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This paper addresses the Heisenberg ferromagnetic spin chain equation with beta derivative. Initially, beta derivatives and their features ar
presented. Then, by submitting the generalized Kudryashov method and medifiee2(n)))-expansion function method, dark, bright, and
dark-bright soliton solutions of this equation, which can be explained with beta derivative, are procured. Thus, it seems that these methods
can supply significant outcomes in finding the exact solutions fractional differential equations with beta time derivative.
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1. Introduction eralized Kudryashov method (GKM) [30-33] and modified
exp(—S(n))-expansion function method (MEFM) [34-37].

In recent years, fractional differential equations (FDEs) shedrhe algorithms supply optical solitons such as dark, bright,

light on the science environment because of their importanind dark-bright. The results are thus found after the exten-

position in many areas of complicated physical events, fronjve experience of the algorithmic operation.

fluid dynamics and optical fiber to quantum field theory. In

fact, the soliton solutions of such equations have been one of

the most remarkable solutions due to their more clear view o2. Beta Derivatives and its features

the nonlinear physical properties and then guide to the next

aims. As a result, several methods have been used by mamgfinition 1. The conformable derivative has been identified
authors to calculate such solutions for better insight into thédy Khalil et al. [16]. Letw : [0, c0) be a function3-th order,
main properties of physical constructions in different mediathe conformable derivative af(t) for all is given as follows:
[1-5]. 5 -

A lot of kinds of fractional derivative operators have — p5 ;) — dw(t) _ . wlttet ") —w(t)
been described by scientists. Some of them are Caputo dtp e—0 e ’
derivative, Riemann-Liouville derivative, Caputo-Fabrizio, 0<pB<1.

Jumarie’s modified Riemann-Liouville derivative, Atangana-

Baleanu derivative [6-9]. By using these derivative operators,  Also, if w is S-differentiable in (0,a), « > 0, and
many methods have been submitted to provide solutions ofy, . (8 (¢) exists, then it can be written as®) (0) =
FDEs [10-15]. lim, o+ (t).

Then, the conformable derivative has been identified byhefinition 2. Let w(t) be a function qualified for all non-
Khalil et al. [16]. Also, exact solutions of the FDE have been negativet. Then, the beta derivative afi() is defined by
found by using this derivative [17]. Then, some theoremsy;g
definitions, and properties related to conformable derivative

have been presented by Atangaatal [18]. Consequently, P dPw(t)

a new fractional derivative called beta-derivative has been £ (W(t)) = dtB

given by Atanganat al [19]. Then, solutions of FDEs with 1-8

conformable derivatives have been considered by a lot of au- w (t +e {t + ﬁ} ) — w(t)

thors [20-25]. = lim ,
Heisenberg's ferromagnetic spin chain equation has been e=0 €

highly considered for its significance from different aspects 0<p<l.

[26-29]. This paper will address Heisenberg ferromagnetic
spin chain equation to get its soliton solutions by a strong al-  Although the conformable fractional derivative presented
gorithm that was lately submitted. The methods are the gerby Khalil et al. supplies some basic properties such as the
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chain rule, Atangana’s fractional derivative is presented bewherey(n) = 1/1 + ¢". We highlight that the functior is
cause it can yield the maximum features of the basic derivathe solution of the equation:
tives.

Such derivatives can not only be assumed as fractional =7 = -7 @)
derivatives but also considered as a natural extension of the
classical derivative. There is a significant theorem for beta-  Taking account of Eq. (6), we supply
derivatives [19]:
Theorem. Let w(¢) andv(t) be - differentiable functions , A'v'B — AB'Y ,(A'B— AB’
forallt > 0 andg € (0,1]. Then (n) = B2 =7 ( >

BQ
FP(muw(t) + no(t)) = mF? (w(t)) + nF? (v(t)), _ (=) (A’BB—ZAB’) 7 ®)
VYm,n € R.
2 _ 2 _
FAw()o(t)) = v(t) PP (w(t)) + w(t) FA(u(t)), K () = 1= ([27 —1J[A'B - AB|+ 11
w(t) v(t) PP (w(t)) — w(t)FP(u(t))
F? (v(f)) = (0(t))2 ’ X [B{A”B—AB”}—2B’A/B+2A{B’}Q]), )
1-4

FA(w(t)) = (t + 1“(1ﬁ)> dlé—?) Step 3.The solution of Eq. (5) can be defined as follows:

2 e N “ e
3. General structure of GKM k(n) = ZZ I le;y::jz : -~ :&VJM I - (0

We survey the following FDE with beta derivative for a func-

. . ) To compute the valued/ and N in Eqg. (10) that is the
tion of two real variables, spaag and timet:

pole order for the general solution of Eq. (5), we procure
Pk, FPk, by, k., kpg, ) =0 1) comparably as in the classical Kudryashov method on bal-
ancing the highest-order nonlinear terms in Eq. (5), and we

Step 1 Initially, we should perform the traveling wave can find a relation o/ andN. We can get values af/ and

solution of Eg. (1) as follows; N.
iA(@.) Step 4. Substituting Eq. (6) into Eq. (5) ensures a polyno-
k(z,y,t) = H(n)e ™", (2)  mial R(y) of y. Extracting the coefficients d&(+) to zero,

we get a system of algebraic equations. Solving this system,

where we can identifyp and the variable coefficients af), a1, as,
cos ¢ < N 1 >ﬁ N sin ¢ < N 1 )ﬁ -+ ap, by, b1, ba, -+ -, bps. Thus, we get the exact solutions
= X —_— —
T8 r(3) CRANGYF) to Eq. ()
p 1\’
+=(t+=— | , (3) . . .
B L'(B) 4. Soliton solutions for Heisenberg ferromag-
Nt _<c0s¢> . ) r sin {y+ ) r netic spin chain equation by GKM
e B IN)) B () In this section, we look for exact solutions of the Heisenberg

8 ferromagnetic spin chain equation with beta time derivative
o 1 .
+ = <t + ) , (4) by using GKM.

I'(5) Itis helpful to use the spin to lie in a planet right angles to
wherep and o arbitrary constants. Then, by substituting the chain axis. Thus, we consider Heisenberg ferromagnetic
Egs. (2-4) to Eq. (1), a nonlinear ordinary differential equa-sPin chain equation with beta time derivative [38]
tion can be obtained as:

0Pk 0Pk 0Pk 9%k
N(HaH/aH//vH”/a"'):Oa (5) ZW_ZW 8.73‘25 + 8y25

where the prime displays differentiation abaut _9 9Pk +2lk|%k = 0 (11)
Step 2 Assume that the exact solutions of Eq. (5) can be OxP oyl -

considered in the form

YN oani(n) Al
HOD =0y 2y~ BOM) ©)

Firstly, we take wave variable transformations as follows

k(z,y,t) = H(n)e@v:h), (12)
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where
 cosé ( . 1 )6 .\ sin ¢ < . 1 )B By using GKM, the solution of Eq. (11) can be given as
E r(3) 5 r(3) G0+ ary +
Hn=—""—"—8¢4/Y4+4"""— 17
P 1\’ ) bo + b1y an
+ﬁ t+71“(ﬁ) , (13)
whereay, a1, andas are found later ang(n) = (1/1 +€").
The functiony(n) provides as
é 1 1% sing 1\’
My, t)=— | = [H } + (y+ ) P2
B I'(B) B ING)) o= == (18)
B
g 1 Thus, the exact solutions of Eq. (11) are accessed as the
+ t+ . (14) !
B IN(G)) following;
Putting Egs. (12-14) into Eq. (11) provides Case 1.
(cos ¢ — sin¢)>H" (1) — [(cos ¢ — sin ¢)? ag = %i(COS(b — sin )by,
+cos¢+o]H(n) +2H’(n) =0,  (15) a
a1 = —— —i(cos ¢ — sin ¢)by,
wherep = 2sin2¢ — cos ¢ — 2. 2
For the balance principle between higher-order derivative by = — az ’
H" and highest power nonlinear termi& in Eq. (15), one i(cos ¢ — sin ¢)

can be procured 1
o= —=cos (2 + 3cos )
N-M+2=3N-3M=N=M+1. (16) 2
3sin? ¢

| + 3cos¢psing — 5

(19)

Replacing Eq. (19) into Eq. (17), dark soliton solutions of Eq. (11) can reached as

m(x’y’t);i(cowSin¢)tanh(é[cogw{z*F(lﬁ)}ﬁ+sj2¢{y+l“(lﬁ)}ﬁ+g{t+r(lﬁ)}ﬁ]>
o ({5 ) + 5 ) )

-2 ﬂ
+{_ %Cosqﬁ(Q—FSCOSd))+%COS¢sin¢_ 38;12 ¢}{t+1} ]) (20)

= s (52 il 22 i) 5o ) )
o ( { - {co;¢ (x 1 Dﬁ + 25 ‘{y 505 l)ﬁ}

1 ‘ 3. 3sin? ¢ 1)”
+{2ﬁcos¢(2+3cos¢)+ﬁc05¢sm¢ 57 }{t+} ]) (21)

_|_

Case 2.

ap =0, a3 = —i(cosd —sing)by, as=1i(cos¢ —sine)by, bg = —— o= —cos¢. (22)

Rev. Mex. Fis67 (3) 393-402



396 S. TULUCE DEMIRAY AND U. BAYRAKCI

Replacing Eg. (22) into Eq. (17), bright soliton solutions of Eq. (11) can be determined as

e ity) 45 i)+ ety )

con ({0 e i) 5 i) -5l ) @

k3(x,y,t) = i(cos ¢ — sin @) csc h( [a: +

cos ¢

3 {"” rfmﬂ 5 [“ r(16>r+§{” r<1mr>

con ([ {52 er i) 2 ) - St} ]) e

ka(z,y,t) = i(cos ¢ — sin @) sec h(

Case 3.
ag = %i(cosqﬁ — sin @)by, a1 = —i(cos ¢ — sin ¢)by, as = i(cos ¢ — sin )by, by = _%17
o = —cos(¢)(1 4 3cos(¢)) + 6 cos ¢sin ¢ — 3sin? ¢. (25)

Replacing Eq. (25) into Eq. (17), dark soliton solutions of Eq. (11) can be ascertained as

st s (2o ] + 22 ] 2 ]

>ww(4_{$¢@+r@ﬁa}%¢@+ﬂ%f}

cos¢(1+3cos¢)+6cos¢sin¢351n2¢}{ 1}ﬁ]
+{ 3 t+I‘(ﬁ) (26)
. . Cos ¢ 117 sin ¢ 117 P 117
nﬁ(x,y,t)—z(cosqﬁ—smgb)tanh( 3 [I+I‘(ﬁ)} + 3 [y+1_\(ﬁ)} +ﬁ[t+1—‘(5)}>
o 4_{m¢@+ 1f+mw{+ 1y}
b g UTr) Te VTTe
—cos ¢(1 + 3cos ¢) + 6cos psin ¢ — 3sin® ¢ 1\’
{ E He v D @D
Case 4.
ap = —%i(cosqﬁ — sin ¢)by, ay = i(cos ¢ — sin ¢)by, as = —i(cos ¢ — sin ¢)by, by = f%,
.2
U:—%cos¢(2+3cos¢>)+3cosgz§sin¢>—381;1 ¢. (28)
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Putting Eq. (28) into Eq. (17), dark-bright soliton solutions of Eq. (11) can be provided as

kr(z,y,t) = ;i(cosd)—sin(b)({—2+300th{00;¢(x—k F(lﬁ)])ﬁ—i- sirﬁui) ‘(y-i— F(lﬁ)])ﬁ+ g(t-i— F(l)})ﬁ}
eae{ 5 o ) <5 v ) ) ] [ {3 (5

s sin A B cos B

el el Sl W) e ({5 6m)

sin ¢ 1y 1 3 3sin ¢ 1
+ 3 (y—i_F(ﬂ)]D }—i—{—26008¢(2+3005¢)+5COS¢— 57 }{t—i—m}]) (29)

lm&qﬁé img&m

L L I I
=10 w5 5 10

FIGURE 1. 3D image of|x1 (z, y, t)| for ¢ = 60°, 8 = 0.5, y = 1 and 2D image ofx1 (z, y, t)| for these values and= 0.2.
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FIGURE 2. 3D image of|x3(z, y, t)| for ¢ = 30°, 8 = 1.5, y = 2 and 2D image ofxs(z, y, t)| for these values and= 0.4.
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Ke(,y,t) = ;i(cos¢—sin¢)({—2+3tanh{coﬂs¢‘£x+ F(lmJ)ﬁ + Sig¢ ([y+ F(lﬁ)l)ﬁJr Z(t—i— F(l)))ﬁ}
rosenl S5 o i+ 52 o i) + B i) f] -1 (55
Bl S el S ) ({50 6 )

sin ¢ 1y 1 3 ossing 350 1}5]
+ 3 {y+1“(5)1) }+{ 25cos¢(2+3cos¢) ﬁcow)bmqs 23 }{t+ (30)

In Fig. 1, 3D and 2D graphs are investigated to illustrate
the influence of the paramet@ron the dynamics of the first 'Step 2 Presume the traveling wave solution of Eq. (4) can
dark soliton solution. Clearly, the physical behavior of thebe indicated as follows:
dark soliton solution is altered when the parametegets

different values. N Fi(exp[—Q{n}])’
In Fig. 2, 3D and 2D graphs are examined to show the k() = ZM Gj(exp[— Q{n}])j
influence of the parametet on the dynamics of the bright J=0
soliton solution. Unquestionably, the physical behavior of o + Fiexp(—€2) +--- + Fy exp(N(=1)) (36)
the bright soliton solution is changed when the paramgter Gy + Gy exp(—Q) + - - - + Gy exp(M (—Q))’

takes different values.
whereF;, G;, (0 < i < N, 0 < j < M) are constants to be

described later, such th&ty # 0, Gy # 0, andQ = Q(n)
5. General structure of MEFM is the solution of the following ordinary differential equation:

We survey the following FDE with beta derivative for a func-

! — —
tion of two real variables, spaag and timet: 2(n) = exp(=Qn]) + nexp(Qn]) +m. (37)

P(k, FP, Ky, K, gy -+ ) = 0. (31) The solution families of Eq. (37) can be shown as follows:
FamilyL If n # 0, m? — 4n > 0,
Step 1 Initially, we should perform the traveling wave solu-

tion of Eqg. (31) as follows; /M2 —4n
Q) =Iln| ——— tanh
2n
K(z,y, t) = H(n)eik(%y’t)a (32) m m
where X {Qn {n+ E}} - 271) (38)
—COS¢(x+1)ﬁ Family2 If n £ 0, m? — 4n < 0
n 3 T'(3) amily n#0,m*—4n <0,
; B 8 2
sin ¢ 1 D ( ) _ V-m?+4n
- b ) +5(t+ =) , (33 Qn) = In | ————tan
7 () () - 20
8
Cos ¢ 1 V—m?+4n m
Mz, y,t) = — A i N
(z,,1) ( [ ) ] x { 5 {n+E}} 2n> (39)
: B B
sin ¢ 1 ] 0{ 1 ] Family3 If n = 0, m # 0, andm? — 4n > 0
- to| o [ttt | | (34 y3 If n=0,m # 0, andm” — 4n > 0,
E {y r@] B LTTe) &4
m
wherep and o arbitrary constants. Then, by substituting Qn) =—In (exp[m{n E - 1) : (40)
Egs. (32-34) to Eq. (31), a nonlinear ordinary differential
equation can be obtained as: Family4 If n # 0, m # 0, andm? — 4n = 0,
N(H,H',H" ,H" ---)=0, (35)
Q(n) = In (—2m[72’+E]+4> (41)
where the prime displays differentiation about m?[n + EJ
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Family5 If n =0, m = 0, andm? — 4n = 0, and
Q(’r]) = 111(77 —+ E) (42) [ Tl — 17 (45)
The positive integers\/ and M can be determined at- B 72 ’
tending the homogeneous balance principle in Eq. (36). , 2" — 27 — (7" Z 4+ T2 4 2(1) 2 2
Step 3 Replacing Egs. (37) and (38-42) into Eq. (36), we H" = 4 )
ascertain a polynomial afxp(—2(n)). We stabilize all the (46)

coefficients of same power ekp(—£2(n)) to zero. This op-

eration determines a system of equations that can be unfaghereF;, # 0 andG; # 0. The functionQ = Q(n) provides
tened to reachy, Iy, Fy, --- Fn, Go, G1, Ga, --- G, as

E,m,n by the way of Wolfram Mathematica 12. Inserting

the values of these constants into Eq. (36), the general solu- Q' (n) = exp(—Qn]) + nexp(Qn]) + m. (47)
tions of Eq. (36) supplies the determination of the solution of

Eq. (31). Thus, the exact solutions of Eq. (11) are accessed as the

_ _ _ following;
6. Soliton solutions for Heisenberg ferromag- case 1:

netic spin chain equation by MEFM

1. .
In this section, we seek exact solutions of the Heisenberg fer- Fo = il(cos ¢ — sin)mGo,
romagnetic spin chain equation with beta time derivative by 1
using MEFM. F1 = ji(cos ¢ — sin 9)(2Go + mGh),
For the balance principle between higher-order derivative

H" and highest power nonlinear termi&’ in Eq. (15), one Fy = i(cos ¢ —sin )G,

can procure o =cosp(—1+sing2+ m* — 4n))
N=M+1. (43) 1
— 5(2 +m? — 4n). (48)

By using MEFM, the solution of Eq. (11) can be given as

g foth exp(—$) + F exp(2[-Q)+ _ 57 (44) Replacing Eq. (48) into Eq. (44), dark soliton solutions of

Go + Grexp(—9Q) T Eq. (11) can be reached as

{Rg (5] gy tH

201

161

10|

' L
~20 =10 10 Z0

FIGURE 3. 3D image of|k9(z, y,t)| for ¢ = 60°, 8 = 0.5,y = 3, m = 0.5, n = —0.4, E = 0.3, and 2D image ofxs(z, y, t)| for these
values and = 0.7.

Rev. Mex. Fis67 (3) 393-402



400 S. TULUCE DEMIRAY AND U. BAYRAKCI

x/j[cos¢{x+r(1ﬁ) }ﬁ +sin g {y+ﬁ }ﬁ +p{t+r(1ﬂ)}ﬁ} +EB

J + m+/J tanh 2

Kg = %i(cos¢ —sin @)

ﬁ{cosd){x—&-r(l@) }ﬁ + sin ¢ {y—&—% }ﬁ +p{t+r(1m}ﬁ] +Ef

m + v/ J tanh 25
<o ({5 b )50 )
e e S LR ]| {t+r(1m}ﬁ]>, (49)

wheren # 0, andJ = m? — 4n > 0.

In Fig. 3, 3D and 2D graphs are considered to indicate the influence of the parameter on the dynamics of the dark soliton
solution. Explicitly, the physical behavior of the dark soliton solution is shifted when the parafretegives different values.
Case 2:

r—s
a :\/F2—2FF _ P\ JF2 —4RyF,
0 \/§ 1 042 1 1 042
. B I IRE VF? - 2FoFy — F\/FE— 4R F,
A Bl

2v/2F, r—s
_JFZ _
R= il Fi 4FOF2, r=cos¢, §=sing,
Fy
—(r— )2 F24+2(r — s)’FoFs+ (— 1 — 12+ 2rs — s + 2(r — 5)25) F§ + (r — s)*F1\/F} — AFy F»
o= 2 . (50)
Replacing Eq. (50) into Eq. (44), dark soliton solutions of Eq. (11) can be reached as
Fy—y/F?—AF,F:
1 [ Fi—\/F2—4F,F. FO{_F2 - 2—Xtanh[f{x,y,t}]}
A<F2+ {— ! L 0 2—xtanh{f(x7y,t)H i+
2n Fy 2n
Kio(z,y,t)= (51)
F1—\/F2—4F,F:
B(C—D tanh[f{z,y,t}]) <1lé2“+xtanh[f{m7y,t}]>
where,

F? —4FyFy + (F2 — 2Fy Fy)
(r—s)? ’

F
A=4iV2(r — s)>n?FyF\F,, B = \/ !

C = —(r—s)’F(Fy —nFy) + (Fy — SFy)(r — 8)?F1\/ F} — ARy F,

2 1 2{4°0 2 1 1 042
D = —\/5(7“—5) FoFng\/ 22

X(cosgﬁ[x—l-l«(lﬁ)r—ksingzﬁ [y—kr(lﬂ)rﬁ—p{t—?—mlm}ﬁ) + Ef

f($7y?t): 25
- —477/+(F12—F1\/F12—4F0F2)2
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and

—dn + (Ff —

— F1\/FZ — 4F, F,)?

FYFS

> 0.

7. Conclusion

In this work, the soliton characters of the Heisenberg ferromagnetic spin chain equation with beta time derivative were inves-
tigated by using GKM and MEFM. Dark, bright, and dark-bright soliton solutions of this equation have been accomplished
found. Then, 3D and 2D images were presented for some solutions, which display the vitality of the solutions with proper
values. Numerical results, together with the graphical demonstrations, have exhibited the reliability of these methods. Also,
these solutions have been reported to the literature with novel substantial physical properties. These methods can be applied

other FDEs with beta time derivatives.
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