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In this work we explore the thermodynamic aspects of dark energy for late future time universe in two different scenarios: as a perfect fluid
with constant and variable equation of state parameter; and as dissipative fluid described by a barotropic equation of state with bulk viscosity
in the framework of the Eckart theory and the full Israel-Stewart theory. We explore cosmological solutions for a flat, homogeneous and
isotropic universe; and we assume the late future time behavior when the dark energy dominates the cosmic evolution. When modeled as .
perfect fluid with a dynamical equation of state= w(a)p, the dark energy has an energy density, temperature and entropy well defined and

an interesting result is that there is no entropy production even though been dynamical. For dissipative dark energy, in the Eckart theory two
cases are studieg:= const and¢ = (ﬂ/\/g)pl/2; it is found that the entropy grows exponentially for the first case and as a power-law for

the second. In the Israel-Stewart theory we conside=a&,p*/? and a relaxation time = £/p; an analytical Big Rip solution a power-law

relation between temperature and energy density is obtained. In order to maintain the second law of thermodynamics theoretical constraint
for the equation of state are found in the different dark energy models studied. A barotropic dark fluid with1 is thermodynamically

difficult to support, but the overall effect of bulk viscosity in certain cases allows a phantom regime without thermodynamic anomalies
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1. Introduction derlying microscopic theory that support it.

. Lo To obtain an accelerated cosmic expansion the material

The accelerated cosmic expansion indicates the presence of . :
; ..~ content of the universe must violate the strong energy con-
a negative-pressure component to the total energy density %

the universe today. This component is the source of the ac—mon.’ 2_i(pi +3pi) < 0, wherep; andp; are the energy
) . . : density and the pressure of each component respectively. The
celerated expansion and, either material fluid or geometr

is known asdark energy The observational evidence and){btal pressure must be negative. Since baryonic and dark mat-

. ; . .. _ter are pressureless and radiation pressupg/8 > 0, then
theoretical consistency of dark energy is well supported; for . : :
) . there must be a source of negative pressure, this source is the

a review see Refs. [1-3] and references therein. Dark en; ;
) dark energy. In the standard approach, the dark energy is con-

ergy nowadays is a fundamental element of the standard cos:

) i , - ~~Sidered as a fluid with negative pressure and barotropic equa-
mological model, however the physical mechanism behind |f .
ion of statep = wp (with w constant), and value = —1.

still a mystery. The simplest and best-known model of dar . U
energy is the energy of the vacuum represented as the ccl?ghe dark energy equation of state= —p implies that the

mological constant added to the Einstein field equations. Th%gﬁ:ﬁé density of dark energy is a constast, has no dy-
main feature of vacuum energy is that its energy density is '
constant in time and is spatially smooth. The cosmological Recent observational reconstructions of the dark energy
constant with cold dark matter are the key elements of th&duation of state shows that the parametecould be dy-
standard cosmological model ACDM. namical,i.e., depends on time (scale factor) [4, 5] allowing

In cosmology, a perfect fluid description is adequate tof© €ross the phantom divide lineo(< —1), and there are
model the known cosmic material componemgj(photons, ~ €ven studies that'suggest a slight prefer.er)ce to the cqsmolog—
baryons, neutrinos) and also dark matter (even though wi€@l phantom regimes < —1 [6-8], but it is not clear if it
don’t have a consolidated microscopic theory of dark mattercOrresponds properly to a phantom fluid or to an additional
when modeled as dust, a pressureless perfect fluid, there Rglysical effect which gives an effective phantom dark energy
theoretical and observational consistency). Dark energy, lik€duation of state.
the other main cosmological components, as a first approach Dynamical dark energyy = w(a), together with the as-
is modeled in the framework of perfect fluids in a homoge-sumption of dark energy as a perfect fluid brings up some
neous and isotropic expanding universe. The perfect fluidhermodynamic problems such as the positiveness of the en-
approach applied to describe the cosmic components fit veryopy, temperature, and chemical potential implies that
well the cosmological observations at background and linear1, which is in direct conflict with phantom dark energy

perturbation level; and also for some components has an uif9, 10].
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One way to avoid some thermodynamic problems is topresent acceleration of the universe as effect of bulk viscosity
suppose that the dark energy is a fluid with bulk viscosityof self-interacting scalar field [39];
breaking the perfect fluid hypothesis. A fluid with bulk vis- An important problem in cosmology is that most of the
cosity means that dissipative processes occur, which in coslark energy models are able to adjust fairly well the obser-
mic fluids has the advantage of allowing the violation of thevational data, this degeneracy hinders the tests and selection
dominant energy conditiorn(+ p < 0) without the dark en-  of more well-grounded dark energy models. The data shows
ergy necessarily being phantom [11]. In this case we havenly an accelerated cosmic expansion, but does not reveal
an effective pressure given byx = p + II, wherep = wp  the intrinsic nature of the source that causes this acceleration.
is the barotropic pressure aidfl < 0 is the viscous pres- Despite unknown, dark energy should be consistent with the
sure. The possibility of explaining the accelerated expansioknown laws of physics; for that reason the dark energy when
of the universe at the late future as an effect of the effectivanodeled as an exotic fluid must satisfy the bounds imposed
negative pressure due to bulk viscosity in the cosmic fluiddy the laws of thermodynamics. In this vein, dark energy
was first considered in [12, 13]. Viscous matter or radiationthermodynamics has been studied by several authors: a re-
cosmologies can be mapped into the phantom dark energyarkable theoretical treatment in the context of perfect flu-
scenario [14,15] and also a viscous fluid is able to produce a&s can be found in Ref. [9]; thermodynamic properties of
Little Rip cosmology as a purely viscous effect [16]. dark energy with varying equation of state parameitéd)

[10, 40, 41]; and, thermodynamic properties of dark energy

A perfect fluid in equilibrium generates no entropy andas a self-interacting complex scalar field [42]. Studies about
no frictional heating because its dynamic is reversible andhe thermodynamics of dark energy with viscosity: the va-
without dissipation. We know that real fluids behave irre-lidity of the generalized second law of thermodynamics in a
versibly, and if we want to model dissipative processes weon-flat universe in the presence of viscous dark energy [43];
require a relativistic theory of dissipative fluids. A classicalSome thermodynamic aspects of an alternative to the stan-
irreversible thermodynamics was first extended from Newtodard expression for bulk viscosity [44]; the thermodynamic
nian to relativistic fluids by Eckart in 1940 [17]. In the Eckart Stability analysis of non-interacting diffusive cosmic fluids
theory, the effective pressure of the cosmic fluid is modeledvith barotropic equation of state [45]; and, thermodynam-
asIl = —3¢H, where¢ is a function andH the Hubble  ics of viscous dark energy in the braneworld context [46,47].
parameter. The Eckart theory has the problem that dissFollowing this path, in this work we investigate some gen-
pative perturbations propagate at infinite speeds; this norgral thermodynamic aspects of dark energy modeled as a per-
causal feature is its main limitation and therefore this apfect fluid with constant equation of state parametes wy,
proach could be useful to find insight from toy models butdynamical dark energy = w(a), and bulk viscosity dark
not as a realistic theory. Nevertheless, Eckart theory has bedhergy in the Eckart and Israel-Stewart theories.
used widely to model bulk viscosity in dark matter and dark  This paper is organized as follows: in Sec. 2 is presented
energy models, for example, interacting viscous dark matthe general cosmological and thermodynamic considerations
ter and dark energy [18, 19], the possibility of crossing theused all along the paper. The paper is divided into two parts,
phantom divide line [20], the magnitude of the viscosity tothe first one, dedicated to dark energy as a perfect fluid, first,
achieve this Crossing using Cosm0|ogica| data [2]_]’ B|g RipseC. 3 summarizes the main results of the thermodynamics
singularities for various forms of the equation of state paramof dark energy with constant equation of state parameter, the
eter and the bulk viscosity [22], and unified dark fluid cos-Same treatment but with dynamical dark energy is presented
mologies [23-26]. The causal extension of the Eckart theoryn Sec. 4. In second part, first in Sec. 5 are established the
is the so-called Israel-Stewart theory [27, 28]. This approaciinain ideas of a dissipative fluid in a flat, homogeneous and
presents a better description than Eckart theory, including &otropic universe used in this work, then in Sec. 6 is pre-
casual description of dissipative processes associated to sm&gnted the dark energy thermodynamic analysis in the Eckart
deviations of equilibrium. The Israel-Stewart theory con-framework to then in Sec. 7 in the Israel-Stewart. Finally, in
verges to the Eckart theory, when the collision time-scale inS€c. 8 we presented the conclusions.
the transport equation of fluid is zelicg., when the bulk vis-
cous model is noncausal and unstable. An interesting review  General considerations
about viscous cosmology can be found in [29] and for a dy-
namical analysis for a bulk viscosity dark matter model in theln this section we present the general cosmological and ther-
full Israel-Stewart formalism see [30]. A pioneer work aboutmodynamic considerations used all along the paper. Let
dissipative processes in cosmology is [31] and a highly recus consider a Friedman-Leifitr@-Robertson-Walker universe
ommended summary about relativistic fluid dynamics, dissi{FLRW), i.e., a homogeneous, isotropic spacetime, and the
pative relativistic fluids, applications to cosmology and astro{lat universe case. We are considering the late future time
physics and bulk viscous perturbations is [32]. Bulk viscousuniverse in which the dominant component is the dark en-
dark energy has been studied in several contexts: as phaergy, . p; =~ p. In what follows we assume only one fluid
tom dark energy [15, 33, 34]; dark energy with bulk viscosity as the main component of the universe, which experiments a
observational constraints were studied in Refs. [35—38]; thedissipative process during cosmic evolution. With these con-

Rev. Mex. Fis68020704



THERMODYNAMICS OF VISCOUS DARK ENERGY FOR THE LATE FUTURE TIME UNIVERSE 3

siderations the Friedmann equations are Now we can calculate some relevant thermodynamic quanti-

1 1 ties.
H2 = — P~ 1
3 Z pi R 3P, )
1 ) 3.1. Temperature and energy density
H+H> == [pi+3p]~—[p+3p], (2
6 Z[ ] 6 [ ] Assuming that the energy density is a function of the temper-

where the dot denotes derivatives with respect to the cosmigture and volume = p(T, V), then

%

time, H = a/a is the Hubble parameter and we use natural ap 9p

units8zG = ¢ = 1. dp = éTTdT + %dn, (10)
In a FLRW cosmology the energy density conservation

equation is dp _ OpdT  3n0p (11)

da 90T da ' a On’

prstprp) =0 © bining the | i ith th fect fluid d
. . ) combining the last equation with the perfect fluid energy den-
wherep is the energy Qensny arydl_s the pressure. _ sity conservation Eq8) we have
The thermodynamic assumptions are: the physical three

dimensional volume of the universe at a given time can be a dp dT p

expressed in terms of the scale factor= Vya3(t) (where (1 +w)p = 39T da on’ (12)
Vb is the three dimensional volume at the present time), the

internal energy of the a cosmological fluidlis = pV, and  Using now the relation of the temperatus} &nd the equation

the first law of thermodynamics is expressed like of state 6), we obtain a relation for the temperature
TdS = dU + pdV — udN, 4 dT d d d
par—h ) e A T L (13)
whereT', S, 1 and N are the temperature, entropy, chemical T a P a

potential and the number of particles respectively.

: . Integrating the last equation we have
The temperature will be assumed as a function of the g g q

number of particle density; = N/V, and the energy den- T p 5 U
sity, p, thereforel’ = T'(n, p). The last assumption gives the oot T (14)
following useful relation [31, 32]
T p The last expression relates temperature, energy density and
"on +(p +P)5Tp = 37) ) internal energy in the expected way for a perfect fluid, the

temperature is directly proportional to the internal energy.

To calculate the energy density in terms of the scale fac-
tor we must integrate directly the perfect fluid energy density
3. Dark energy as a perfect fluid withw = conservation Eq) to obtain the well-known expression

constant

These are the main general work hypothesis of this work.

o . . _ p=poa ) (15)

In this section we will present the main thermodynamic prop-
erties of dark energy as a barotropic perfect fluid with con-Thjs is the usual scale factor power-law energy density. Let
stant equation of state parameter. This section is a summags remind that in the CDM case, forw = —1, which gives
of the previous work [9]. p = po, the energy density of the dark energy is a constant.

The main considerations in this section are: a barotropigyhen,—1 < w < —1/3, we have a dark energy that dilutes
equation of state = wp (with the conditionw < —1/31t0  as the scale factor grows (but slower than dust or radiation).
ensure the accelerated expansion) and the conservation of ta@d, for the phantom casey < —1, we havep = poa”
number of particle currenty® = nu® (u® is the 4-velocity),  wherer is a positive constant, in this case the energy den-
which for a perfect fluid this is a conserved quantity = 0:  sjty grows as the scale factor increase, and consequently the
(6) temperature and internal energy too.

p=wp, N
) To calculate the energy density in terms of the tempera-
N

i+ 3Hn — 5= 0, ) ture we use13) and 8)
wherew is a constant. The last two Eg®) @nd [7) in the ar - _3wd£ - L@, (16)
energy density conservation E®) @nd the first law of ther- T a I+wp
modynamics4) gives: == ﬁTHTw 17)

p=—3(1+w)Hp, (8)

wherep is a constant dependent®f We obtain a power-law
TdS =Vdp+ (1 +w)pdV. (®)  relation between temperature and energy density.
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4 D. TAMAYO

3.2. Entropy The core idea of dynamical dark energy is that the equation

] ) . ) of state parameter is a variable quantitya), since it is con-
Using the Gibbs relatiorf] and the perfect fluid energy den- sirycted from two variable quantities.

sity conservation Eq8) we can easily calculate a relation for

the entro .
Py 4.1. Temperature and energy density

TdS = (14+w)pdV + vd
( )e ’ For a dynamical dark energy the relatibhiUy = T/T, =

=Uldlnp+3(1 +w)dIna] =0 (p/po)a® (14) still holds. When we consider = w(a)p the
equation|L6) cannot be integrated immediately, it is neces-
sary to know the explicit dependence with the scale factor of
The energy density conservation equation and first law of théhe equation of state parameter.

thermodynamics for a perfect fluid with constant in FLRW

imply that the entropy is a constang. is adiabatic. There is dr — _3w(a)@7 (23)

no entropy produced within the system (no friction, viscous T a

dissipation, etc.) by the work done due to the cosmic expan- L T = Tyexp {_S/w(a)a;a} — T (24)

= S = constant. (18)

sion. Notice that this result is independent of the value of
w.

Lets calculate the entropy, in the perfect fluid case the enTo calculate the temperature in terms of the energy density
tropy of a cosmic fluid can be calculated from the well-knownwe may solve the equation af(n, p) (5) in this particular

Euler relation: case
T T
U=TS—pV + uN, (19) nz—n +[1+ w(a)]pg—p = Tw(a), (25)
we can easily calculate the entropy taking into account the
relation/ /Uy = T/ T, from (14), with this we have whose solution using the method of characteristics yields
U pN poVo  uN T = ,3% F(pe
S = +w)T T (1+w) T T (20)

For a perfect fluid the entrop§ and the number of particles 1" Which F" is an arbitrary function. Notice that, for a the
N are constants, consequently the ratiéI’ must be con- pag’gllcfl?r case ofv = const., from equation/15) we ?ave
stant. We can defing/T = uo/To and by the second law of »@” ™ = po = const. and from [{) we havena® =

thermodynamicsS > 0, then we have the following relation "0 = const.; then, p(/*+1/n = const. which imply
on that F(p'/*+1 /n) = const. recovering the previous result
0740

w>—1+ . (1)  p = poTH+w)/v of the equation17).

po To calculate the energy density in terms of the scale factor
We have three options: Firgy = 0, in this case we have we integrate the energy density conservation equagpn (
w > —1 which is the phantom divide line restriction, that is,
the phantom-like behavior of the.d'ark energy fluid is forbid- p=poa3exp [_3/w(a)da} — poa3E. 27)
den. Foruyy > 0, thenw has a minimal value that does not
reach the cosmological constant point> —1 and again a
phantom regime is forbidden. Finally, if the chemical poten-
tial is negativey < 1 then values ofv < —1 are allowed,
i.e, phantom dark energy. In Ref. [10] the authors examin
these cases for several dark energy models.

Again, it is necessary to know the explicit dependence with
the scale factor of the equation of state parameter in order to
obtain a closeg(a).

4.2. Entropy

4. Dark energy as a perfect fluid with w = Using the first law of thermodynamics E@)( the energy
w(a) density conservation Eq3) and the equation of stat22)

In this section we will study dynamical dark energy as a per-We can easily calculate

fect fluid with the same background hypothesis of the previ-

ous section; the conservation of particle Ef), the perfect TdS =Uldlnp +3(1 + w(a))dIna] =0, (28)

fluid energy density conservation E8) @nd the first law of =S5 = Sy = constant. (29)
thermodynamics9), hold in this case. But with the differ-
ence that now the equation of state has the form There is no entropy production in a universe filled with per-
fect fluid dark energy despite having a dynamical equation of
p = w(a)p. (22) state,w(a). This is an interesting result.

Rev. Mex. Fis68020704



THERMODYNAMICS OF VISCOUS DARK ENERGY FOR THE LATE FUTURE TIME UNIVERSE 5

If we use the Euler relatiod/ = TS — pV + uN,  the near equilibrium condition occurs when the local equilib-
the temperature relatioi24), the equation of statéf) and  rium pressure is dominant over the viscous pressure (which

N =nV = nyVj, then we have encodes deviations from equilibrium)e., when the condi-
tion
poVo  unoVo I
=1 — 30 =
So = [1 + w(a)] T T (30) ‘ , < 1. (33)
B ng [ Solo 31 is satisfied. This condition is the same for both non causal
= wla)=-1+ 20 \Vono € (31)  and causal approaches. For notation, from now we will drop

_ o o the bar of the thermodynamic variables and write the pres-
If the chemical potential is nullu = 0, or if it is of the  sure ager = p + II, wherep is the usual barotropic pressure
form 4 = po &, then there is no dynamical dark energy, , = wp. The energy density conservation equation in this
w(a) = w = const. > —1. A positive chemical potential, case is
w > 0, results in aw(a) > —1 avoiding the cosmological p+3H(p+p) +3HII = 0. (34)
constant case. Finally, for < 0 and|u| < (SoT/Vono), ) . .
again we haves(a) > —1; and for|u| > (SoT/Vino), we Fhrorr; thehflrst law of_the‘r/modlynam‘l/céi)(?/ndgremdembegng
have the phantom casga) < —1 [10]. This model allows tfat OtT tl edener?ﬁ]: ]’i[ %/VO um(; d_ .Oad and number
the phantom dark energy with positive definite temperatur(? Fiﬁr |cet ensi T N /fth cznlke' erived an expression
and entropy in certain cases of negative chemical potential. orthe entropy In terms ot the bulk viscous pressure

ds
T— = —3HII. 35
"t (39)

The above equation sets a strong general constraint in this
A common feature of many of dark energy models is the asframework: due ta andT are positive, and/ in an expand-
sumption that it can be modeled as a perfect fluid. As statethg universe is positive too to ensure a non-negative entropy
before, a perfect fluid generates no entropy and no frictionabroduction (second law of thermodynamics) the bulk viscous
heating because its dynamics is reversible and without disspressure necessarily must He< 0.
pation. This approach works quite well in standard cosmol-
ogy, but the observational reconstructions of the dark energ . .
equation of state suggest the possibility of phantom dark ené' Eckart bulk viscosity dark energy model

ergy which is incompatible with the perfect fluid hypothesis 1o simplest approach to treat bulk viscosity in cosmology

at thermodynamic level. Real fluids behave irreversibly, forig the Eckart theory [17]. This approach has some important

this reason, if we want to maintain the fluid hypothesis t0jiyitations, the main one is that it is a noncausal approach to
dark energy and ensure its thermodynamic compatibility, it ISyissipative processes.

?nterestin.g tp consider dissipativg processes like bulk viscos- | this framework the bulk viscosity pressure is given by
ity. Qualitatively, the bulk viscosity can be interpreted as a
macroscopic consequence coming from the frictional effects IT = —-3¢H, (36)
within the fluid.

For a dissipative fluid, the particle 4-current will be taken Where the bulk viscosity depends on the functfoand the
to be of the same form as?, = 0, this corresponds to choos- Hubble parameter. This formalism has been widely used
ing an average 4-velocit§/ in which there is no particle flux,at background level. Parameter constraints from observa-
known as the particle frame. At any event in spacetime, it igional data of the Eckart bulk viscosity dark energy can be
considered that the thermodynamic state of the fluid is closéound in Refs. [35, 36]; in both works the main results are
to a fictitious equilibrium state at that event. The local equi-that the Bayesian evidence show that the Eckart viscous
librium scalars are denoted with a bar; p, p, S, T and the ~ dark parameters are small and statistically indistinguishable
local equilibrium 4-velocity isi*. In the particle frame, itis from ACDM with the current data and the effective EoS is
possible to choosg* such that the number and energy den-Slightly phantom. First, in Ref. [35] the authors study three
sities coincide with the local equilibrium values, while the Eckart viscous dark energy modelgi. = —pqe — 3nH?

pressure in general deviates from the local equilibrium pres@nd pae = wpge — 3nH?, both combined with presure-
sure: less matter and curvature. Note tigat= nH and when
it is only considered dark energy, it is equal to model 2 of
n=n, p=p, p=p+II, (32)  this work. Using combined CMB +SNIla +BAO +Cosmic
chronometer +gravitational lensing data they found the 2
wherell is the bulk viscous pressure. We are considering irupper bounds of the parametgrk: 0.003, also for thewDE
the last Egs.32) that the thermodynamical system is in the model they gets = —1.00110 513, In Ref. [36] the authors
near equilibrium regime, if the fluid is out of equilibrium as make a Bayesian analysis using CMB +SNla +BAO +Cos-
a result of dissipative effects then there is no unique averagaic chronometer data for three modelg. = wpqe — 3¢ H?
4-velocity spoiling the formalism [31]. In the presented casemodel | (when it is only considered dark energy, it is equal

5. Dissipative dark energy
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6 D. TAMAYO

to model 2 of this work)pge = —pae — 30/pae Model I, Model 1 £(t) = & = const.: this is simplest Eckart
andpg. = wpde — 3¢ H model Il (when it is only consid-  bulk viscosity model. Solving38) for model 1 we have
ered dark energy, it is equal to model 1 of this work). They2H + 3(1 + w)H? = 3¢ H, with the condition that at the
define the parameter = (87G/Hy)&o and the general pa- present time,, the Hubble parametet (ty) = Ho.

rameter constraints ar¢: = —0.0097 + 0.013 for model I,
§ = —0.01240.019 for model Il and = —0.002+0.008 for
model Ill. Draws attention the negative sign&this implies

IT > 0 which is forbidden, however the error statistically al-

lows the results. Finally, they found ~ —1.05, slightly
phantom too.
From [34), the energy density conservation equation is

p+3H(14w)p — 9H?¢ = 0. (37)

Ho&o e3€o(t—to)
Ho(1 + w) [e3é0t—t0) — 1]+ &

H(t) = (43)

Integrating again with the conditian(ty) = 1 we obtain the

scale factor

0

2
(egfu(t—tg) _ 1):| 3(14+w)

a(t) = [1 + (44)

)

First, we can sketch some general features without determirfrom which can be calculated the energy density in terms of

ing the functional form of. From the Friedmann Eqsl)(
and 2) we have

2H +3(1 +w)H? = 3¢H. (38)

Note that for the case without viscosify= 0 andw = —1
the last equation boils down intd = 0 which is the de Sit-
ter case. Now, assuming = const., integrating the last
equation calculatéf as a function of the bulk viscosity we
have [48].

el
C+3(1+w) [exp[3 [&(t)dt] dt’

whereC' is an integration constant.
w # —1, we obtain an expression for the scale factor:

a(t)=D <C+;’(1+w)/exp B/g(t)dt] dt)g(liw),
(40)

whereD is a another integration constant.

H(t) (39)

6.1. Temperature and energy density

Integrating again, for

the scale factor

3(1+w) 2
pla) =po [W+ (A -W)a= 5] @)
with the constantV = &/(Ho(1 + w)). The near equilib-
rium condition B3) for £(t) = &, implies|¢y| <« Hy, and
consequently for-1 < w < —1/3 imply thatW is small.

Notice that the energy density has the forpn =
c1 + coa 30w 4 q—3(1+w)/2 \wheree; are constants.
The first term behaves as the cosmological constant, the sec-
ond as a perfect fluid inCDM and the last as a slow diluting
fluid corresponding to the bulk viscosity effect.

Model 2 ¢ = (8/v/3)p'/?: in Ref. [49] was first as-
sumed that the viscosity has a power-law dependence upon
the energy density, = ap®, wherea > 0 ands are constant
parameters. In model 2 is a great difficulty to obtain easily
manageable solutions to the main equations, only some par-
ticular results have been found. In the special case where
the bulk viscosity coefficient takes the forfip) « p'/?, a
Big Rip singularity solution was obtained in this formalism
for late future times FLRW flat universe filled with only one
barotropic fluid with bulk viscosity [48]. Fog = 1/2 and

As in the perfect fluid case, to calculate the temperature imx = 3/V/3 in & = ap?®, the Eq.[88) simplifies into

terms of the energy density we have to solve the B)). (

whose solution is26), T = p=+1 F(p#+T /n), in which F

is an arbitrary function. To find an approximation lets define

z= pﬁl/n and differentiate

T=——|T~ Wl — 41
(o) rlem e @
using the Egs!3) and [7) in 2, we have

. pei 1 p N

= —— === =0. 42

=lEn)iale @

Then the Eq./41) reduces to16) whose solution has already

been calculatedy = [)THTW, which is the same relation of
energy density and temperature of the perfect fluid case.

2H +3H?*[1+w— 3] =0, (46)

which can be easily integrated to calculate the Hubble func-
tion and the scale factor

H(t) = Hy [1—%—3]{0(1—1—10—5)(1?—1&0)}_ ; (47)

2
3H, ST
a(t) = {1—&-20(14—111—5)(7?—150)} (48)
With this, we can calculate the energy density
p(a) = poa 2+, (49)

In order to calculate specific expressions for the energylhe energy density is a power-law of the scale factor. Itisim-
density and temperature lets analyze two particular populgportant to notice that fow = —1 dark energy the exponent

proposals fok.

is positive and consequently is an increasing energy density

Rev. Mex. Fis68 020704



THERMODYNAMICS OF VISCOUS DARK ENERGY FOR THE LATE FUTURE TIME UNIVERSE 7

and temperature. The near equilibrium conditi88)(n this EquationB3) can be integrated easily if we assume-=

model £(t) = (3/v3)p"/? implies § < |w|. For values constant,

w # —1, some combinations of the parameters can result .

:Qto d|fferen(; evo_lutmns of the energy depsny. For_a dgcreas_— S(t) = 8o+ 1+ w)~p01+w (6%@—%) - 1)
g energy density (diluted by the cosmic expansion like oc

curs with ordinary matter and radiation) it is needed negative

powers,i.e., 3 < w + 1 must hold; observations show that where.S; is the entropy at the present time. The entropy in

w + 1 is close to zero (and positive or negative), so for a dethis particular model34) grows exponentially.

creasing energy density the conditians-1 > 0 andS < 1 Model 2 ¢ = (3/v/3)p'/?: Repeating the same proce-

are necessary. Phantom dark enetgy; 1 < 0, or relatively  dure of the previous case, calculating the particle density,

big values of3, always yields3 > w + 1, the increasing temperature and substituting in ReB0j; first we obtain the

(54)

TloT

energy density. differential equation for the entropy
== 1426
6.2. Entropy dS_ Bpe™ [, 3Ho
—= = [1+——(1+w—0)(t—t , (55
We calculate the entropy using the E85), substituting the w 1
Eckart the bulk viscosity pressuid,= —3¢H, we have 0=-1+ + . (56)
14w 14w-—p0
a5 - 97}125@). (50) Let's quickly examine EQ.55) before solving it. First,
dt nT clearly for 3 = 0 (no bulk viscosity) theniS/dt = 0, i.e.

el;he entropy is a constant in time as expected for a perfect

fluid. For small values of the bulk viscosity function pa-

rameter,0 < § < 1, we haved = 0, which implies that

dS/dt oc (14 [3Ho/2][1 +w — G][t — to])~*, the condition

of increasing entropy.S/dt > 0 requires thato > —1.
Integrating we obtain the expression of the entropy

As in the previous subsection we will treat two cases, first w
calculate the thermodynamic variablesnd?’, substitute in
Ref. (50) and then integrate.

Model 1 £(t) = & = const.: first note that a growing
entropy in timedS/dt > 0, immediately imply that the bulk
viscosity parameter is a positive constgnt> 0. Consider-
ing only this option the Hubble function is given by Ed3J. =

The particle density, = noa—2 can be easily calculated S(t) = So + (14 w)pg

using 44) noT’
_% 3H0 20
n(t)=ng (1+Ho[1 + w) [egfo(t—to)—lD G X [1 + T{1 +w— Ot - to}] -1, (57)
0
again,Sy is the entropy at the present time. The entropy in
model 2 is a power-law. An increasing entropy condition im-
ow poses) > 0, from which we have two cases: far+ 1 > 0
L £o e36olt—to] e (quintessence) it is require®l < 1 + w and as we know the
Tt)=Tpy"™" equation of state is close to the cosmological constant case,
i.e.0 < w+ 1< 1theng has to be very small; the second
(52)  caseisv+1 < 0 (phantom) which implies +w < 3 which
it is easily fulfilled.

And the temperatur@ = T pT+w

Ho(1+w) [eggo(kto) —1} +&o

Substituting these two previous expressions in 56) (ve
have a differential equation for the entropy that depends only ) _
on time 7. lIsrael-Stewart bulk viscosity dark energy

) model
ds 3’50/)5wa ot (t—to)

dt —  nT (33)  The Israel-Stewart theory provides a better description than

the Eckart theory. It is a causal and stable theory of ther-
A quick examination of the last equation gives a constrictionmal phenomena in the presence of gravitational fields. This
to the equation of state parameteyin order to ensure the theory besides solving the non-causal problem of the Eckart
second law of thermodynamics, it must satisfy> —1,i.e.  theory, enrich the framework including new features like the
the phantom case is forbidden for a barotropic fluid. Anotheentropy has terms of second order in the dissipative vari-
possibility is the to allow unusual assumptions like a negativeables and incorporates transient phenomena on the scale of
temperaturd’ < 0 in order to switch the sign and yield an in- the mean free path/time, outside the quasi-stationary regime
creasing rate of entropy. The option of negative temperaturef the classical theory. In the Israel-Stewart theory we have
in the phantom regime was examined in Ref. [40]. the same Friedmann equations with an equation for the causal
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evolution of the bulk viscous pressure given by Equations [§5) and 66) are the two main hypotheses as-
) ) sumed in order to find a solution for the transport equation
: _ 1 T & T of the viscous pressurég).
i+l = —3¢H 2TH <3H t 3 T) - (58) Combining the Friedmann Eq&)( (2), with the pressure

in this contextpes = p + II = wp + 11, it is easy to obtain
The last equation is known as the transport equation of the

viscous pressurlH. Wherer is the relaxation time for bulk II=—2H — 3(1 +w)H>. (67)
viscous effects (in the limit = 0 the theory is honcausal, _ _ _ _
the bulk viscosity coefficient arifl the temperature. With the Eg. 67), a differential equation for the Hubble pa-

It is clear that the Israel-Stewart theory is much morerameter can be constructed substitutied)( (65) and 66)
complex than the Eckart theory. In addition to having to pro-into the transport Eq58), then differentiate7) and equal
pose or infer a function fof and for the relaxation time, we ~ both expressions considering the energy density conservation
must know the temperatufg and solve a differential equa- EQ. (61). The resulting equation for the Hubble parameter af-
tion involving these physical quantities. Let's see how we carier these considerations is [48]:
make a proposal and look under which conditions an analyt-

: : , . L 142w\ H?
ical solution of Eq.58) can be obtained. H+3HH+ > HH? 2 _ =
First for the temperature, following [15, 31, 32], we as- 0 l+w /) H
sume that the temperature depends only on the particle num- 9 s 32 5(14w) 4y
ber an energy densit§; = T'(n, p), with this + Z(w -1)H" + TH *=0. (68)
dT — (é)T) dp + <3T) dn, (59)  Thereis not a general analytical solution to the last equation,
o), on p it may be solved numerically for specific cases of the param-

. eters of the model. In Ref. [15] the authors solved this equa-
I — 1 (8T) o1 (M) n. (60) tion for several values of numerically. The authors found
T T\dp/), T \0n that fors # 1/2 (or s < —1/2) there is no phantom solution.

However, for the particular case ef= 1/2, i.e. £ =
gof, the Eq.68) has a particular analytical solution. Under
this assumption the equation reduces to

The conservation equations of energy density and particl
density in the Israel-Stewart theory are

p=—3H(p+p+Il), (61) ) 3 _ L4 2w B2
h = —3Hn, (62) H+<3+§0>HH—(HM>H
substituting both expressions in E&QJ and using [B) we 9 2(1 + w) 3
T p I /oT Rewriti i
Z—_3g|(ZX£ — (== ) 63 ewriting the last equation we have
- {<8p)n+T(59>J ©3)
If w is not a function ofp, then(dp/dp),, = w (whichw is fo(w+DH + (w+1) (350 + \/§) HH
not necessarily a constant). Taking this into account this, it is 72
easy to prove that the expression for the temperature — &1+ Zw)ﬁ + z(w +1)
T=Tpmw, (64) % (36w —1) +2v3(1+w)) H =0.  (70)

is solution of 63). Which is the same as for the perfect fluid Notice that clearly if the bulk viscosity parameter is zero

case and Eckart bulk viscosity. & = 0, then (from the transport Ed5®)) the bulk viscosity

For £, we assume a power-law for the bulk viscosity in ) oqq e is nulll = 0, and we recover the standard Hubble
terms of the energy density of the fluid [49],

equation
§=2&p°, (65) i+ g(l W) H? =0, 71)
wheres is a constant arbitrary parameter afida positive
constant. For the cosmological constant case~ —1, Eq. [70) boils
And finally we follow [48] in which a simple relation be- down into the well-known de Sitter cagé = 0. Also notice
tweenr and¢ is proposed that under all the hypothesis considered to derive the evolu-
tion Eq. [70), for the standard case = —1, the evolution
= §_ Eop® L. (66)  €dquation gives a solution in which the bulk viscosity does not
P appear regardless of hawr andT are chosen.
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Henceforth we will assumé&, # 0O andw + 1 # 0to  7.1. Temperature
to exclude the standard case. For mathematical convenience,

we define To calculate the expression of the temperature as a function
of the scale factor we use the temperature as a function of
. 9 w—1+ 2(1 4+ w) (72) the energy density Eq64), and the equation of the Hubble
V3¢ ’ parameter{5) and the scale factoi8):
b=3+ f (73) T(t) = T(3A%)"/ (4D (t, — )~ 2w/ rD) (81)
0 ol w w
| = T (34%(t, — o) %)/ gru/Atery
then the Eq.70) transforms into
_ TO a2w/A(w+1), (82)
. : 142w\ H?
H+bHH — ( T ) 7t aH®=0.  (74)  with T, the temperature today. It is a power-law in terms of

the scale factor. For the quintessence cade< w < —1/3,
To sketch a solution, the following Ansatz is proposed for thethe power is always negative, giving a temperature that de-
Hubble function in the late future universe [15,48,50,51]: crease as the universe expands; whereas for phantom dark
energy the power is positive giving an increasing tempera-
H(t) = Aty —t)71, (75)  ture. Once again, the characteristic behavior where the tem-
perature increases as a function of the scale factor, becomes
wheret, is a finite time in the future at which the Big Rip present.
occurs andA is a positive constant in order to describe an
expanding universe. For # 1/2 it can be seen by di- 7.2. Entropy
rect inspection that a more general Ansatz with the form, .
H(t) = A(t, — t)? with p < 0, does not reduce the dif- The entropy change can be evaluated fraB),( S =
ferential equation to an algebraic polynomiald{15]. —3HII/(nT); substituting the Hubble Ansatz§), the vis-
Substituting the AnsatZE) into Eq. [74) it is obtained a  COUS Pressure8(), the number of particle€) and temper-
quadratic equation for the constat ature as a function of timé(), we have:

ds
P — A
aA? 4 A+ = (76) g~ K=o (83)
w+1 X
3A%)wFT[2 4+ 3A(1
whose solution is = BA)TTRH 340+ w)] (ts —t0)**,  (84)
noTop
PR G (1) S - n= 31+ A) (85)
=72 a a alw+1) | w+1
To calculate the entropy we integras)
Integrating [75) we obtain the scale factor as a function of K )
time, [15, 50] S(t) = — () (ts — )" 4+ S, (86)
—A n+1
a():(ts_t) (78) )
ts — 1o ’ where S is an integration constant. We have a positive en-

tropy S > 0, if K > 0 andn < -1, that is, when
(2w/w+1) — 3(1 + A) < —1, which leads to the a con-
straint for the constanmt.

3A
n(t) =no <tt:_tl;> : (79) A> é (1 + ﬁ) —1, (87)

wherety is the present time. With this it can be easily calcu-
lated the number of particles

It is clear that at the timeé = t, the size of the universe and sinced > 0 then, the last inequality is satisfied for val-
becomes infinite and the number density of particles goes toes0 < w < 1/2. This is an interesting result, in the Israel-

zero. Stewart framework, for the particular cage= ¢yp'/?; the
Finally, with the Ansatz/75) we calculate the bulk vis- natural conditions of positive entropy - 1 < 0) and ex-
COUS pressure: panding universe4 > 0) imply that the equation of state

parameter must be positive, > 0. This can be interpreted
() = —A(2 + 3(1 +w)A)(ts —t) 2. (80) as the fluid is not a “barotropic dark energyd (< —1/3),
but, it is important to take in mind that we have discussed
Notice that the bulk viscous pressure is divergent at the Bighe thermodynamic properties of a Big Rip solutiéh =
Rip time. A(ts — t)~1 in the framework of the Israel-Stewart theory
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and despite it gives) > 0, the cosmic expansion is acceler- Big Rip cosmological solutiong = A(t,—t)~! [15,48,50].

ating due to the global effect of the bulk viscosity in which Under these particular assumptions the temperature evolves
w = p/p < —1/3. The solution is for a cosmological asT = T,a?*/A(w+1) thatis, in the quintessence regime
scenario with barotropic fluigg = wp and the constriction the temperature decreases as the universe expands, whereas
0 < w < 1/2, but, globally behaves like a phantom fluid, due the temperature increases in the phantom regime. This is a
to the bulk viscosity provides the sufficient negative pressuregcharacteristic of phantom and Big Rip solutions, here the en-
allowing to cross the phantom divide line. ergy density increases with the cosmic expansion as well the
internal energy and consequently the temperature too. Calcu-
lating the entropy we obtain a power-law in time and impos-
ing the conditionsd > 0 andS > 0, an important constraint

We have discussed in the present work a general treatmefit< w < 1/2 is derived. The solution implies a cosmolog-
for dark energy thermodynamics in several scenarios for thé€al scenario of a barotropic fluid with < w < 1/2 which

late future time: by considering it as a perfect fluid with con-behaves like a dark fluid (even phantom) driven by the bulk
stant and variable equation of state parameteand as a  Viscosity. So, in the Israel-Stewart formalism, some solutions
dissipative fluid with bulk viscosity both in the Eckark and behave as dark energy and even allow to cross the phantom
Israel-Stewart frameworks. General equations have been déivide line with an effective equation of state lesser than
rived for the dark energy temperature, energy density and er@nd constant in time without evoking an exotic barotropic
tropy in a flat, homogeneous and isotropic universe. From théuid with w < —1. An important extension to the study
results of the entropy evolution, some theoretical thermodydone is to obtain other cosmological solutions additional to
namic constraints are imposed for theparameter in order H = A(t; — )" and constrain the model parameters with
to satisfy a positive the entropy and grow rate. observational data to track the most plausible model.

We first recall some main results of dark energy as a per- Despite its intrinsic nature is not well understood yet, re-
fect fluid with constantw; previously presented in a clear constructions of the dark energy equation of state from obser-
way in the work [9]. In this context the temperature is di- vational data seem to suggest a time-dependeabd even
rectly proportional to the internal ener@y ~ U, the energy the crossing of the phantom divide line= —1 from above
density is a power-law of the temperatysex 7(+w)/w  to below is not only possible but could indeed be a condition
the entropy is constant in time (adiabatit)= 0, and if the ~ for a successful description of observations. For this reason it
chemical potential is null. = 0 then the phantom regime IS important to examine the phantom regime carefully. It has
is forbidden (v > —1). Then, we apply the same treatment important problems and if modeled as a perfect fluid, it un-
for the dynamical dark energy caséa). The reader should feasible from the point of view of classical thermodynamics.
note two interesting points: one is that despite the dynamicdfience, new perspectives beyond the perfect fluid approach
character ofv there is no entropy productiof = constant; in standard cosmology have to be considered in order to have

and second, the chemical potential plays an important roled better understanding of the phantom regime, such as fluids
if it is null then necessarily(a) = w = const. > —1, with bulk viscosity that reduce the kinetic pressure of the cos-

i.e, is not dynamical, if it is positive the phantom regime is mological fluid and provide a richer thermodynamic frame-
avoided, and if it is negative the dark energy could be eitheivork. In fact, one could actually dive deeper and seek for
quintessence-like{ > —1) or phantom-like ¢ < —1). the foundations of dark energy thermodynamics from statis-
In the second part of this work, the dark energy is mod-tical physics (and possibly quantum mechanics) to establish
eled as a dissipative fluid with bulk viscosity where the (ef-basic general principles for a dark energy theory, or if it is
fective) pressure is assumed as the sum of the barotropic aftide case, give solid arguments in favor of alternatives like
the bulk viscous pressures;; = p + II. This is the core modified gravity avoiding the hypothesis of dark energy as
of this work. Within the Eckart framework the viscous pres-a substance; all this important but long beyond the scope of

8. Conclusions

sure is given byll = —3H¢(t) and two cases were studied: this work.
£(t) = & = const. andé = (8/v/3)p*/2. Both cases have Finally, dark energy thermodynamics and bulk viscous
the relationT « p»/(1+@)  |n the first case, the entropy darkenergy are topics that have been studied from several dif-

grows exponentially and puts the conditien> —1 to pre-  ferent approaches for years, in this work we summarize par-
serve the entropy and temperature positive, oty it —1  ticular results previously obtained by other authors on both
thenT" < 0. Although the possibility of negative temperature subjects to make a broader and unified study, extending its
for phantom energy has been studied [40], it seems a cun$cope in order to search for insights about the nature of the
bersome hypothesis and therefore quintessence is favored. #i@rk energy from a general theory that is classical thermody-
the second case, the entropy grows as a power-law, and quif@mics and more general fluids than the perfect fluid.

an interesting fact in this case is that the phantom regime is

allowed under not so strict conditions. The next step is toAcknowledgments
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