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In this study, the generalized Kudryashov method has been used to investigate a certain type of nonlinear fractional differential equations.
Firstly, we proposed a fractional complex transform to convert fractional differential equations into ordinary differential equations. Three
applications were given to demonstrate the effectiveness of the present technique. The results show that this method is very effective and
powerful mathematical tool for solving nonlinear fractional equations arising in mathematical physics. As a result, abundant types of exact
solutions are obtained.
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1. Introduction the help of these methods, solutions of FDEs have been es-
tablished.

Nonlinear differential equations appear in many fields, such  Our goal in this work is to present the exact solutions
as in fluid mechanics, viscoelasticity, chemistry, physics, enof time-fractional Cahn-Allen equation, space-time fractional
gineering, biology, fluid flow, signal processing, control the-Klein-Gordon equation and space-time fractional Zakharov
ory, systems identification, fractional dynamics and financeKuznetsov Benjamin Bona Mahony (ZK-BBM) equation. In
Nonlinear phenomena play a crucial role in applied matheChapter 2, we give preliminaries and notations, in Chap-
matics and physics. It was stated in literature that the nonlinter 3 we describe the algorithm for using the generalized
ear wave phenomena of dissipation, diffusion, dispersion, rekudryashov method with fractional complex transform to
action and convection have important roles in nonlinear wavgolve nonlinear FDEs. In Chapter 4, 5 and 6, we obtained

equations. New exact solutions might be used to find nevexact solutions of time-fractional Cahn-Allen equation [40]
phenomena in this field. In the literature, there are many

methods to find new exact solutions, such as the tanh-sech ~ Dfu — uy, +u* —u=0, 0<a <1, t>0, (1)
method [1], the functional variable method [2-4], the exp-

function method [5, 6],(G'/G)-expansion method [7, 8], the Space-time fractional Klein-Gordon equation [35]
generalized exponential rational function method [9-11], the 2o 20 9
reproducing kernel method [12], Hirota method [13, 14] and Di®u+ De%u +yu — fu” =0,

the ansatz method [15, 16]. 0<a<l, t>0, (2

In recent years, the importance of fractional (non-whereyandg are a non zero constants. The ZK-BBM equa-
integers) differential equations has increased. Fractional cafion [35]
culus is as old as conventional calculus, but is not as popular N N N o 20
in science and engineering as conventional calculus. In the Dffu+ Dgu —2auDzu — bDF (D u) = 0,
last centuries this subject was studied only in mathematics, 0<a<l, t>0, (3)
In recent years it has been used in many fields of engineer-
ing and science [17]. Among the investigations for fractionalwherea andb are arbitrary constants andis a parameter
differential equations (FDEs), research for finding approxi-describing the order of the fractional derivative.
mate/exact solutions of FDEs is an important topic [18-22].

As a result, many methods had been developed sucﬁ Preliminaries and Notations
as, the exp-function method [23-26], tig ' '

t%)-expansion
method [27-29], the first integral method [30-32], the sub-We give some basic concepts that we will use in this paper.
equation method [33-36], the functional variable methodJumarie’s modified Riemann-Liouville derivative of order
[37, 38] and the simplest equation method [39] so on. Withis defined as [41]:
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mi@{@—ﬁﬂ“%ﬂﬂ—fmﬁﬁ, a<0
DEFO =) it [6-9 (@~ fO)de. 0<a<1 @)
() (t))le—n) | n<a<n+1, n>1.

Some important properties of the fractional modified
Riemann-Liouville derivative were summarized in [42,43]: 'where the prime denotes the derivation with respe¢t i
CA+7r) ., should integrate Eq. (11) term by term one or more times.
mt 7 >0 Step 2: The exact solutions of Eq. (11) can be obtained

- . . - ., _in the following form:
Similar to integer-order differentiation, the Jumarie’s 9
modified fractional differentiation is a linear operation:

N
D (af(t) + bg(t) = aDf £(1) + bDYg(t).  (6) UE) =) aiF'(€) = a0 +a1F(¢)
=0

wherea andb are constants. The last properties are

Dt =

+asF2(&) + ... + anFN () (12)
Diec =0, c = constant (7)
() = T(1 + a)da(?) () wherea; are unknown constants;(¢) is the function as:
We will use these facts in some problems. F(¢) ! (13)

T
3. The generalized Kudryashov method and This function satisfies to first order the ordinary differen-

the fractional complex transform tial equation
Fo.r given general npnlinear FDEs for an unknown function Fe=F?—F (14)
of independent variables, ¢ :
P(u, D?u, D?u, DY D&u, D DPu, DP D, ...) = 0, We will use Eq. (14) to calculate the derivatives of the
functionU (§).
0<af<1 © )

Step 3: We should calculate the derivatives of function
where D¢ and D?u are the modified Riemann-Liouville U(¢). As an example we consider the general case wiien
derivatives ofu with respect tat andz. P is a polynomial is arbitrary. Taking into consideration Eq. (12), we obtain
of u = u(x, t) and its partial fractional derivatives, in which
the highest order derivatives and the nonlinear terms are in- N )
volved. Ue =Y ai(F —1)F, (15)

Li and He [44, 45] developed a fractional complex trans- =1
form to convert FDEs into ordinary differential equations N ,
(ODEs). With the help of this transformation, analytical ~Uge = Y aji [(i + 1)F* — (2i + 1)(F — 1)] F*.  (16)
methods devoted to the calculus can be easily applied to the i=1
fractional calculus.

We presented the main steps of the generalized The higher order derivatives of functioti(¢) can be

Kudryashov method as follows [43]: found in [46]. _ . _
Step 1: Firstly, we investigate the travelling wave solu-  Step 4: We substitute the expression (14) in Eq. (11).
tion of Eq. (9) as following form; Later, we takd/ (&) from Eq. (12) into account. Thus, Eq. (9)
o ot® takes the form
U(l’,t) = U(&)a 5 = - ) (10)
Fa+p) Tta) pIF(E) =0, (17)

wherek andc are non zero arbitrary constants.
Substituting (10) with (5) into (9), we can rewrite Eq. (9) wherep [F(¢)] is a polynomial of functionF’(¢). We collect
in the following nonlinear ODE; all terms with the same powers of functiéf{¢) and equate
P _ these expressions equal to zero. Thus, we get a system of
QUU,ULUY, .....) = 0. (11) algebraic equations. By solving this system, we obtain the
exact solutions of Eg. (9).
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4. Applications

) ) ) . By substituting Eq. (21) into (19) using Eq. (13) and then
We obtalned the exact solutions qf three fractional dn‘l‘eren—semng the coefficients df’ (i = 0, 1,2, 3) to be zero, we get
tial equations by using the generalized Kudryashov methOd'algebraic equations about, a1, ¢ and k. If we solve these

4.1. The time-fractional Chan-Allen equation algebraic equations:

Case 1:
We consider the travelling wave solutions of Eg. (1) and we
perform the transformation(z, t) = u(¢) and ap=0, ax=-1, ¢=35 k=43 (22)
ct®
§=kx T +a) (18) Case 2:
wherek andc are nonzero constants. Plugging Eq. (18) in 4 =0 a=1, c= % k= i% 23)

(1), the equation can be reduced to an ODE,
cu' + k" —u? +u=0, (19) Case 3:

whereuw’ = du/d¢. Using the Eq. (19), for the linear term
of highest order”” with the highest order nonlinear term.
We have that, balancing’ with +2 in Eq. (19) gives

a=1, a=-1, c:—% k::j:% (24)

Case 4
N+2=3N=N=1. (20)
Thus, we have aw=-1, =1, c=-3% k==3 (25)
u(€) = ao + a1 F'(§). (21) When we substitute Egs. (22)-(25), we have the following
| solutions of FDE (1):
1
11/1(3:,1;) - T 3t : x 3t ’ (26)
1+ cosh [iﬁ — m} + sinh [iﬁ - m}
1
U2 (Z‘, t) = - 3o . - 3t ) (27)
1+ cosh [i% - m} + sinh [iﬁ - m}
1
U3(a?,t) =1- . . B - 3t ) (28)
1
ug(x,t) = -1+ - : T (29)
1+ cosh [iﬁ + m} + sinh [:l:% + m}
Remark 1: We get the hyperbolic function solutions of
the time-fractional Chan-Allen equation and these obtaineJ:i
exact solutions are soliton solutions.

N+2=2N= N=2. (32)

4.2. The space-time fractional Klein-Gordon equation )
Therefore, the solution of Eq. (32) can be expressed as

We will investigate the travelling wave solutions of Eq. (2), )
for which we implement the transformatiariz, t) = u(¢) u=ap+arF(§) + ax F~(£). (33)

and Upon substitution of Eq. (33) into (31), the use of Eq. (13)

kax® ct® . .- S
£= - , (30)  and setting the coefficients d&f* (i = 0,1,2,3,4) to zero,
I'l+a) T'(l+a) we get
wherek andc are nonzero constants. Combining Egs. (2)and Case 1:
(30) reduces the equation to an ODE,

=2 =-% =5 .= 2
(® = k)" 4+ yu — fu® = 0, (31) a=7% m=-F, a=F c=%/F+7 (34)
wherew’ = du/d¢. Setting Egs. (12) and (16) into Eq. (31) Case 2:
and balancing the highest order nonlinear terms’cindu? 6y 6 .
in Eq. (31), ap=0, a1 =%, aa=-% c=+\/k?—~ (35)
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& = (kz*/T(1 4+ «)) — (ct*/T(1 + «)), wherek andc are
nonzero constants. Then, by integrating this equation once
with respect t¢f and setting the integration constant to zero,
we attain,

(k — c)u — aku® + bek*u”" = 0, (38)

wherev’ = du/d¢. Balancingu” with u® gives N =
1.Therefore, the solution of Eq. (19) can be expressed as

u = ag + a1 F(€) + aa F?(€). (39)

Substituting Egs. (13) and (39) into Eq. (38), collecting all
coefficients for each power df’ (i = 0,1,2,3,4), and set-

FIGURE 1. Solution of Eq. (1). ting each of the coefficients to zero, we get a system of alge-
Inserting Egs. (34) and (35) into Eq. (33), we obtain thebralc equations with the following solutions:
following exact solutions of Eq. (2): Case 1
kz® V2t 2
cosh {r(ﬁ.a) + Tt } -2 ap =0, a = ﬂ
uy(z,t) = 1 , (36) , a(bk? — 1)
T ,
cosh i) + e | T 1 o — 6bk e k (40)
; 2T T abk? = 1) bk — 1
Y
us(x,t) = . @37
kx~ k2=t
B {1 + cosh [F(1+a) + “FNira) } } Case 2:
Remark 2: We have the hyperbolic function solutions of b2 6blk2
th_e space-time fra_lctional KIein—Gordoq equation. T_he§e op— ap = m, a1 = —m,
tained exact solutions are soliton solutions and periodic soli-
tary wave solutions. o 6bk> k (a1)

Ta(l+ok?) C T T+bk2
4.3. The space-time fractional ZK-BBM equation

Inserting Eqgs. (40) and (41) into Eqg. (39), we obtain the

We want to find traveling wave solutions of the Eq. (3), rea- X X
following exact solutions of Eqg. (3):

son for which we apply the transformatiafz, t)=u(¢) and

FIGURE 3. Solution of Eq. B)wheh =2,k =1,a=1,c = —1.
FIGURE 2. Solution Eq. (2) wheny =1, =1,k = 1.
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5. Conclusion

2
uy(x,t) = L In this paper, the generalized Kudryashov method has been
a(bk? — 1) : : ; ) .
successfully applied to find the solution of time-fractional
1 Cahn-Allen equation, space-time fractional Klein-Gordon
X ,  (42)  equation and space-time fractional ZK-BBM equation. Cal-
cosh k [F(ﬁa) + (W_ﬁ;(pm)} culations in generalized Kudryashov method are simple, re-
b2 liable and effective mathematical tool for solving fractional
us(z,t) = differential equations in science and engineering. As far as
a(l + bk?) we know, the solutions obtained are new solutions that are
cosh e { P ot } 9 not available in the literature. The solutions obtained will
« F(1+a) ' (1+bk?)I(1+0a) . (43) play a §ignificant role in expla_ining many physical problems.
cosh k |:F(T—T—a) + (1+bk§§;(1+a)} +1 According to the results obtained, this approach can be used

. _ _ _ to other nonlinear FDEs, nonlinear fractional equation sys-
Remark 3: We obtain the hyperbolic function solutions tems, the fractional complex equations, the fractional differ-
of the space-time fractional ZK-BBM equation. In particular, ence equations, etc. All the solutions reported above have

the soliton solutions, compacton solutions, peakon solutiongeen verified using the symbolic computation system Maple.
and other solutions have been found for such physical prob-

lems.
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