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In this paper, different types of solitary wave solutions for the modified equal-width wave (MEW) equation with beta time derivative is
obtained by implementing the extended Jacobi’s elliptic function expansion method and the Kudryashov method. The secured solutions
are in the form of dark, bright, singular solitons and other soliton type solutions. The obtained solutions are verified through symbolic soft
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1. Introduction

Solitary wave theory has gained much importance because
of its use in the field of applied physics. Waves are gener-
ated when some disturbance occur in the phenomenon. Soli-
ton interactions occur where two or more than two solitons
come close enough to each other. Because solitons present
themselves as tiny, confined energy bundles, it is said that
they show the particle-like characteristics of a given system.
One of the most important technical applications of solitons
is their use in optical fibers to carry digital information. In
electromagnetism, solitons are studied as the transverse wave
that travels between two strips of superconducting metals.
Beyond these, solitons have been found to be useful in many
applications across different areas of science and engineer-
ing. Solitons are governed by nonlinear Schrödinger equa-
tions, which represent the physical phenomena as models us-
ing non-linear partial differential equations (NLPDEs). There
are many analytical schemes that have been constructed to
solve such non-linear partial differential equations. For in-
stance, Biswas and Alqahtani have determined the two types
of bright solitons of perturbed Gerdjikov-Ivanov equation
(PGIE) by using Semi-inverse Variational method [1]. Var-
ious solitons for some coupled evolution equations were ex-
plained in [2]. Exponential rational function scheme [3]
was applied to find out the hyperbolic rational function type
solitons of the Boussinesq fractional type models for some
certain physical phenomenon. Periodic type solitons have
been investigated, by implementing the variational principle
method [4], for the KMN equation. Various optical soli-
ton solutions in the fiber communication system have been

obtained by employing the Riccati equation method [5] and
spatio-temporal like optical solitons have been determined in
Ref. [6]. The famous Biswas and Arshed model with nonlin-
earity factor”n” has been explored by employing the modi-
fied extendedtanh expansion technique [7]. In this paper we
are interested in investigation of an important model named
modified equal-width (MEW) equation in the beta derivative
sense. The aforementioned equation also finds an important
role in plasma physics and fluid dynamics.

This equation has been solved by different analytical
methods such as: thetanh−function method [8, 9], the
ansatz and improved(G′/G)−expansion methods [10]. But
the extended Jacobi elliptic expansion function method and
Kudryashov method have not been exercised for the above
mentioned model with a fractional beta derivative operator.
These methods have also been used to explore different mod-
els in different articles, see for example [11–15]. Further-
more, by applying the Kudryashov scheme, exact solutions
to the fractional and classical GEW-Burgers equations have
been determined in [16]. Hosseiniet al. obtained the soli-
ton solutions of the Perturbed Gerdjikov-Ivanov equation by
employing the Kudryashov technique [17–19]. Moreover,
in different applied fields, physical model equations using
the novel beta derivative and Atangana’s-conformable deriva-
tive operators have been investigated via distinct techniques
[20–24].

The primary prospect of this paper is to determine the
wave form solutions of the MEW wave equation with beta-
time derivative based on the two different methods, the
extended Jacobi’s elliptic function expansion method and the
Kudryashov method.
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2. β− Derivative and it’s properties

Definition: Supposeg(θ) is a function that is defined∀ non-negativeθ. Therefore, the beta-time fractional derivative of the
function g of powerβ is given as [25]

Dβ(g(θ)) =
dβg(θ)
dθβ

= lim
ε→0

g(θ + ε(θ + 1
Γ(β) )

1−β)− g(θ)

ε
, 0 < β ≤ 1.

Few useful features of the Beta-time fractional derivative are given follows [26–30]
Theorem:
Supposef(θ) andg(θ) are theβ−time differentiable functions∀ θ > 0 andβ ∈ (0, 1]. Then

i. Dβ(af(θ) + bg(θ)) = aDβ(f(θ)) + bDβ(g(θ)), ∀a, b ∈ R.

ii. Dβ(f(θ)g(θ)) = g(θ)Dβ(f(θ)) + f(θ)Dβ(g(θ)).

iii. Dβ
(

f(θ)
g(θ)

)
= g(θ)Dβ(f(τ))−f(θ)Dβ(g(θ))

(g(θ))2 .

iv. Dβ(f(θ)) =
(
θ + 1

Γ(β)

)1−β
df(θ)

dθ .

3. Description of Strategies

3.1. Explanation of the extended Jacobi’s elliptic function expansion method

Here, we explain the general steps of the extended Jacobi’s elliptic function expansion scheme [11]: Assume the below travel-
ling wave equation in the form of PDE:

G(qt, q
2qt, qx, qtt, qxx, qxt, ...) = 0, (1)

hereq = q(x, t). Let us assume the propagational waves transformations:

q(x, t) = Q(η), η = x− µt, (2)

whereµ characterizes the soliton speed. Inserting Eq. (2) into Eq. (1), leads to the non-linear ordinary differential equation
(NODE):

F (Q(η), Q2(η)Q
′
(η), Q

′′
(η), Q

′′′
(η), ...) = 0. (3)

The above obtained Eq. (3) has the following type of solutions by applying the extended Jacobi’s elliptic function expansion
scheme:

Q(η) =
N∑

j=−M

αjY
j(η), (4)

whereM , N , αj (j = −M, ..., N) are unknowns to be found later whileY represents the Jacobi’s elliptic function, namely,
Y = Y (η) = snη = sn(η, m) or cn(η, m) or dn(η, m) where0 < m < 1 is the amplitude of Jacobi’s elliptic functions. The
values ofM andN may be found by using the balance technique of highest derivative and nonlinear term in Eq. (3). After
that, substituting Eq. (4) into the Eq. (3), we obtain a system of algebraic equation in terms ofαj (j = −M, ..., N). Now by
usingMathematica , we can solve the gained system of algebraic equations forαj . By plugging these obtained values into
Eq. (4), the general form of Jacobi’s elliptic function solution of Eq. (1) can be given. Whenm → 1, the Jacobi functions are
transformed into hyperbolic functions given as:

sn(η, m) → tanh(η), cn(η, m) → sech(η) and dn(η,m) → sech(η).

3.2. Explanation of the Kudryashov method

The procedure of Kudryashov method is explained in the steps below [17]:
Step 1:

Suppose Eqs. (1), (2) and (3).
Step 2:
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Consider the solutions of Eq. (3) are of the type:

Q(η) =
m∑

j=0

αjφ
j(η). (5)

Here,αj (j = 0, 1, 2, 3, . . . , m) are the unknowns withαj 6= 0 to be found. The positive integerm will be calculated using the
homogenous balance technique.

The functionφ(η) satisfies the auxiliary differential equation

(φ′(η))2 = φ2(η)(1− dφ2(η)), (6)

Eq. (6) gives the following solution.

φ(η) =
4a

(4a2 − d) sinh(η) + (4a2 + d) cosh(η)
, d = 4 a b, a andb are constants. (7)

Step 3:By combining Eqs. (3), (5), and (6), summing up all coefficients of the same order onφ(η), and taking each coefficient
equal to zero, we can solve for the algebraic expressions involvingαj , µ, and other parameters.
Step 4:Putting the above finding results of the unknowns with the solutions of the Eq. (7), we get the solutions of the non-linear
partial differential equation Eq. (1).

4. Model description and it’s mathematical analysis

Consider the modified equal width wave (MEW) equation [10] with beta-time fractional derivative given as

∂βq

∂tβ
+ θ

∂q3

∂x
− ρ

∂2

∂x2

(
∂βq

∂tβ

)
= 0. (8)

Hereq = q(x, t) is the wave profile whileθ andρ are the parameters. Let us assume the following travelling wave transforma-
tion:

q(x, t) = Q(η), η = ωx− λ

β

(
t +

1
Γ(β)

)β

. (9)

Hereω andλ are the constants. By using Eq. (9) into the Eq. (8), we get the following ODE

− λQ
′
+ θω(Q3)

′
+ ρλω2Q

′′′
= 0. (10)

After integrating Eq. (10) once with respect toη, we get

− λQ + θωQ3 + ρλω2Q
′′

= 0. (11)

4.1. Solutions with the extended Jacobi’s elliptic function expansion method

Balancing the termsQ
′′

andQ3 in Eq. (11), we getM = N = 1. So Eq. (4) reduces to

Q(η) = α−1Y
−1(η) + α0 + α1Y (η). (12)

Case 1:If Y = Y (η) = sn(η, m) Eq. (12) becomes:

Q(η) = α−1sn
−1(η, m) + α0 + α1sn(η, m). (13)

By substituting Eq. (13) into Eq. (11), we obtain the solution sets given below.
Set 1: {

α−1 = ∓
√

2
√

λ
√

ρ√
θ 4
√
−(m + 1)ρ

, α0 = 0, α1 = 0, ω =
−1√

−(m + 1)ρ

}
. (14)

By using Eqs. (13) and (14) into Eq. (9), we get

q(x, t) = ∓
√

2
√

λ
√

ρ√
θ 4
√
−(m + 1)ρ

sn−1

(
−x√

−(m + 1)ρ
− λ

β

[
t +

1
Γ(β)

]β
)

. (15)
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Set 2: {
α−1 = 0, α0 = 0, α1 = ∓

√
2
√

λ
√

m
√

ρ√
θ 4
√
−(m + 1)ρ

, ω =
−1√

−(m + 1)ρ

}
. (16)

By using Eqs. (13) and (16) into Eq. (9), we get

q(x, t) = ∓
√

2
√

λ
√

m
√

ρ√
θ 4
√
−(m + 1)ρ

sn

(
−x√

−(m + 1)ρ
− λ

β

[
t +

1
Γ(β)

]β
)

. (17)

Set 3: {
α−1 = ∓ i

√
2
√

λ
√

ρ√
θ 4
√
−(m + 1)ρ

, α0 = 0, α1 = 0, ω =
1√

−(m + 1)ρ

}
. (18)

By using Eqs. (13) and (18) into Eq. (9), we get

q(x, t) = ∓ i
√

2
√

λ
√

ρ√
θ 4
√
−(m + 1)ρ

sn−1

(
x√

−(m + 1)ρ
− λ

β

[
t +

1
Γ(β)

]β
)

. (19)

Set 4: {
α−1 = 0, α0 = 0, α1 = ∓ i

√
2
√

λ
√

m
√

ρ√
θ 4
√
−(m + 1)ρ

, ω =
1√

−(m + 1)ρ

}
. (20)

By using Eqs. (13) and (20) into Eq. (9), we get

q(x, t) = ∓ i
√

2
√

λ
√

m
√

ρ√
θ 4
√
−(m + 1)ρ

sn

(
x√

−(m + 1)ρ
− λ

β

[
t +

1
Γ(β)

]β
)

. (21)

Set 5:
{

α−1=∓
√

2ρλ

θ
4

√
−1

(m− 6
√

m + 1)ρ
, α0=0, α1=±

√
2mρλ

θ
4

√
−1

(m− 6
√

m + 1)ρ
, ω=

−ι√
(m− 6

√
m + 1)ρ

}
. (22)

By using Eqs. (13) and (22) into Eq. (9), we get

q(x, t) =
√

2
√

ρ

√
λ

θ
4

√
− 1

(m− 6
√

m + 1)ρ

(
∓ sn−1

[
−ιx√

(m− 6
√

m + 1)ρ
− λ

β

{
t +

1
Γ(β)

}β
]

±√msn

[
−ιx√

(m− 6
√

m + 1)ρ
− λ

β

{
t +

1
Γ(β)

}β
] )

. (23)

Set 6:
{

α−1=∓ i

√
2ρλ

θ
4

√
−1

(m− 6
√

m + 1)ρ
, α0=0, α1=± i

√
2mρλ

θ
4

√
−1

(m−6
√

m+1)ρ
, ω=

−ι√
(m−6

√
m+1)ρ

}
. (24)

By using the Eqs. (13) and (24) into Eq. (9), we get

q(x, t) = i

√
2ρλ

θ
4

√
−1

(m− 6
√

m + 1)ρ

(
∓ sn−1

[
−ιx√

(m− 6
√

m + 1)ρ
− λ

β

{
t +

1
Γ(β)

}β
]

±√msn

[
−ιx√

(m− 6
√

m + 1)ρ
− λ

β
(t +

1
Γ(β)

)β

])
. (25)

Set 7:
{

α−1 = −
√

2λρ

θ
4

√
−1

(m + 6
√

m + 1)ρ
, α0 = 0, α1 = −

√
2λmρ

θ
4

√
−1

(m + 6
√

m + 1)ρ
, ω =

−ι√
(m + 6

√
m + 1)ρ

}
.

(26)
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By using Eqs. (13) and (26) into Eq. (9), we get

q(x, t) = −
√

2λρ

θ
4

√
−1

(m + 6
√

m + 1)ρ

(
sn−1

[
−ιx√

(m + 6
√

m + 1)ρ
− λ

β

{
t +

1
Γ(β)

}β
]

+
√

msn

[
−ιx√

(m + 6
√

m + 1)ρ
− λ

β

{
t +

1
Γ(β)

}β
])

. (27)

Set 8:

{
α−1 =

√
2λρ

θ
4

√
− 1

(m + 6
√

m + 1) ρ
, α0 = 0, α1 =

√
2λmρ

θ
4

√
−1

(m + 6
√

m + 1) ρ
, ω =

−ι√
(m + 6

√
m + 1) ρ

}
. (28)

By using Eqs. (13) and (28) into Eq. (9), we obtain

q(x, t) =

√
2λρ

θ
4

√
−1

(m + 6
√

m + 1)ρ

(
sn−1

[
−ιx√

(m + 6
√

m + 1)ρ
− λ

β

{
t +

1
Γ(β)

}β
]

+
√

msn

[
−ιx√

(m + 6
√

m + 1)ρ
− λ

β

{
t +

1
Γ(β)

}β
])

. (29)

Set 9:

{
α−1=− i

√
2λρ

θ
4

√
−1

(m+6
√

m+1)ρ
, α0=0, α1=−

√
2λmρ

θ
4

√
−1

(m + 6
√

m + 1)ρ
, ω=

ι√
(m + 6

√
m + 1)ρ

}
. (30)

By using Eqs. (13) and (30) into Eq. (9), yields

q(x, t) = −i

√
2λρ

θ
4

√
−1

(m + 6
√

m + 1)ρ

(
sn−1

[
ιx√

(m + 6
√

m + 1)ρ
− λ

β

{
t +

1
Γ(β)

}β
]

+
√

msn

[
ιx√

(m + 6
√

m + 1)ρ
− λ

β

{
t +

1
Γ(β)

}β
])

. (31)

Set 10:

{
α−1 = i

√
2λρ

θ
4

√
−1

(m + 6
√

m + 1)ρ
, α0 = 0, α1 = i

√
2λmρ

θ
4

√
−1

(m + 6
√

m + 1)ρ
, ω =

ι√
(m + 6

√
m + 1)ρ

}
. (32)

By using Eqs. (13) and (32) into Eq. (9), we get

q(x, t) = i

√
2λρ

θ
4

√
−1

(m + 6
√

m + 1)ρ

(
sn−1

[
ιx√

(m + 6
√

m + 1)ρ
− λ

β

{
t +

1
Γ(β)

}β
]

+
√

msn

[
ιx√

(m + 6
√

m + 1)ρ
− λ

β

{
t +

1
Γ(β)

}β
])

. (33)
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4.2. Dark, singular and combined soliton solutions

Whenm → 1 then from the solution forq(x, t) for each set, the dark and singular soliton solutions given as:

q(x, t) = ∓
√

2
√

λ
√

ρ√
θ 4
√−2ρ

coth

(
−x√−2ρ

− λ

β

[
t +

1
Γ(β)

]β
)

. (34)

q(x, t) = ∓
√

2
√

λ
√

ρ√
θ 4
√−2ρ

tanh

(
−x√−2ρ

− λ

β

[
t +

1
Γ(β)

]β
)

, (35)

q(x, t) = ∓ i
√

2
√

λ
√

ρ√
θ 4
√−2ρ

coth

(
x√−2ρ

− λ

β

[
t +

1
Γ(β)

]β
)

, (36)

q(x, t) = ∓ i
√

2
√

λ
√

ρ√
θ 4
√−2ρ

tanh

(
x√−2ρ

− λ

β

[
t +

1
Γ(β)

]β
)

, (37)

q(x, t) =

√
2ρλ

θ
4

√
1
4ρ

(
∓ coth

[
−ιx√−4ρ

− λ

β

{
t +

1
Γ(β)

}β
]
± tanh

[
−ιx√−4ρ

− λ

β

{
t +

1
Γ(β)

}β
])

, (38)

q(x, t) = i

√
2ρλ

θ
4

√
1
4ρ

(
∓ coth

[
−ιx√−4ρ

− λ

β

{
t +

1
Γ(β)

}β
]
± tanh

[
−ιx√−4ρ

− λ

β

{
t +

1
Γ(β)

}β
])

, (39)

q(x, t) = −
√

2λρ

θ
4

√−1
8ρ

(
coth

[
−ιx√

8ρ
− λ

β

{
t +

1
Γ(β)

}β
]

+ tanh

[
−ιx√

8ρ
− λ

β

{
t +

1
Γ(β)

}β
])

, (40)

q(x, t) =

√
2λρ

θ
4

√−1
8ρ

(
coth

[
−ιx√

8ρ
− λ

β

{
t +

1
Γ(β)

}β
]

+ tanh

[
−ιx√

8ρ
− λ

β

{
t +

1
Γ(β)

}β
])

, (41)

q(x, t) = −i

√
2λρ

θ
4

√−1
8ρ

(
coth

[
ιx√
8ρ
− λ

β

{
t +

1
Γ(β)

}β
]

+ tanh

[
ιx√
8ρ
− λ

β

{
t +

1
Γ(β)

}β
])

, (42)

q(x, t) = i

√
2λρ

θ
4

√−1
8ρ

(
coth

[
ιx√
8ρ
− λ

β

{
t +

1
Γ(β)

}β
]

+ tanh

[
ιx√
8ρ
− λ

β

{
t +

1
Γ(β)

}β
])

. (43)

Case 2:If Y = Y (ξ) = cn(ξ, m) Eq. (12) becomes

Q(η) = α−1cn
−1(η,m) + α0 + α1cn(η, m). (44)

By plugging Eq. (44) into the Eq. (11), we get the below solution sets:
Set 1: {

α−1 = ∓i
√

2

√
λ(m− 1)ρ

θ
√

(2m− 1)ρ
, α0 = 0, α1 = 0, ω =

−1√
(2m− 1)ρ

}
. (45)

By using Eqs. (44) and (45) into Eq. (9), we get

q(x, t) = ∓i
√

2

√
λ(m− 1)ρ

θ
√

(2m− 1)ρ
cn−1

(
−x√

(2m− 1)ρ
− λ

β

[
t +

1
Γ(β)

]β
)

. (46)

Set 2: {
α−1 = 0, α0 = 0, α1 = ∓ i

√
2λmρ√

θ 4
√

(2m− 1)ρ
, ω =

−1√
(2m− 1)ρ

}
. (47)

By using Eqs. (44) and (47) into Eq. (9), we get

q(x, t) = ∓ i
√

2λmρ√
θ 4
√

(2m− 1)ρ
cn

(
−x√

(2m− 1)ρ
− λ

β

[
t +

1
Γ(β)

]β
)

. (48)
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Set 3: {
α−1 = ∓

√
2

√
λ(m− 1)ρ

θ
√

(2m− 1)ρ
, α0 = 0, α1 = 0, ω =

1√
(2m− 1)ρ

}
. (49)

By using Eqs. (44) and (49) into Eq. (9), we get

q(x, t) = ∓
√

2

√
λ(m− 1)ρ

θ
√

(2m− 1)ρ
cn−1

(
x√

(2m− 1)ρ
− λ

β

[
t +

1
Γ(β)

]β
)

. (50)

Set 4: {
α−1 = 0, α0 = 0, α1 = ∓

√
2λmρ√

θ 4
√

(2m− 1)ρ
, ω =

1√
(2m− 1)ρ

}
. (51)

By using Eqs. (44) and (52) into Eq. (9), we get

q(x, t) = ∓
√

2λmρ√
θ 4
√

(2m− 1)ρ
cn

(
x√

(2m− 1)ρ
− λ

β

[
t +

1
Γ(β)

]β
)

. (52)

Set 5:

α−1 = ∓i
√

2

√√√√√√λ(m− 1)

√
−6

√
(m− 1)mρ2 − 2mρ + ρ

32m2 − 32m− 1
θ

, α0 = 0,

α1 = ±i
√

2m

√√√√√√λ

√
−6

√
(m− 1)mρ2 − 2mρ + ρ

32m2 − 32m− 1
θ

, ω = −
√
−2m− 6

√
(m− 1)m + 1

(32m2 − 32m− 1)ρ
. (53)

By using Eqs. (44) and (54) into Eq. (9), we have

q(x, t) = i
√

2

√√√√√√λ

√
−6

√
(m− 1)mρ2 − 2mρ + ρ

32m2 − 32m− 1
θ

(
∓√m− 1 cn−1


−x

√
−2m− 6

√
(m− 1)m + 1

(32m2 − 32m− 1)ρ
− λ

β

{
t +

1
Γ(β)

}β



±√m cn


−x

√
−2m− 6

√
(m− 1)m + 1

(32m2 − 32m− 1)ρ
− λ

β

{
t +

1
Γ(β)

}β



)
. (54)

Set 6:

α−1 = ±
√

2

√√√√√√λ(m− 1)

√
−6

√
(m− 1)mρ2 − 2mρ + ρ

32m2 − 32m− 1
θ

, α0 = 0,

α1 = ∓
√

2m

√√√√√√λ

√
−6

√
(m− 1)mρ2 − 2mρ + ρ

32m2 − 32m− 1
θ

, ω =

√
−2m− 6

√
(m− 1)m + 1

(32m2 − 32m− 1)ρ
. (55)

By using Eqs. (44) and (55) into Eq. (9), we get

q(x, t) =
√

2

√√√√√√λ

√
−6

√
(m− 1)mρ2 − 2mρ + ρ

32m2 − 32m− 1
θ

(
±√m− 1 cn−1


x

√
−2m− 6

√
(m− 1)m + 1

(32m2 − 32m− 1)ρ
− λ

β

{
t +

1
Γ(β)

}β



∓√m cn


x

√
−2m− 6

√
(m− 1)m + 1

(32m2 − 32m− 1)ρ
− λ

β

{
t +

1
Γ(β)

}β



)
. (56)
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Set 7:

α−1 = −i
√

2

√√√√√√λ(m− 1)

√
6
√

(m− 1)mρ2 − 2mρ + ρ

32m2 − 32m− 1
θ

, α0 = 0,

α1 = −i
√

2m

√√√√√√λ

√
6
√

(m− 1)mρ2 − 2mρ + ρ

32m2 − 32m− 1
θ

, ω = −
√
−2m + 6

√
(m− 1)m + 1

(32m2 − 32m− 1) ρ
. (57)

By using Eqs. (44) and (57) into Eq. (9), we get

q(x, t) = −i

√√√√√√2λ

√
6
√

(m− 1)mρ2 − 2mρ + ρ

32m2 − 32m− 1
θ

(
√

m− 1 cn−1


−x

√
−2m + 6

√
(m− 1)m + 1

(32m2 − 32m− 1)ρ
− λ

β

{
t +

1
Γ(β)

}β



+
√

m cn


−x

√
−2m + 6

√
(m− 1)m + 1

(32m2 − 32m− 1)ρ
− λ

β

{
t +

1
Γ(β)

}β



)
(58)

Set 8:

α−1 = i
√

2

√√√√√√λ(m− 1)

√
6
√

(m− 1)mρ2 − 2mρ + ρ

32m2 − 32m− 1
θ

, α0 = 0,

α1 = i
√

2m

√√√√√√λ

√
6
√

(m− 1)mρ2 − 2mρ + ρ

32m2 − 32m− 1
θ

, ω = −
√
−2m + 6

√
(m− 1)m + 1

(32m2 − 32m− 1) ρ
. (59)

By using Eqs. (44) and (59) into Eq. (9), we get

q(x, t) = i
√

2

√√√√√√λ

√
6
√

(m− 1)mρ2 − 2mρ + ρ

32m2 − 32m− 1
θ

(
√

m− 1 cn−1


−x

√
−2m + 6

√
(m− 1)m + 1

(32m2 − 32m− 1) ρ
− λ

β

{
t +

1
Γ(β)

}β



+
√

mcn


−x

√
−2m + 6

√
(m− 1)m + 1

(32m2 − 32m− 1) ρ
− λ

β

{
t +

1
Γ(β)

}β



)
. (60)

Set 9:

α−1 =
√

2

√√√√√√λ(m− 1)

√
6
√

(m− 1)mρ2 − 2mρ + ρ

32m2 − 32m− 1
θ

, α0 = 0,

α1 =
√

2m

√√√√√√λ

√
6
√

(m− 1)mρ2 − 2mρ + ρ

32m2 − 32m− 1
θ

, ω =

√
−2m + 6

√
(m− 1)m + 1

(32m2 − 32m− 1) ρ
. (61)
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By using Eqs. (44) and (61) into Eq. (9), we get

q(x, t) =
√

2

√√√√√√λ

√
6
√

(m− 1)mρ2 − 2mρ + ρ

32m2 − 32m− 1
θ

(
√

m− 1 cn−1


x

√
−2m + 6

√
(m− 1)m + 1

(32m2 − 32m− 1) ρ
− λ

β

{
t +

1
Γ(β)

}β



+
√

mcn


x

√
−2m + 6

√
(m− 1)m + 1

(32m2 − 32m− 1) ρ
− λ

β

{
t +

1
Γ(β)

}β



)
. (62)

Set 10:

α−1 = −
√

2

√√√√√√λ(m− 1)

√
6
√

(m− 1)mρ2 − 2mρ + ρ

32m2 − 32m− 1
θ

, α0 = 0,

α1 = −
√

2m

√√√√√√λ

√
6
√

(m− 1)mρ2 − 2mρ + ρ

32m2 − 32m− 1
θ

, ω =

√
−2m + 6

√
(m− 1)m + 1

(32m2 − 32m− 1) ρ
. (63)

By using Eqs. (44) and (64) into Eq. (9), we get

q(x, t) = −
√

2

√√√√√√λ

√
6
√

(m− 1)mρ2 − 2mρ + ρ

32m2 − 32m− 1
θ

(
√

m− 1 cn−1


x

√
−2m + 6

√
(m− 1)m + 1

(32m2 − 32m− 1)ρ
− λ

β

{
t +

1
Γ(β)

}β



+
√

mcn


x

√
−2m + 6

√
(m− 1)m + 1

(32m2 − 32m− 1)ρ
− λ

β

{
t +

1
Γ(β)

}β



)
. (64)

4.3. Bright soliton solutions:

Whenm → 1 then the bright soliton solutions above reduce to

q(x, t) = ∓ i
√

2λρ√
θ 4
√

ρ
sech

(
−x√

ρ
− λ

β

[
t +

1
Γ(β)

]β
)

, (65)

q(x, t) = ∓
√

2λρ√
θ 4
√

ρ
sech

(
x√
ρ
− λ

β

[
t +

1
Γ(β)

]β
)

, (66)

q(x, t) = ± i

√
2λ
√

ρ

θ
sech

(
−x√

ρ
− λ

β

[
t +

1
Γ(β)

]β
)

. (67)

Case 3:If Y = Y (ξ) = dn(ξ, m) Eq. (12) becomes:

Q(η) = α−1dn−1(η, m) + α0 + α1dn(η, m). (68)

By putting Eq. (68) into the Eq. (11), we get the solution sets given by
Set 1: {

α−1 = ∓
√

2

√
λ(m− 1)ρ

θ
√
−(m− 2)ρ

, α0 = 0, α1 = 0, ω =
−1√

−(m− 2)ρ

}
. (69)

By using Eqs. (68) and (69) into Eq. (9), we get

q(x, t) = ∓
√

2

√
λ(m− 1)ρ

θ
√
−(m− 2)ρ

dn−1

(
−x√

−(m− 2)ρ
− λ

β

[
t +

1
Γ(β)

]β
)

. (70)
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Set 2: {
α−1 = 0, α0 = 0, α1 = ∓ i

√
2λρ√

θ 4
√
−(m− 2)ρ

, ω =
−1√

−(m− 2)ρ

}
. (71)

By using Eqs. (68) and (71) into Eq. (9), we get

q(x, t) = ∓ i
√

2λρ√
θ 4
√
−(m− 2)ρ

dn

(
−x√

−(m− 2)ρ
− λ

β

[
t +

1
Γ(β)

]β
)

. (72)

Set 3: {
α−1 = ∓ι

√
2

√
λ(m− 1)ρ

θ
√
−(m− 2)ρ

, α0 = 0, α1 = 0, ω =
1√

−(m− 2)ρ

}
. (73)

By using Eqs. (68) and (73) into Eq. (9), we get

q(x, t) = ∓ι
√

2

√
λ(m− 1)ρ

θ
√
−(m− 2)ρ

dn−1

(
x√

−(m− 2)ρ
− λ

β

[
t +

1
Γ(β)

]β
)

. (74)

Set 4: {
α−1 = 0, α0 = 0, α1 = ∓

√
2λρ√

θ 4
√
−(m− 2)ρ

, ω =
1√

−(m− 2)ρ

}
. (75)

By using Eqs. (68) and (75) into Eq. (9), we get

q(x, t) = ∓
√

2λρ√
θ 4
√
−(m− 2)ρ

dn

(
x√

−(m− 2)ρ
− λ

β

[
t +

1
Γ(β)

]β
)

. (76)

Set 5:

α−1 = ∓
√

2

√√√√√√λ(m− 1)

√
6
√
−(m− 1)ρ2 + (2−m)ρ

m2 + 32m− 32
θ

, α0 = 0,

α1 = ∓ι
√

2

√√√√√√λ

√
6
√
−(m− 1)ρ2 + (2−m)ρ

m2 + 32m− 32
θ

, ω = −
√
−m + 6

√
−(m− 1) + 2

(m2 + 32m− 32) ρ
. (77)

By using Eqs. (68) and (77) into Eq. (9), we get

q(x, t) = ∓
√

2

√√√√√√λ

√
6
√
−(m− 1)ρ2 + (2−m)ρ

m2 + 32m− 32
θ

(
√

m− 1 dn−1


−x

√
−m + 6

√
−(m− 1) + 2

(m2 + 32m− 32) ρ
− λ

β

{
t +

1
Γ(β)

}β



+ ι dn


−x

√
−m + 6

√
−(m− 1) + 2

(m2 + 32m− 32) ρ
− λ

β

{
t +

1
Γ(β)

}β



)
. (78)

Set 6:

α−1 = ∓ι
√

2

√√√√√√λ(m− 1)

√
6
√
−(m− 1)ρ2 + (2−m)ρ

m2 + 32m− 32
θ

, α0 = 0,

α1 = ±
√

2

√√√√√√λ

√
6
√
−(m− 1)ρ2 + (2−m)ρ

m2 + 32m− 32
θ

, ω =

√
(2−m) + 6

√
−(m− 1)

(m2 + 32m− 32) ρ
. (79)

Rev. Mex. Fis.68010701



DIFFERENT SOLITON SOLUTIONS TO THE MODIFIED EQUAL-WIDTH WAVE EQUATION. . . 11

By using Eqs. (68) and (79) into Eq. (9), we get

q(x, t) =
√

2

√√√√√√λ

√
6
√
−(m− 1)ρ2 + (2−m)ρ

m2 + 32m− 32
θ

(
∓ ι
√

m− 1 dn−1


x

√
(2−m) + 6

√
−(m− 1)

(m2 + 32m− 32) ρ
− λ

β

{
t +

1
Γ(β)

}β



± dn


x

√
(2−m) + 6

√
−(m− 1)

(m2 + 32m− 32) ρ
− λ

β

{
t +

1
Γ(β)

}β

 . (80)

Set 7:

α−1 = −
√

2

√√√√√√λ(m− 1)

√
−6

√
−(m− 1)ρ2 + (m− 2)ρ

m2 + 32m− 32
θ

, α0 = 0,

α1 =
√

2ι

√√√√√√λ

√
−6

√
−(m− 1)ρ2 + (m− 2)ρ

m2 + 32m− 32
θ

, ω = −
√
− (m− 2) + 6

√
−(m− 1)

(m2 + 32m− 32) ρ
. (81)

By using Eqs. (68) and (81) into Eq. (9), we get

q(x, t) =
√

2

√√√√√√λ

√
−6

√
−(m− 1)ρ2 + (m− 2)ρ

m2 + 32m− 32
θ

(
−√m− 1 dn−1


−x

√
− (m− 2) + 6

√
−(m− 1)

(m2 + 32m− 32) ρ
− λ

β

{
t +

1
Γ(β)

}β



+ ι dn


−x

√
− (m− 2) + 6

√
−(m− 1)

(m2 + 32m− 32) ρ
− λ

β

{
t +

1
Γ(β)

}β



)
. (82)

Set 8:

α−1 =
√

2

√√√√√√λ(m− 1)

√
−6

√
−(m− 1)ρ2 + (m− 2)ρ

m2 + 32m− 32
θ

, α0 = 0,

α1 = −ι
√

2

√√√√√√λ

√
−6

√
−(m− 1)ρ2 + (m− 2)ρ

m2 + 32m− 32
θ

, ω = −
√
− (m− 2) + 6

√
−(m− 1)

(m2 + 32m− 32) ρ
. (83)

By using Eqs. (68) and (83) into Eq. (9), we get

q(x, t) =
√

2

√√√√√√λ

√
−6

√
−(m− 1)ρ2 + (m− 2)ρ

m2 + 32m− 32
θ

(
√

m− 1dn−1(


−x

√
− (m− 2) + 6

√
−(m− 1)

(m2 + 32m− 32) ρ
− λ

β

{
t +

1
Γ(β)

}β



− ι dn


−x

√
− (m− 2) + 6

√
−(m− 1)

(m2 + 32m− 32) ρ
− λ

β

{
t +

1
Γ(β)

}β



)
. (84)

Set 9:

Rev. Mex. Fis.68010701



12 A. ZAFAR, M. RAHEEL, M. MIRZAZADEH, AND M. ESLAMI

α−1 = −
√

2 ι

√√√√√λ(m− 1)

√
− 6
√
−(m−1)ρ2+(m−2)ρ

m2+32m−32

θ
, α0 = 0,

α1 = −
√

2

√√√√√√λ

√
−6

√
−(m− 1)ρ2 + (m− 2)ρ

m2 + 32m− 32
θ

, ω =

√
− (m− 2) + 6

√
−(m− 1)

(m2 + 32m− 32) ρ
. (85)

By using Eqs. (68) and (85) into Eq. (9), we get

q(x, t) = −
√

2

√√√√√λ

√
− 6
√
−(m−1)ρ2+(m−2)ρ

m2+32m−32

θ

(
ι
√

m− 1 dn−1


x

√
− (m− 2) + 6

√
−(m− 1)

(m2 + 32m− 32) ρ
− λ

β

{
t +

1
Γ(β)

}β



+ dn


x

√
− (m− 2) + 6

√
−(m− 1)

(m2 + 32m− 32) ρ
− λ

β

{
t +

1
Γ(β)

}β



)
. (86)

Set 10:

α−1 =
√

2 ι

√√√√√√λ(m− 1)

√
−6

√
−(m− 1)ρ2 + (m− 2)ρ

m2 + 32m− 32
θ

, α0 = 0,

α1 =
√

2

√√√√√√λ

√
−6

√
−(m− 1)ρ2 + (m− 2)ρ

m2 + 32m− 32
θ

, ω =

√
− (m− 2) + 6

√
−(m− 1)

(m2 + 32m− 32) ρ
. (87)

By using Eqs. (68) and (87) into Eq. (9), we get

q(x, t) =
√

2

√√√√√√λ

√
−6

√
−(m− 1)ρ2 + (m− 2)ρ

m2 + 32m− 32
θ

(
ι
√

m− 1 dn−1


x

√
− (m− 2) + 6

√
−(m− 1)

(m2 + 32m− 32) ρ
− λ

β

{
t +

1
Γ(β)

}β



+ dn


x

√
− (m− 2) + 6

√
−(m− 1)

(m2 + 32m− 32) ρ
− λ

β

{
t +

1
Γ(β)

}β



)
. (88)

Whenm → 1 then the solutions above allow for the bright soliton solution given by we get the bright soliton solutions given
as:

q(x, t) = ±
√

2λ

θ

√
ρsech

(
x

ρ
− λ

β

[
t +

1
Γ(β)

]β
)

. (89)

4.4. Bright and singular soliton solutions with the Kudryashov Method

By applying the homogenous balance technique between the termsQ3 andQ
′′

into Eq. (11), we havem = 1. For m = 1,
Eq. (5) reduces to

Q(η) = α0 + α1φ(η). (90)

Hereα0 and α1 are unknown constants. By inserting Eqs. (6) and (90) into Eq. (11) and collecting the all coefficients of same
order ofφ(η), we get the algebraic expressions involvingα0, α1 and other parameters. Now usingMathematica ,
Set 1: {

α0 = 0, α1 = ∓ i
√

2
√

d
√

λ 4
√

ρ√
θ

, ω = − 1√
ρ

}
. (91)
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By using Eqs. (90) and (91) into Eq. (9), we get

q(x, t) = ∓ i
√

2
√

d
√

λ 4
√

ρ

√
θ

(
[a− b] sinh

[
ωx− λ

β

{
t +

1
Γ(β)

}β
]

+ [a + b] cosh

[
ωx− λ

β

{
t +

1
Γ(β)

}β
]) . (92)

Set 2:
{

α0 = 0, α1 = ∓
√

2
√

d
√

λ 4
√

ρ√
θ

, ω =
1√
ρ

}
. (93)

By using Eqs. (90) and (93) into Eq. (9), we get

q(x, t) = ∓
√

2
√

d
√

λ 4
√

ρ

√
θ

(
[a− b] sinh

[
ωx− λ

β

{
t +

1
Γ(β)

}β
]

+ [a + b] cosh

[
ωx− λ

β

{
t +

1
Γ(β)

}β
]) . (94)

5. Conclusion

We have successfully attempted to produce a variety of soliton-type solutions including the dark, bright, singular and other
types of solitons for the fractional MEW equation using a beta-time derivative. The required results have been obtained by
applying the extended Jacobi’s elliptic expansion function method and the Kudryashov method. The secured results have been
verified through symbolic soft computations. The equation in this investigation has been considered for the first time in the
Beta derivative sense via the above-mentioned approaches and the solutions can potentially be helpful for further development
in this field.
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30. B. Ghanbari and J. F. Ǵomez-Aguilar, The generalized ex-
ponential rational function method for Radhakrishnan-Kundu-
Lakshmanan equation withβ-conformable time derivative,Rev.
Mex. Fis.65 (2019) 503,https://doi.org/10.31349/
RevMexFis.65.503 .

Rev. Mex. Fis.68010701

https://doi.org/10.1016/j.cnsns.2005.08.003�
https://doi.org/10.1016/j.cnsns.2005.08.003�
https://doi.org/10.1155/2011/451420�
https://doi.org/10.1155/2011/451420�
https://doi.org/10.1080/16583655.2018.1469283�
https://doi.org/10.1080/16583655.2018.1469283�
https://doi.org/10.1016/j.ijleo.2020.164350�
https://doi.org/10.1016/j.ijleo.2020.164350�
https://doi.org/10.1016/j.ijleo.2019.163550�
https://doi.org/10.1016/j.ijleo.2019.163550�
https://doi.org/10.1016/j.ijleo.2020.164801�
https://doi.org/10.1016/j.ijleo.2020.164801�
https://doi.org/10.1016/j.ijleo.2020.165425�
https://doi.org/10.1016/j.ijleo.2020.165425�
https://doi.org/10.1016/j.ijleo.2017.10.104�
https://doi.org/10.1016/j.ijleo.2017.10.104�
https://doi.org/10.1080/17455030.2018.1464233�
https://doi.org/10.1080/17455030.2018.1464233�
https://doi.org/10.1080/17455030.2019.1603413�
https://doi.org/10.1080/17455030.2019.1603413�
https://doi.org/10.1515/phys-2016-0010�
https://doi.org/10.1515/phys-2016-0010�
https://doi.org/10.3390/e18020040�
https://doi.org/10.3390/e18020040�
https://doi.org/10.3389/fphy.2019.00034�
https://doi.org/10.3389/fphy.2019.00034�
https://doi.org/10.1080/17455030.2020.1722331�
https://doi.org/10.1080/17455030.2020.1722331�
https://doi.org/10.31349/RevMexFis.65.503�
https://doi.org/10.31349/RevMexFis.65.503�

