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This paper studies solitary wave solutions in two-core optical fibers with coupling-coefficient dispersion and intermodal dispersion. To
construct bright, dark and W-shape bright solitons, the couple of nonlinead@ober equations describing the pulses propagation along

the two-core fiber have been reduced to one equivalent equation. By adopting the traveling-waves hypothesis, exact analytical solutions o
the generalized nonlinear Sédinger equation (GNSE) were obtained by using three relevant mathematical methods, namely, the auxiliary
equation method, the modified auxiliary equation method and the sine-Gordon expansion approach. Lastly, the behavior of the soliton
solutions was discussed and some contours of the plot evolution of the bright, W-shape bright and dark solitons are obtained.
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1. Introduction the split-Step method [12], the first integral method [13], new
extended direct algebraic scheme [14,15] and the generalized

The single fiber that hold two parallel cores is knowing ast@"h method [16], justto name a few. _
The following pair of nonlinear Schdinger equations

two-core optical fiber. Nowadays, a lot off attention have

been focussed to the devices based on two-core fibers. Thiiescribes the pulse propagation through the two-core optical
some authors have been demonstrated that the double-cdtBers [17]. The model has been studied by Saeal. [18],
single-mode can be tailored as a directional coupler, polarizs2Nd novel traveling-waves solutions have been retrieved by
tion splitters and power depend nonlinear couplers [1]. Furl€lP of Jacobian elliptic functions.
thermore, investigation of solitary waves in two-core optical 94, 33, 82a, ) . Oas
fiber have been advanced beyond measure, such as soliton® =~ = 5 "5;2 +7la1]"ar — cay + Zklﬁ =0,
shape and mobility control in optical lattices [2], dark and 5, 8 9a
bright solitons [3, 4] and so on. Moreover, these localized ;202 _ P2 22 + |as|?as — cas + z’kl—l
solutions in optical fibers usually take the forms of shift soli- 9 2 0t ot
tons, spatiotemporal soliton, temporal soliton and spatial soliwherea, (z, t) andas(z, t) represent the slowly envelopes of
ton [5]. More recently, some works have been done to buildhe electric field. However; andt are, respectively, the prop-
soliton in a nonlinear coupler in a presence of a raman efagation distance and time in a retarded frame. The parameter
fect and solitary waves in asymmetric tin-core fibers [6, 7].52 accounts for normal-or anomalous-GVD at the carrier fre-
Today, analytical investigation of solitary waves become eguency.y = 2wny/(AA.ss) controls the self phase modula-
big challenge, that is while some relevant methods have bedion (SPM), where\, n, and A¢ are, respectively, free-space
used to construct exact solutions for partial differential equaoptical wavelength, nonlinear refractive index of the fiber ma-
tions (PDESs), such as unified method [8, 9], initial conditionterial and the effective area of each core, whis¢éands for the
field distributions [10], the simplest equation approach [11],coupling coefficient and it is also proportional to the spatial

=0, (1)
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encroachment between the mode fields in the two-core [18Hifference between the even and odd supermodes of the two-
Herek,; = dc/dw accounts for the coupling-coefficient dis- core fiber. However, when the value of CCD is equal to zero,
persion (CCD) at the carrier frequency and corresponds tthe phase corresponds to the specific operating condition for
the intermodal dispersion which arises from the group-delay conventional two-core fiber design [21]. To investigate ana-
difference between the only and uneven super-modes of tHgtical solutions which could propagate in two-core fiber op-
two-core fiber [18]. Recently, it has been obtained a photic, we substitute Eq. (7) into Eq. (5), which leads to the fol-
tonic bandgap two-core fiber when the coupling coefficient idowing ODE.

equal to zero [19]. More recently, some authors have inves-

tigated solitons in dual-core fiber by adopting the traveling  — %v%”

wave method, and results for dark and bright solitons have

been found [20]. 12?8y + vk — 2k + 1)¢ LA =0, (9)
We aim in this paper to construct solitary waves and 2 Bov? o=

dr:scussed the bThz_awor of tge results obtained alon_g Wit the following section adopted three relevant integration
the constraint re atr|]0n. T?] 0 so,fwe s?rmﬁx,t) ol techniques, namely, the auxiliary equation method, the mod-
az(w,t) = a(w,t), hence the set of couple of the general-jgqq 4 xiliary equation method and the sine-Gordon expan-

ized nonlinear Scitdinger equation which describing pulses gjq, 555r0ach to derive bright and dark soliton solutions and
propagating in two-core fibers reduces to one equivalenye i giscuss the behavior of the results obtained.
equation

Ba [y 8%a 5 o da 2. Glimpse of the methods
5 T 2 9 + 7v|al a—ca+zklafo. (2 - ; | .
1. e auxiliary equation metho
To obtain the travelign wave solutions of Eq. (2), the follow- wxiliary equat
ing ansatz is adopted: The following steps describe the auxiliary equation method
) [26, 27]. Considering a given nonlinear partial differential
a(z,t) = ¢(§) explif(§)], &=z —ot, (3)  equation (NPDE) with independent variables#) and de-

whereuw is the velocity frame. Hence the phagg) can be pendent variables(z, t)

written in the following form P(a, g, Gy, gt Qg agt) = 0. (10)
S, ) = _3(f(§)). (4) Step 1: The traveling-wave solution of Eq. (10) is used
ot in the following form
By inserting Eqg. (3) into Eq. (2), we obtained the following a(z,t) = o), E=z—uvt (11)

set of equations
whereuv is the traveling-wave speed. Then Eg. (10) was con-

—of — %v2¢// + %v2¢f’2 verted into a nonlinear ordinary differential equation as fol-
lows
+9¢° = cp + kv f =0, (5)

N(¢, ¢, ¢ ¢ ) = 0. (12)

Step 2: Suppose that the exact solutions of Eq. (12) can
be expressed]

and
(1~ k) — BP0 s~ 200" =0, (9)

Multiplying Eq. (6) by ¢ and integrating once with the con- B(&) =D Ai(g(€))", (13)
stant of integration having a value of zero, it is obtained: =0
andg(¢) satisfies the following auxiliary equation

p= k) ™
Bav? ge = V/2(Co + Crg + Cag? + C3g® + Cug?),  (14)
and thus, Eq. (4) gives gee = C1 + 2059 + 3C39° + 4C4g°, (15)
P Gl )} @ With g = (99/0), Cili = (0,1,2,3,4)), Ao, A; (i =
Bav 1,2,...,n) are real constants to be determined later.

Step 3: Under the terms of the method, it is assumed that

The formula given for Eq. (7) depends di, which mea- the solution of Eq.(12) can be written in the following form

sures the GVD at the carrier frequengs; (< 0 stands for

anomalous dispersion angy > 0 for normal dispersion), #(€) = Ag + A1g(€)
and the coupling coefficient dispersion (CCD) corresponds ) 3 N
to the intermodal dispersion occuring from the group-delay + A29(8)" + A3g(€)” + oo Ang (€)™, (16)
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where Ay, A1, A3, A4, and A,, are real constants to be de- whereA;, B;, K are arbitrary real constants ayfi¢€) satisfy
termined later. To calculate the valueof we balance the the following auxiliary equation:
highest-order nonlinear terms in Eq. (12), and then the value

of n can be determined. o BAaK O 4 oK) 93
Step 4: Substituting Egs. (16), (15) and (14) into Eq. (12) 7= In(K) ’ (23)

provides a polynomial of(£). Next, collecting all the coef-

ficientsg(¢)?, (i = 0,1,2,........ n) forms a system of alge- Wherea, 3,0 are arbitrary constants and > 0, K # 1.

braic equations. Solving this system, we describe the variThe solutions of Eq. (23) are given by

able coefficients oy, A;, ¢ = (1,2, .....,n), So the solution Case 1 for 2 — 4a0 < 0 ando # 0,

to Eqg. (12) can be obtained in termsgf).
Step 5: To obtain the exact solutions to Eq. (10), the fol- _B+ /=B + dao tan(? /—52+4o¢a§)

lowing solutions of Eq. (14) or Eg. (15) are used. KT®) = 5 2 , or
Case tforCo=Cy = C5 =0, Cy >0, Cy <0, ?

B+ /=P T daw cot( L= act)
- 1o = _
9(&) = \/?;secii\/ﬁf), 17) KO = % : o (24)

Case 2 for Cy = (C2/4Cy), C1 = C5 = 0, Cy < Case 2 for %2 — 4a0 > 0 ando # 0,
O, 04 > 0, ————
—C! KI© — Bty 2 — dag tanh( - ng) or
9(6) =/ 3 02 tanh(y/—Csf). (18) 20 ’
* VB2 —4daocé
Case3for Cy = Cy =0 Cy >0, Cy >0, i@ — BV —daccoth(T=—=) )
20 ’
€ = Cosech (v2C25) (19) ,
I S a0 tanh (V205 §) — 5 Case3for f7 ~ dao = 0ando £ 0,
Case4forCy=C, =0, Cy >0, C3% —4C,C4 > 0, KT© = —%. (26)
2Csysech{v/2C:
9(¢) zsech 2t) (20)  The explicit exact solutions of (10) can be obtained by insert-

V032~ 4CCy — Cysechy/2056)
Case5forCy =C; =0, Cy >0,

ing the valuesdy, A;, B; (j = 1,2,3,.....,n).

g(&) = CoCssech(v2055) o1 2.3. Sine-Gordon expansion approach
C2Ca(1 — tanh(v2C5235))? - C3 To integrate the ordinary differential equation (ODE)

whereCy, Cy, Cs, Cs andC, are arbitrary constants. There- Eq. (12), we consider the sine-Gordon equation [27,28] given

fore, using Eqgs. (17-21) and (16), the exact solutions to y
Eg. (10) can be obtained. W (€) = sin(w(©)). 27)
2.2. The modified auxiliary equation method _
The solutions of Eq. (27) are represented by

Investigation of exact traveling wave solutions of certain
nonlinear partial differential equations by using the modi- sin(w(§)) = secl¢), or cos(w(&)) = tanh(§), (28)
fied auxiliary equation method has been carried out recently
[24-26].

Consider a nonlinear evolution partial differential equa- sin(w(€)) = icscH¢), or cos(w(§)) = coth(€). (29)
tion as in Eqg. (10) where = a(z,t) is an unknown function
of independent variablesandt. The series can be utilized to derive the solution of Eq. (12),

The main steps of the method to obtain exact solutions of
Eg. (10) can be given as follows. " i1 ]

Step 1: Suppose that the formal solution of the ODE in P(E)= ZCOS(“’) (B sin(w)+4; cos(w)) + Ao (30)
Eq. (12) can be expressed as =1

n _ _ The parameten can be obtained using the balancing princi-
(&) = Ao + Z (AiKZf(g) + BiK’Zf(g)) , (22)  ple. Making all the necessary computations, the solutions of
i=1 the NPDE under consideration can be obtained.
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3. Application of the methods
3.1. The Auxiliary equation method

Now, to use the homogeneous balanced principle betw&en
and¢? in Eq. (9), it is obtainedh = 1. Subsequently, it is in-

troduced into Eq. (13) the value af and taking into account
Egs. (14-15), a system of equation in termsg@f)? is ob-

tained. Thus, we set all the coefficients of each individual

termg(€)® to zero, which gives the results below.
Set 1

Ag=0, A=A,
o — _(2 cv? By + vk 2 — 20k + 1)
2 2U4ﬁ22 ’
1 ’yAlg
Cy= 2 By (31)

CaselForCy=Cy=C3=0,andCy >0, C4 <0

using Eqg. (31), the bright soliton to the governing model (2)
. a

IS

X sech(\/ 20 (x — vt)) }eif(z_"t), (32)

Case 2 For C, (C2/4Cy), C; = C3 = 0, and
Cs <0, Cy4 > 0, using Eq. (31), the dark soliton is found to

x tanh(y/—Ch(z — vt))}eif(m_”t), (33)

Set 2
Aozlé 2011252+U2k12*2vk1+1, A=A,
2w Y B2
Cn 2cv2By + v2k1? — 20k, + 1
2 — 1}4ﬂ22 )
7\/5141 20’()252 + U2]€12 —2vk1 +1
C'3 = 3 )
v3 62 Y B2
1’}/1412
Cy== 34
4 2 ﬁg’l}27 ( )
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Case 3 ForCy = C; = 0Cy > 0 Cy > 0 using
Eq. (34), one can find

a1 z(z,t) = {Ao + A

Csysech (\/ﬁ@)
) 24/C5Cy tanh (m@) —Cs

Case 4 ForCy = C, = 0, andCy > 0, C52 — 4C5Cy >
0, using Eg. (34), we obtain

}eif(m—vt)7 (35)

a1’4(x,t) = {AO + Al

2C,sech(/2C3 [z — vt])

> eif(:rf'ut)’
vV 032 —405,Cy — CgSECh(\/ 20, [.1‘ — ’Ut])

(36)

Case 5 For(Cy = Cy = 0, andC; > 0, using Eq. (34),
15(z,t) = {Ao + A

C>Cssech (\/@”‘2—”))

C3C1 (1 - tanh [V2G5 &5 ) - 3
(37)

3.2. The modified auxiliary equation method

Now, the MAE method will be utilized to get the general so-
lution of EqQ.(2). In this perspective, we obtain a system of
algebraic equations which solves to

Set 1
200 A
Ag=Ay, A1 =0, B = aﬂ 0 v=wv, ki=k,
_ 1 (4aov4622 — B20B:% + 202k, — dvky + 2)
S 4 v? By ’
1 v? 3,82
f— = — . 38
B2 = B2, 7 14,2 (38)
Set 2
20 A
Ag=Ag, Ar= "5 0, Bi=0, v=v, k =k,
. 1 (4aav4ﬁ22 — 320352 + 202k, % — dvky + 2)
4 V2 3y ’
10?3232
= = — . 39
ﬂZ 627 4 A02 ( )

Using the values of the parameters in Set 1 given by Eqg. (38),
we get the solitary wave solutions of Eg. (2) in the following
formulas:
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FIGURE 1. The plot of the bright soliton of; ; |* of the solution Eq. (32) atl; = 1, Co = 0.019, Cy = —0.3,v = 7.

Wheng? — 4a0 < 0 ando # 0, we obtain trigonometric function solutions:

2Bo ei,f(x—vt)’ (40)

~8+ VAo —Ftan (Viao— P30

a271(.’L‘,t) = AO +

or

2B )
19 ezf(:r—vt). (41)

a (z—wt)
B+ \/4a0—ﬂ2cot( 4a0—ﬁ2%)

Wheng? — 4a0 > 0 ando # 0 we obtain dark soliton solutions:

ag)g(l’, t) = AO

2B .
(L2’3(.’IJ, t) = AO — 19 ez‘f(w—vt), (42)

v/ —4ao+ (32 tanh (\/74a0+ﬂ2@) + 0

or bright soliton solutions

2Bio eif(w—vt). (43)

v/ —4dao + 32coth (\/—4a0+52@) + 8

Whenps? — 4a0 = 0 ando # 0 we obtain rational function solutions:

a275(x,t) = {AO — m} eif(a:fvt). (44)

a2’4(x,t) = AO —

Using the values of the parameters in Set 2 given by Eq.(39), we get the solitary wave solutions of Eq.(2) in the following
formulas: Whens? — 4a0 < 0 ando # 0, we obtain trigonometric functions solutions:

~B+ Aao - Ftan (Viao—P3)

20

eif(vat) (45)

a311($,t) = AO =+ A1

i
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FIGURE 2. The plot of dark soliton ofa: »|? of the solution Eq. (33) ati; = 1, Co = 520.62, C> = —58.91, Cy = 1.66,v = 0.3.
or
Viao — 32cot ( doo — ﬁQw) + 3

asz2(z,t) = ¢ Ao+ A1 | — oy etf@=vt), (46)

Wheng? — 4a0 > 0 ando # 0 we obtain dark soliton solutions:

\/mtanh( —4040—1—52@)_1_5 ‘
az3 (l'; t) = AO + A1 — elf(w—vt)7 (47)

g

or bright soliton solutions

V—4ao + B coth (\/mu%w) L8\
a3,4(=’C, t) = Ao + Al — 5 elf(ajfvt), (48)

Whenj3? — 4a0 = 0 ando # 0 we obtain rational function solutions:

ass(x,t) = {AO + Ay (W) } eif@=vt), (49)

Figures 1 and 2 show (a) the spatiotemporal evolution in 3D, (b) contour plot, and (c) the evolution at a different time in
2D of the bright and dark soliton solutions in optical fibers|fx)lr71|2 and|a172|2, respectively. It is observed that the evolution
plot of bright and dark solitons (c) fer100 < = < 100, att = 0, ¢t = 10, t = 15, t = 20 shift from left to right caused by the
group velocity dispersion (GVD) termds), which is fully annulled by the nonlinear phase shift modulation caused by (SPM),
coming from a pulse that spreads undisturbed down the fiber.

3.3. The Sine-Gordon expansion approach

Plugging the predicted solution Eqg. (27) and its necessary derivatives into Eq. (9), we get an over-determined system containing
the combination otos(w) andsin(w). Setting the same powers sifn*(w) cos’ (w) equal to zero, a system of algebraic
equations is deduced. Solving this system, we report the following result:

Setl

<c+ \/2v2k12+02—4vk1+2) c+V202k% + 2 —duvky +2
Ay=B1 =0, 4 = 5 , Po= v ! 52 ! (50)

Rev. Mex. 5. 67 (3) 369-377
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FIGURE 3. The plot of dark solitorja; »|? of the solution Eq. (33) atl; = 1.5, Co = 0.5, C4 = 0.5, v = 4.5, a) [C2 = —0.25,C =
—0.5,C% = —0.75]; b) [C2 = —1.25,C2 = —1.50,Cy = —1.75] respectively.

60

Then, the solutions of Eq. (2) corresponding to Eq. (50)
are

50 —

ag1(x,t) = {A; tanh(z — vt)} /@700, (51) “r
asa(x,t) = {A; coth(z — vt)} @00 (52)  ur w0

where Egs. (51) and (52) represent dark optical and singular
soliton solutions, respectively. e

Furthermore, Eq. (33) is read like Eq. (51) under the con-

L L i Y L L L

straint conditionsC; = —1, andCy; = 1/2 (Fig. 3). On ® 0 0 = : “ “ ° *
the other side whed', # —1, Eq. (33) and Eq. (51) (dark- Figure 4. The plot of dark solitorjas 2| of the solution Eq. (33)
solitons) have the same form, but differ in width and ampli-at[4, = 1.5, C;, = 51.62, C» = —2.31, C4 = 0.26, ¢ = 1.2,
tude during long distance communication taking advantage = 0.15, v = 0.35, 32 = 1, k1 = 1.65], [A1 = 1.5, Co = 38.43,

of its stability under the influence of the material losses (see”>, = —2.002, Cy = 0.026, ¢ = 1.2, v = 0.15, v = 0.35,
Fig. 4). So, it is important to conserve the obtained two re-62 = 1, k2 = 2.65], [A1 = 1.5, Cy = 27.18, C> = —1.68,
sults. Cy = 0.026, ¢ = 1.2, v = 0.15,7 = 0.35, B2 = 1, k1 = 3.65]
respectively.
Set 2
Remark: By integrating from Eqg. (4) with along to Eq. (7),
Ag = A, =0, we have
se = [0 +6, (56)
\/’7 < C2_(’Uk1—1)2+c> 521)
B — where&, is an integration constant. However whien= 0,
e ~ ’ which corresponds to the conventional two-core fiber design
[21], the chirp obtained depends only with the GVD and the
e = (k= 1)* +c speed of the soliton.
52 = 2 . (53)

v

4. Conclusion
Then, the solutions of Eq. (2) corresponding to Eq. (53) are
In this paper, we have investigated solitary waves for two-

- core optical fiber with coupling-coefficient dispersion and
as,1(z,t) = {Biseclz —vt)} e ; (54)  Kerr nonlinearity. It have been constructed an exact analyti-
aso(z,t) = {iBicschz — vt)} e =0 (55) cal soliton-like solutions by utilizing the traveling-wave hy-

pothesis and hence the constraint relation fall out by adopting
three integration techniques. By adopting the modified aux-
where Eq. (54) and Eq. (55) represent bright optical and siniliary equation and the sine-Gordon expansion approch, we

gular soliton solutions, respectively. obtain

Rev. Mex. . 67 (3) 369-377
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FIGURE 5. The plot of W-shape bright solitda 3|? of the solution Eq. (35) atdk: = 0.975; ¢ = 0.0461; v = 1.981;~y = 1.98005; A;
t = 0], b) [k1 = 0.975;¢ = 0.0461;v = 1.981;v = 1.98005; A1 = 0.71; B2 = .90;
t = 6],d)[k1 = 0.975; ¢ = 0.0461; v = 1.981;y = 1.98005; A; = 0.71; 32

0.71; B2 = .90;
0.0461; v = 1.981; v = 1.98005; A1 = 0.71; 32 = .90;

.90;

S. ABBAGARI, A. HOUWE, H. REZAZADEH, A. BEKIR AND S. Y. DOKA

0.1 ; i - 1 0.1 1
008 08 008t 08
, 0067 06 0.06 06
a1 3| a1 3|2
004} 04 0.04} 04
002} || 02 002} 02
0 - L. - 0 0 : - 0
10 5 0 5 10 10 5 0 5 10
a) X c) X
0.1 1 0.1 1
008 — 08 0.08 F 08
006 \ / 06 0.06 06
2 | | 2 )
|a1 3] | o a3
0.04 [\ | 04 0.04 04
|
| |
0.02} | || 02 0.02} 02
\ \I|
0 J 0 0 0
-10 5 0 5 10 _ -10 5 0
b) x d) <

t = 9] respectively.

t = 3], ¢)[k1 = 0.975;¢

solitary waves; additionally, trigonometric function solutions calculations, we obtain bright, dark and W-shape bright soli-
and rational function solutions also emerge. Moreover, somé&ns. Thus, it is also important to note that the auxiliary equa-
new solitons solutions have been obtained, among which Eqsion method is independent of the integrability of the nonlin-

(35)-(37), (40), (41), (43), (44), (49), and (55) are not re-ear differential equation Eq. (9). The obtained results will

ported in the standard integration method results summarizeckrtainly have an important effect in nonlinear optical fibers
in Table lof Ref. [30]. The righteousness of the auxiliary in the field of solitary waves and can be helpful in describing
equation method in this work is that, without a lot convolutedcommunication systems ans ultra fast phenomena.
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