
" LADEL = [0 d0 =y, @0)

4. The afhkl conformable fractional derivate
and its relationship with second-order lin-
ear defferential equations

We now further explore the properties of our differential op-

erator Eq. 2) and develop some new operators from thisDﬁfl

one, such as the inverse operator, the commutator and the
anti-commutator as well as a self-adjoint variant of the anti-

where one takeg to vanish at the lower limit. Now applying
the Dy, operator tdyy, yields

T

wll =05y | [ s )| =)

I
[ dx

h,k,1

commutator. We will later use some of this results when solv- X [/x y(t) dfy(t):| =y(x). (11)
ing the Sturm-Liouville eigenvalue problem, such as the in-
tegration by parts formula. _ _ _
However, in the mixed casef7 Iy, yields:

4.1. TheD}{, operator
We begin by exploring the properties of tlfﬁéfﬁl operator. Dﬁ:ﬁyl[lﬁﬁl[y]] =Diy, /y(t) dr(t)

o, oy dy(x)

Diily(@)] = @k @2 (6) T

o - —n @k @) | [ ).
whered/dz is the integer-order derivative operator. So the dx
D/ operator is

d leté; =a—pandiy =0 —
Dy = W @)k (@) ——. )
| i = 1% @)k (2)y (). (12)

Next, we considered the iterated operdb@(fl Dy

d 1—p /
= [ @k @)y

= hP(2)k' () (ch” ! (z)h' (z)
X k' (x)y + (1~ p) h? (2)k™"(x)
X K (2)y + h7 @)k (2)y").

DY DET [yl] = hP ()~ (x)

If we let v; = a+ §andvy; = 3+ o, then:
= W2 (2)k* " (2)y" + (eh™ " (2)W (z)

X K2 (@) + (1= p) W2 (@)1 (2) x K (2))y’ (8)
4.2. The operatorl}",,
We define the inverse operator]bfjﬁ1 as
Oyt =1 = [ Ok R P () dt
h,k,l) = th,k,1 ( ()
- [Qarte), ©

a,B

imi P,
Similarly for I/, Diy , we have

128 (D0 ] = / KL (R P (0 (P (1)y

)

x

- / k5 ()R (£)y/ (£) dlt

ho* (@)k™ (2)y()

S / =L ()R ()R (t)y(b) dt

x

— 62/h52—1(t)h’(t)k:‘51 (t)y(t) dt

= h%2 (2)k" (2)y(x)
— O I [R22 () (2)y ()]
— 8o I [h2 (@) b () k(x)y(x)] -

01,02
I

(13)

Using the definition for the anti-derivative operator, we

where (.) is a place holder for the function to be operatedcan also derive a formula for integration by parts.

upon.

Theorem 4.1 (ntegration by part9
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Let f,g:[a,b]— R be two functions such thdy is differ-
entiable, then:

b

@ D3 @) o) = f@pg(o

- [ 9@ D5, fa) dr(a) (14)
proof
b b
[1@Di @) @) = [ f@h @k @)y @)

b
- / (@) @)k 0 () (@)h P (@)ke () da

b

— f@)g@)! — / 9(2) DX, () dy (o).

a

4.3. Parity in the D&, operator

We can neglect the requirement thatOt and consider the

parity ofDﬁ‘ﬁ | by applying the operatoa3 on Eq. [7):

~ o ~ Cu d
Pth)l_P{hﬁkl (x)dx]

= hP(—z)k'=(—x) (‘i) . (15)

We may consider two cases for powershg) andk(z)
of the form:

1
= — 16
o (16)
and
2n
= 17
o (17)
wheren € Z>g R
So, the action of? becomes:
D l—viv v v; d
PDy 177 =h I(—2)k" (—x) ) (18)

wherei, j = 1,2. Taking into account the parity @f(z) and
k(z), we explore the different cases fbr

43.1. 1y

1.

~ d
PDy " = b (—a) k7 (—x) (‘m) ., (19)

(1) h(z) even andi(x) even orh(z) odd andk(x) odd
PD) " = efm Dyt (20)
(2) h(x)even and:(x) odd orh(x) odd andk(z) even
PD, 3 = Dyl (21)
432. vy
1.

D —Vg,Vo ~2n 2n d
PD}%,CJ’ = ot (—z) k=T (—a) (-dx). (22)

(1) h(z) even and:(z) even orh(x) odd andk(x) odd or
h(z) even andi(z) odd orh(z) odd andk(z) even

PDy Ve =™ Dy e, (23)
4.3.3. vy andwy
1.

PO = ki () (-5 ) (@)
(1) h(z) even and:(x) even orh(z) even and:(z) odd
PD, Ve = ™Dyt (25)
(2) h(z) odd andk(x) even orh(z) odd andk(z) odd
PD, " = Dyl (26)

2.

35 —, 2n S d
PD}lL,k,lh ? = h= (—a)k = (—x) (_dx> ;o (27

(1) h(z) even and:(z) even orh(x) odd andk(x) even
PO =D (@8)

(2) h(z) even and:(z) odd orh(z) odd andk(z) odd
PDy Vv = Dyl (29)
4.4, First order differential equation
We consider a differential equation for the’ | operator:
Dl (@)] + Ay() = 0. (30)
Using Eq. 6) and solving fory(z):
R (@)k' % (@)y' () + Ay(a) = 0
Y () + AP (2)k @)y (z) = 0
d [e”“" P (ke (1) dty(m)} _0

dzx

y(@) = ce= TP OR T W,

Rev. Mex. Fis67 (3) 429-442
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4.5. The commutator with theD{" | derivative

B ) i
The operator®;’y’, andDy'y | do not commute, and unlike

a+p,B+o.

integer-order derivativeﬁ)ﬁ’fil DY, # Dy ; how-

433

Thus

DY), 2] = hP (2)k' = (). (37)

Then, we can express the generalized conformable frac-

ever, it is interesting to explore the commutator propertiedional derivative acting op as

of these operators.
DR DETly = Dot DR [yl] — DR DR [yl
From Eq. B):
= ((o = B) W7 @) (2)k*~* 7 (x)
+(a = p) W7 (2)k' P (2)K (2))y
= (0207 Nz (2)k* 77 ()
+ 01072 (2) x kT (2)K (2))y (31)

Sinceyi =a+p,2=0+0,01=a—p,d=0—[.

D, D] =0, (32)
and
D, DTl = — DT, Dl . (33)

Using the result from Eq3Q):

D}k [D3 % Diically = DDy Dy
~ DRk Divial DRk (]
— kmom e () (=T ()
x (h*(z)(a® + a(m —2)
—m(c+m) +c+m) K (2)]*) (z)
+ h(@)k(2) (¥ () ((m — a)h(z)
x k" (z) — b (x)k' (z)(b(2a + m — 3)
+nla—c—2m+2)+d
x (=m) + d))+h(z)(—2a + c + m)K' (z)y" (z))
+ & (2) (v () ((b* + b(n — 1) — n(d + n) + n)
x [P () + (b= n)h(x)R" ()
+ h(z)(2b — d — n)h' (z)y" (x))).

Then, we can verify that the Jacobi identity holds:

(34)

bt

b d , d :
[Di,k,b[D}Cl,k,h Dﬁfkrfﬂ] + [Di,k,lv [D;ﬁkrjl, Dy’yy

: a,b d
+ [Dhm,krib [Dﬁ,k,l’ Di,k}l]] =0. (35)
If we consider the commutat¢Dy ;, ¢] acting on a func-
tion y(x):
D), 2]y = Dy [wy] — 2 DY [y]
= 2D [y] + y DY ] — DY o]
bl 1Y T YLk k1Y

= 1P (@) (a)y. (36)

Dﬁfl[y] = [D§,7£17x}yl~ (38)
So, for any differentiable function af:
[Diiens f(@)] = WP (@)K~ (2) f' (). (39)

Using Eq.2) and Eq./L3), we can consider the commu-
tator [I;j’l, Dgl]
i DT Jy = —6uIt [0 (@)K (2)y]
= BaI [W2 7 @)W (2)k(x)y] . (40)

4.6. The anti-commutator for the operatoer:’f1

We now consider the anti-commutator by defining the opera-
tor

S {pdunpn} = S (opgiope,
+Dyys Dﬁf,l )- (41)
Using Eq.8) and operr:xtinaﬁ7 on a functiony(z):
Copont = 5 (W @) ()
+(oh™ " (z)h (z)k* 7 (z)
+ (L= p)h2 @)k (@)K (2))y)

(h @)k @)y

I~ N =
)

W ) (@) (2)
L a) W @)k (@)K (2))y)
@)k (2)y”

+ o+ o+

(2P (@)h (2)k* 7 (2)

+ +
N = >

2 — )k (z)k—m (2)K' (2))y'. (42)

—~

We may consider the case when= p andjs = o, then,

~ 1 « a, a, 2
Caa,28y = 5 {thmDhJﬁl} = (Dh,f,l) : (43)
fa=p=1/2:
Chay = hix)k(z)y"
1
+t3 (W (x)k(x) — h(z)E (x)) ¥/ (44)

Rev. Mex. Fis67 (3) 429-442
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4.6.1. Some properties fdr,, .,y

Lets first consider the homogeneous equatiomfet p and
p=o,
Chazsy = 0. (45)

Then Eqg.42) becomes:

WP (2)k* 2 (z)y" + (BR*° (2)W (2)k* 2 (2)
+(1— )@k @K @)y =0, (46)

which has solution:
y(x) = Cy + / Cih=P()E>1(t) dt. (47)

Lets now consider the constant equation
Crazpy = A. (48)
Equation'42) becomes
22k (x)y" + (tk:_m(x)
— oza:zk*(m“)(x))y/ =A, (49)

which has the solution:

T z o
f as‘—k(Qs)s ds
y(@) = c2 +/ <C1€ K

T 2 as?—k(s)s
e-{ wiaye2 ds

X
/ 22

z as?—k(s)s
te w(osZ 48

AR (2) dz) dt, (50)

wherec; andc, are constants to be determined by boundary

conditions.

4.6.2. Self-adjoint operator (ﬁ’/\ga}gg

The operatoﬁga’g,@ is not self-adjoint, but it can be made so

by multiplying by an integrating factdi’ (),

1
W(z) = 128 (2)k2—20 (1)
o Bh28=1 (@) (2)k2 =29 (@) 4 (1—a)h2B () k1 29 () k' (z
y ef Bh (@) (2)k h2l3((z)):;1*2'1)(}z) (2)k @) (@) g
= ;efm B };L:((f)) +(1-a) i/(g)) dx
268 (2)k222(z)
= h P (2)k* (). (51)

We define:

Aza2 = W(@)Cao 0 = (h™" @)k (2) (hzﬁ(x)kQQQ(w)

2

X o3+ [BR*P~1 () B (2) k2 (2)

+ (1 — a) h2’8(x)k1*2a(m)k'(x)} jx)

4.6.3. Differential equations fQKQ(LQﬁ

Now that we have defineﬁgmgg, we solve two differential
equations using this operator.

1. Homogeneous equation
Asa 2y =0, (53)

which solution is:
y(z) = cl/ hiﬁ(s)ko‘fl(s) ds + o, (54)

wherec; andc, are constants to be determined by boundary
conditions.

2. Equation including a constant inhomogeneous term

A\2a72ﬁy = K, (55)
y(z) = / (c1 + ks) h_ﬁ(s)k“_l(s) ds +co, (56)
1
wherec; andc, are constants to be determined by boundary
conditions, andk is a constant term.

Example:

Settingh(x) = 2™ andk(x) = 2", yields the solution:

B Clxl—&-n(a—l)—mﬁ

1+ n(a—1)—-mg
HI2+n(a71)fmﬂ

+2+n(a—1)—mﬁ

y(z)

+ c2, (57)

wheren, m € Zy.
We can re-express this solution in the from:

YG,q1,q2,q3 (x) =q1 (aa B,m, n)xG(a’ﬁl’mm)

+ q2(a,ﬂ7m,n)x1+G(O¢,ﬁ,m,n) + g3, (58)

Rev. Mex. Fis67 (3) 429-442
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FIGURE 1. Plots of different values af, 3, m, n, c1, c2, andx for Eq. (58). [22].

where:
G(aaﬁaman) = 1—‘1—7’7/(04—1) _mﬁ (59)
C1
ql(a,ﬂ,m,n) = m (60)
QQ(avﬁamvn) = 1 —‘rG(O{K/ﬁ m n) (61)
q;;(oz,ﬂ,m,n) = C2. (62)

By the law of trichotomy, Eq.[58) leaves us only with three

non-singular solutions of the form:
(1) G(a7/87m7n) < 1+G(a7/67m7n) < 01
(2) Gl(aaﬂama n) <0<1+ G(a,ﬂ,m, n)a
3) 0 < G, B,m,n) <14 G(a, B, m,n) .

3)

(4)

Figure 1c), obtained by setting = 0.7, 8 = 0.3,
m=3,n=2,¢c; = —1,cy = 0.2, k = 3.5. In this
case, the function diverges te> both atz = 0 and at
xr — Q.

Figure 1d), obtained by setting = 0.7, 5 = 0.3,
m=3,n=2,¢ —0.5,¢c0 = 0.5, k = —=3. The
function now diverges tg-co atx = 0 and to—oo at
xr — —0OQ.

For G > 0 is an interesting family of elemental functions
since:

The next table shows some cases of these solutions of

Eqg. B8):

(1) Figure la), obtained by setting = 0.5, 3 = 0.8,

m=3,n=2,¢, =1,co =1,k =0, has an asymp-

totic behaviour determined by the valuesgf which is
indicated by the dotted line.

(2) Figure 1b), obtained by setting = 0.5, 3 = 0.8,

m=3,n=2,¢c;=1,¢c =1,k = —-27, has an

asymptotic behaviour determined by the valuecgf

which is indicated by the dotted line and the maximum

value of the function is determined by the valyje

The valuez = 0 is a local minimum or maximum in
the domairR* [ J{0}.

By extending the domain to negative numbers, the
function takes complex values, it becomes multi-
valued and the concept of maximum, and minimum no
longer makes sense.

At least the first two derivatives are null in the mini-
mumzx = 0.
When G = N is a natural positive exponent, the
y € C* in R* |J{0}. WhenG is not a natural num-
ber, there is a first non-null derivativexza= 0, which

is infinite.

Rev. Mex. Fis67 (3) 429-442
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2.0p , - ; i ' Letting y1,y> be 2y—continuously differentiable on
[a,b], then the following holds:
1.5 .
b
v Lt (v1) =y Ly (v2) ) dy ()
1.0t ] bk, 1\Y1) —Y1 Ly j1\Y2) | AY
0.5] : o o b
= {p(:v) (yz Dy v — th,lyz)] ’a f@). (70)
0.0 proof
Let Fy (l‘, o, ﬁ) = Y2 Lﬁ,f,l(yl) —Y1 Lﬁ:ﬁl(yg), then:
030 0.2 0.4 0.6 0.8 1.0 b
FIGURE 2. Plot of Eq. 64). [22]. /F‘*(x’o"ﬁ) dy(x)
By settinge; = —2.5,¢c0 =0,k = 17.5,n = m = 1, “
a=0.3,4=0.5in Eq. 57), we get: b
— [D5L (ple) D3 1) (o)
y(x) = qa + g9 4 gs, (63) 4
y(x) = —2*° + 5235, (64) b

- / y1 DY, (p(x) DY) yz) dvy(x)

a

which is an interesting example of an elementary function

(see Fig. 2). ,
a,3 b a,B a,B
= p(z)y2 Dh:kJ Y1 ‘a - /p<33) Dh:kJ n Dh:k,l Yy dy(z)
5. Results of the Dy}, derivative for the a
Sturm-Liouville eigenvalue problem b

b
— p(x)y1 DY yz‘a + / p(a) Dl y1 DYy dy (@)

a

b

_ a,B a,B

o o = p(:L‘) Y2 Dh,k,l Y1— Dh,k,l Y2 ’ .

D3, (@) Dt (@) + a(e)y(e) = —Nw(@y(a), | f ).
Lemma 5.

0<a<1l,0<p<1, a<z<b (65) Lety; andys, in C"[a, b], which satisfy the boundary con-
ditions [66) and [67). Then it holds that:

We consider the fractional extension of the Sturm-Liouville
eigenvalue problem.

wherep, D2Z | p, ¢ and the weight functions are continu- b

ous on(a,b),p(z) > 0, andw(z) > 0, on [a,b], and the {p(aj) <y2 DMy — Dﬁ’flyg)” =0. (71)
fractional derivativeDﬁf , is the generalized conformable h h ¢

fractional derivative. We consider E¢6) with boundary ~ Proof.

conditions Let F5(z,a,8) = p(x) (yz Dy — 41 Dp yz),
then:
cy(a) +coy’(a) =0, & +c2 >0, 66
1y(a) + cay'(a) 1+ (66) Fs(z, 0, 8)[ :p(b)(yg(b) D&Yy (b)
ry(b) +r2y/(b) =0, i +r3>0.  (67)
—1(0) Di 12(0))
If D, DY, y is continuous orfa, b], then we say that
y is 2¢y—continuously differentiable ofu, b]. Let —p(a) (yz(a) vy (a)
a « « _ a,p
L) = Dl (p@) D (@) + a(@)y(a). - (68) n1(0) DiY, 2 (a)). (72)

Sincec? + ¢3 > 0 andrf + r3 > 0, we first assume that

Then we may write the fractional Sturm-Liouville eigen- ¢1 # 0 andry +# 0, then:

value problem as

= —462 / , 73
Lﬁf,l(Y) = —w(x)y(x). (69) y(a) oY (a) (73)
_ Ty,
Theorem 5.1 New Lagrange identity. y(b) = - y'(b). (74)
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Thus
12(0) Dy 1 (0) — 1 (0) DY, o (0) = — 2
x (507 )R )y (8)
— YO )R (B)ya(b)) = O, (75)
12(0) D} 1 (@) = (@) DY, (o) = =2
< (sh(@h’ (@K'~ (@)y;(a)
— Y@WK (@)yh(a)) =0.  (76)

Definition 1. We say that f and g arg—orthogonal with

respect to the weight functiqga(z) > 0, if

b
/ f(@)n()g(z) d

~(z) = 0. 77)

Theorem 5.3

The eigenfunctions of the fractional eigenvalue prob-
lem [65/66/67) corresponding to distinct eigenvalues are

~v—orthogonal with respect to a weight function w(x).
Proof.

Let A\; and A\, be two distinct eigenvalues, agg andy-
are the corresponding eigenfunctions, then

1) = —\w(z)y1,
Lﬁﬁ](ﬁ) = —Xw(z)ys,
— (A1=A2) w(z)y1y2, (80)

Lie (v (78)

(79)

Y2 Lﬁf&(}’l) - Lﬁf,l(h)

— (A1 = A2) [ w(z)y1y2 dy(z)

S

b

- / L (1) dy(a)

a

b

- [ w6, @

a

From the New Lagrange
Lemma 5.2, Eq.{1):

identity Eq.70) and

b

(A1 — M) / w(@)yrye dy(z) = 0. (82)

Since\; # g

w(x)y1y2 dy(x) = 0. (83)

e
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Theorem 5.4

The eigenvalues of the fractional eigenvalue problem
(65/66,67) are real.
Proof. Let y be a solution of the fractional Sturm-
Liouville eigenvalue problem. Taking the complex conjugate
of Eq. (68) and Eq. 69) and using the fact that(x), ¢(z),
andw(z) are real-valued functions, we have:

Lloffl( )= Dﬁl&(?(x) §£1y> +q(r)y

= —uw(@)7, (84)
c17y(a) + cay/(a) = 0, (85)
ry(a) + ray’(b) = 0, (86)

T ) —y Ly () = — (A= X) w(z)yy
—(A=Nw@y@)*  (87)

Then, from Lemma 5.2, E70) and Theorem 5.3,

b
(=) [w@l@Fa@ =0 @)
Thus
9)
Definition 2.

Let f and g bey-differentiable. The new Wronskian func-
tion is defined by

W}?:kﬁ,l(ﬁ g)=1f Dﬁ:kJ 9g—49 Dﬁ,’k,l g (90)

Theorem 5.5
Lety; andy, be2~- continuously differentiable on [a,b];
they are linearly independent solutions 68}, then:

WP (v1,v2) (@)p(a)
p(x)

W}?,’&(Yl, y2) = (91)

Proof.

Dﬁf,l Wﬁ,’kﬁJ(Yh Y2) = Dh k1 |Y1 Dgf,l Y2 — Y2 Dl?f,l yl}

a,B

_ B B
—leﬁleﬁkl?ﬂ"'thlyl hk,1Y2

— Y2 Dﬁ’fl Dh 191 — ﬁfl Y1 Dh:k,l Y2

=l Dgf,l Dh:k,l Y2 — Y2 Dh:k,l Dﬁf,l Y1- (92)
Analogously, applying the product rule to E&5§
@ a, 1 a, «,
th,l Dh,f,l y= > ( th,l p Dh,f,l Yy
+(g+w)y). (93)
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Substituting into Eq.92):

Dﬁ’flwh 1?1(}’1,}72) From Eq.[{0)
_ a,B a,B et et
Y ( Dy PDylica v2 + (¢ + Aw) yZ> Y2 th,l (p(x) th,l yl)
Y2 «, a, ,
+5 (Dh,f,lpDh,ﬁl Y1+ (g + \w) yl) — DY, (p(x) Def, yg) —0.  (99)
Da’ﬁ P . . .
— __hkIP ( L Dﬁ’fl Yo — Yo Dgfl y1) Using the fractional product rule and factoring terms:
Divicrp p(@) (32 D D i = 0 DY D )
_ __hk Woé,ﬁ (Y1,Y2)- (94) K, K, : K, K,
P h,k,1
Solving the differential equation, + Dh k, 11’( z) (y2 Dh k1 Y1 — h 1 y2)
a,B — _ «, @,
Wi y2) = (95) th,l (p(x) [yz th,l Y1 —y1 Dy, yz}
Then:
Wil (y1,v2)(a) = —. (96) p() [yz thlyl hkly } = ¢ (100)
o p(a)
Thus: . . "
o WL (y1.y2)(@)p(a) Sincey; andy, satisfy the same boundary conditions,
Wh:k,1(Y17Y2) =T . c=0
Theorem 5.5 .8 Y
The eigenvalues of the fractional eigenvalue probl68; ( Y2 Diicryn =91 Dy vz = 0. (101)

66,67) are simple.
Proof. Let y; andy, be two eigenfunctions for the same Sincewﬁﬁl(yhyz) = 0 andy; andy, are both solu-

eigenvaluex: tions to the fractional eigenvalue problerf§, |66, 67), then
o o they are linearly dependent.
v Ll (1) = L (v2) = = (A = N w(@)yrya, (97) y yaep
Theorem 5.7
yaL(y1, @) = y1 L(y2, @) = 0. (98) (New Rayleigh QuotientThe eigenvalues of the prob-

| lem [B5) satisfy

b b b
fp(x)( ﬁ’fly) dv(z) — [ q(=)y? dy(z) — p(x)y Dpid,y .
A=12 ; - (102)
Jw(@)y? dvy(x)
Proof. Multiplying Eq. (65) by y and integrating
b
a,B a,B
yD p(x)D y ) dy(z .
/ h’k’l( (=) okl ) () 5.1. The Euler-Lagrange equation
b b Theorem 5.8(Euler-Lagrange equatio) LetJ be a func-
+/q(:):)y2 dy(z) = —)\/w(yc)y2 dvy(x) tion of the form
a a b
s P | 5 Y 30) = [ £ (500D v(e)) dr (@), (108)
p(w)yDﬁ,’k,ly‘a - / p(fﬂ)(Dﬁ,’k,l y) dvy(x) ) o
b b with L € C' ([a,b] x R?), and0 < o, < 1. Lety :
n / g(2)y2 dy(z) = —A / w(z)y?dy(z). (103) la.b] — R be ay-differentiable function withy(a) = ya,
/ J andy(b) = y» € R. Let y(aL/athly) be a differen-
tiable function, anddL/d D'y, y) be~-differentiable. Ify
Solving for J, it then follows Eq./102). is an outer ofj, theny satisfies the following Euler-Lagrange
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equation:
oL (l’, y(x), Dﬁf,l y(i’))
Jy
v (O (:ay(w),Difﬁl y(fC))
=Dy @B =0 (109)
IDyia Y

Proof. We define a family of functions:

y(z) = y(z) + en(x), (106)

wheree is a constant ang(x) satisfies the same boundary
conditions ag. n(x) is an arbitraryy-differentiable function,

which satisfies the boundary condition@:) = 7(b) = 0.
SinceJ = J(e), to makeJ stationary

b

de|__, / L (w,y(@), D y(@)) dy(@) =0 (207)

d

a

b
[ 2aomrotn

a

Applying the fractional chain rule (Property 8),

e=0

b
oLoy oL 9Dylm
==z dy(z) =0 (109
/ 9y e aD“’fly De Y (@) (109)
/ oL
e d X
(/'3yn6_0 +(z)
a5 — h, k 1 dy(z) =0 (110)
/8thly o

Integrating and applying the boundary conditiong (o)
in the second integral,

b

/[aL Do ( oL )
Yhkl | Sad —
dy athly

a

(111)

Evaluating Eq.111) ate = 0 it then follows Eq./L05).

The fractional Sturm-Liouville eigenvalue proble®5(
66, 67) is equivalent to the following:

Finding the stationary functiop(x) of

b
Fly] = / (p(Dﬁ:ﬁl y)2 B qy2> dy(z). (112)
Subject toG[y] = 1, where
b
Glol = [ w® do(). (113)

439

To find the stationary function of[y] subject toG[y] =
1, we first find the stationary value & [y] = F[y] — A\G[y],
and then, eliminata usingG|y] =

b
K[y = / [p(DﬁfJ y)2 —qy’ - szf} dy(z). (114)

Applying the new Euler-Lagrange equation, ET0¥), to
Eq. (114) and rearranging:

Dﬁf,l (p Dﬁﬁ | y) +qy = —Awy, (115)

which is the Sturm-Liouville eigen-value problem defined in
Eq. (65).
Multiplying (65) by y and integrating by parts yields

b
2
Py hkly] /(p( ﬁf,ly) +qy2> dv(x)

a

= -\ [ wy?dy(z). (116)

e

Since the boundary conditions are of Neumann type,
b
pyDﬁ’fl y‘ =0, thus
k1|

b b

A / wy® dy(z) = / (p<Dﬁf,1y)2 +qy2> dy(z). (117)

a a

Applying constrain Eq/X13) to Eq. (117)

b
2
/\—/<p(fo,’5,1y) +qy2> dvy(z).

a

(118)

That is,\ is determined by'[y] in Eq. (112).

Now we present some results, which we shall use later
when solving some examples of the Sturm-Liouville eigen-
value problem.

Lemma 5.9 Leta,3 € (0,1],
dy(z) = h™P(2)k*~(

Dﬁ"fl (Sm (/ dry(t )) = cos ( (t)) (119)
Dy ( (/ dry(t )) —sin ( dry(t )) (120)

f dvy(t) > f dvy(t) >

h(z) > 0, k(z) > 0 and
x)dz. Then,

(121)
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Dﬁf,l (Sin (/ d’y(t))) — WP @)k ()

%sm (/ dy(t )) h=P(z)k = (x) (hﬁ(x)kafl(x)) cos (/ d’y(t)) .

The proof of Eq.[120) is smiliar to this one.

Proof.

Di e<f #00) _ h™? (x)kl’“(x)%e(fx WO) = =0 (2)k = (2) (B (2) k() el 7 9TO),

5.2. Examples
(1) Example 1 We now use the New Rayleigh Quotient in two examples to obtain a lower estimate for the first eigenvalue.

Settingp = 1,¢ = 0, w = 1, h(z) = 2, k(z) = 2? andy(z) = 2*° — 22%8, which satisfieg/(0) = y(1) = 0, then
from Eq. (L02):

1
DO [208 — g208))2 (2)* 7! p=B g 232 4 4 1
Of( h’k’l[ ]) ( ) o (_ 3af—2a+p+1 + 4afB—2a+p+1 + 2a(,6’*1)+5+1)
R < . . . . (122
[(20F — 2208)2 (2)°~! =B da Tapt2a— A1+ TBap—2a1pt1 T Ba 1) (ATD)
0
If we seta = 0.7 andg3 = 0.2
A1 = 0.613988. (123)

Applying the same conditions, except férandh(z) and setting theng = h(z) = 1, then performing the integration, we
recover the result from Abdeljawad and Al-Refai [5]:

A < 1002 (124)

(2) Example 2 Now, we setp = 1,q = 0, w = 1, h(z) = z, k(z) = 22, andy(z) = x1/3 — 21/5 which satisfies
y(0) =y(1) =0

1
SO b = a¥])? (22)° ' 2P da
0

A < (30a — 158 — 7)(10a — 53 — 3)(6a — 33 — 1)

il
e
)

no
I

|
=

o,

8

(x5 —x

Ot —

x| — 2 + ! + ! (125)
—30a+ 158 +23  —50a+253+35  —18a+98+15 )
(3) Example 3 Solving the Eigenvalue Problem defined@E)Y with p = 1, ¢ = 0, w = 1, with the aid of Lemma 5.9, we

get the eigenfunctions:
y = sin (mrf (o, B) /dv(x)) , (126)

with eigenvalues:

=n*m’f* (a, B) . (127)
If we seta = 0.7, 3 = 0.2 andf (o, ) = 8 (e‘°Y + e ), we get:
A = 0.682999. (128)

Settingf («, 3) = a, for the first eigenvalue, we recover the result from Abdeljawad and Al-Refai:
A= a’n? (129)
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6. Conclusiones of differential equations using this self-adjoint operator. We

then considered a more general case by solving the Sturm-

We introduced a new differential operator and explored its-iouville eigenvalue problem. We generalized the Rayleigh
properties, and showed that we could recover both Khalil [1jQuotient, the Lagrange identity, the Euler-Lagrange equa-
and Katugampola’s [2] definitions of the conformable frac-tion, and we showed that the eigenvalues are real and that
tional derivative, as well as the regular integer-order derivafh® eigenfunctions are orthogonal. We then discussed some
tive. We introduced the inverse OperaIQ_rfyl and explored €xamples and compared the upper bound for the eigenvalues

its properties, which allowed us to get an expression for Infrom the Rayleigh Quotient with the eigenvalues obtained by
tegration by parts analogous to the integer order expressioH]e eigenfunctions obtained by solving the Sturm-Liouville
We also developed some operators, such as the anticommugigenvalue problem.

tor C,, ., as well as a self-adjoint variant of iz, 23, which
allowed us to recover the Sturm-Liouville operator in termsAcknowledgments
of integer order derivatives, by multiplyings,,2s with an
appropriate weight function which is the extra-term in ourWe appreciate the support provided by Universidad
definition. Afterward we were able to show some exampledberoamericana Ciudad deéico and DINVP.
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