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1. Introduction small amplitudes only is presented by

. . . A:=P,+APP,+ BP,,; P, P...)=0, (1
The nonlinear evolution equations have played a fundamen- ¢+ + + C( yy + ) 0, (1)

tal role in the field of mathematical physics and many othefyhereP represents electrostatic potential, the physical quan-
areas of applied science. As an instance, in signal procesgities A, B, andC are constants. Seadawyal. [51,52] and
ing, dusty plasma, fluid dynamics, nonlinear optics, quanzhenet al. [53] have outlined these physical quantities. The
tum mechanics, biology, and so forth [1-6]. Examining thewidth of the soliton and its velocity deviate from the pre-
exact solutions of these nonlinear models help us to undegictions of this equation when the amplitude of the wave in-
stand the mechanism, application and gives better knowlcreases. As a result, an additional fifth-order dispersion term
edge of the model. With the virtue of these solutions, ayhich is a higher-order dispersion terti§, P, ,......” , is added
better vision can be captured into the physical feature ofo Eq. (1) to overcome this problem (see [51-54], for more

the considered model. In recent years, series of methdetailed). The new perturbéd + 1)-dimensional ZK equa-
ods have been developed to obtain the exact and approXion reads

mate solutions of the nonlinear evolution equations in math-

ematical physics, as an instance, the Jacobi elliptic function A:=P+APP, +BP,;,
method [7], Adomian decomposition method [8], sine-cosine _

method [9, 10], first integral method [11, 12], variational it- + O(Payy + Pozz) + € Possue = 0. (2)
eration method [13, 14], extended tanh method [15,16], 0-  |n this present study, our objective is to further comple-
homotopy analysis method [17-19], exp-function methodment the previous studies conducted on the pertufbed )-
[20-22], g-homotopy analysis transform method [23—-25].dimensional ZK equation by introducing the more general
tanh-sech method [26, 27], homotopy perturbation methoggrm by replacing the nonlinear terfiPP,” with “P*P,” .

[28], (G'/G)-expansion method [29, 30], fractional reduced e now consider the generalized fractional form of this equa-
differential transform method [31, 32], homogeneous balyjon as

ance method [33, 34], inverse scattering method [35], itera-
tive shehu transform method [36], homotopy analysis method D} P + AP*P,+ BP,, + C(nyy + sz)
[37, 38], Jacobi elliptic expansion method [39, 40], resid-
ual power series method [41-43], perturbation-iteration al- +& Prage =0, 0<y <1, £>0, ®)
gorithm [44, 45], modified Kudryashov method [46], new \here is a positive numbery is the fractional-order and
extended direct algebraic method [47], Sardar sub-equatiog js g smallness parameter. For this purpose, we have care-
method [48], Sine-cosine and sinh-cosh techniques [49], simyy|ly proposed the sub-equation method of conformable type
ple equation method [S50] and so on. to find analytic closed-form solutions of Ed)( The solu-
The(3+1)-dimensional Zakharov-Kuznetsov (ZK) equa- tions consist of the dark soliton, multi-soliton, kink-shape,
tion which comprises of the nonlinear tefff? P,” and third-  solitary wave, bell-shaped solitons, and periodic solutions,
order dispersion terntP,,.” is restricted to the waves of which are all substantial in the field of mathematical physics.
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Wheny =1, k = 1, and€ = 0, Eq. (3) reduces to the stan- lemmas, and theorems. Most of the concepts presented in
dard Zakharov?Kuznetsov (ZK) equation (see Hif. (For  this section have been introduced in [59, 60]
v =1,k =2,and€ = 0, Eq. 3) reduces to the modified Definition 2.1. Let P : [0,c0) — R. The conformable
KdV-ZK equation developed for a plasma comprised of coolderivative ofP of order- is given by
and hot electrons and a species of fluid ions [55]. The case
whenk = 1,2 and4 are considered in this present study. It DYP() — I Pt +et'=7) — P(t)
is worth mentioning that the case when= 1 andk = 1 ()= ey €
in Eq. (3) have been investigated by the following authors. ) ) ) ) , )
Elwakil et al. in Ref. [56] have studied the electron-acoustic Furthermore, If7 is y-c(ilf)ferentl_able in some intervd0, ¢)
solitary waves in a magnetized collisionless plasma consist¥Nere¢ > 0, andlim P17(2) exists. We define
ing of a cold electron fluid and non-thermal hot electrons
obeying a non-thermal distribution, and stationary. At POY(0) = lim PO)(¢). (5)
al. in Ref. [57] have investigated the exact solutions by us- t=07
ing a sine-cosine r_nethod a_nd modified. Kudryashov methodgemma 2 2. [59]Lety € (0,1] and P, Q be-differentiable
and constructed six Lie point symmetries and nonlocal cong; 5 point > 0. Then
servation laws for this equation. Recently, in Ref. [58], using
two methods, Lie symmetry analysis and generalized expo- (i) DV(§; P + 6, Q) = 6;D'P + §,D7Q, V 61,8, € R.
nential rational function. The authors present new exact so-
lutions through optimal systems of one-dimensional Lie sub- (ii.) D7(t7) = ot°=7, V ¢ € R.
algebras; some solitary waves depict single soliton, multi-
soliton, and annihilation profiles and six other closed-form (iii.) DY(PQ) = PD'Q + QD" P.
solutions. To our knowledge, the case whesa 2 andk = 4
have not been studied before. (iv.) DV(5) = LELLPL, providedQ # 0.

The rest of the paper is organized as follows: Section 2
gives a brief discussion of conformable derivatives which in- (v.) D7(C) = 0, whereC is a constant.
cludes the definitions, basic properties, lemmas, and theo-
rems. Section 3 presents the general idea of the sub-equatibemma 2.3. [59] Let P be a differentiable andy-
method. In Sec. 4, the application of sub-equation to timedifferentiable function. Then
fractional perturbed3 + 1)-dimensional ZK equation of con-
formable type is demonstrated. In Sec. 5, the graphical rep- DIP(t) =t~ 6P(t)_
resentation of some solutions is depicted in 3D for different ot

fractional orders. Finally, Sec. 6 gives the conclusion. Theorem 2.4. [61,62]Let P : (0,00) — R be a differen-

S tiable andy-differentiable function. Lef) be a differentiable
2. Preliminaries function defined in the range &f Then

, VE>0, v€(0,1).

(6)

Thi; sgction gontgins a brief di§gqssion of. conformgble D) (PoQ)(t) = Q)
derivatives, which includes the definitions, basic properties,
| x QD] (P(®)lo=quy- ()

3. Algorithm of the proposed method
The main concept of the sub-equation method [63, 64] for solving FPDEs is presented below:
F(PavapyvpzvPﬂc:cvpyyvpzzv"'7D3P):0~ (8)

Here, D] is defined according to Sec. 2 with fractional orgeand an unknown functio® = P(z,y, z, t).
Step 1: Let P(z,y,2,t) = P(§),E =pr+qy+rz+s %, wherep, ¢, r ands are constants to be calculated respectively.
With the help of the chain rule, we can transform ER).tp an integer order nonlinear ODE given as

G(P(&), P'(€), P"(&),P"(€),+) = 0. 9)

Step 2: We suppose that E¢9) has the solution:

N
P(&) =eo+ ) e (), en #0, (10)
j=1
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wherep, ¢, 7, s, ande;(j = 0,1,--- , N), are constants to be obtained accordingly. Balancing the highest-order derivative
and biggest nonlinear term in E@)(provides value for the integéy. The functiomy(¢) satisfies the Riccati equation:

9'(€) = o +0%(9), (11)

whereo is a constant and the solutions are given as

—v/—o tanh(y/—0c §), o <0,
—+v/—0o coth(y/=c §), o <0,
I(E) = Vo tan(y/o §), o >0, (12)
—+/o cot(y/T &), o >0,

~¢ts, ¢ isaconstant, o =0.

Step 3: Substituting Eqs X0) and (L1) into Eq. ), we have some polynomial iV (¢), (j = 0,1,2---). Furthermore, setting
the coefficients of)? (¢) to zero, results set of nonlinear algebraic equations in r, s, ande;(j = 0,1,--- , N).

Step 4: Finally, by solving the equations found in Step 3. Then, substitute these constants s, o ande; into Eq. (L0) in
addition to Eq./12), we conclude the desirable solutions for ER).inmediately.

4. Sub-Equation Method to PZK Equations of Comformable Type

Here, the application of the sub-equation method to the time-fractional pert(8bed )-dimensional ZK equation of con-
formable type is presented. Consider

D] P + AP"Py + B Pyyy + C(Poyy + Prsz) + € Prgaws = 0. (13)

Application of chain rule oP(z, y, z,t) = P(§), { = px +qy +rz + s% reduces Eq/X3) to a nonlinear ODE given as
(S —|—pAPk)P/ + (pBB + C’(pq2 +pT2))PW —I—pSE P — . (14)

Balance principle to the termB* P’ and P’ yields N = 4/k. To obtain closed-form solutionsy must be an integer;
therefore, we choose= 1, 2 and4.

4.1. Solutions fork = 1:
Fork = 1, we haveN = 4, then Eq./L0) gives
P(&) = eg + e19(&) + e29*(€) + e39?(€) + ea?* (). (15)

Rev. Mex. Fis67 060703
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By substituting Eqs!1(1) and (L5) into Eq. [L4), then equating the coefficients &% () to zero yields

90(€) = Aegerpo + 6eso® (Bp3 + Cpg® + C’prQ) + 2eq02 (Bp3 + Cpg® + C’prQ) + 120&e5p°c?
+ 16561p503 +e1s0 =0,
9 (€) : Aeipo + 2Aegeapo + 24e40® (Bp® + Cpg® + Cpr?) + 16es0” (Bp® + Cpg® + Cpr?)
+960Ee4p 0 + 272Ee0p’ 03 4 2e950 = 0,
92(€) : 3Aeieapo + 3Aegespo + Aegerp + 60ez0? (Bp3 + Cpg® + C’prQ)
+ 8ejo (Bp3 + Cpg® + CprQ) + 1848Ee3p°0 + 136Ee1p° 0 + 3egso + e1s = 0,
93(€) : 2Ae3po + 4Aerespo + dAepespo + Aeip 4+ 2Aegesp
+ 152e40” (Bp® + Cpq® + Cpr?) + 40ex0 (Bp® + Cpg® + Cpr?)
+ T744Eesp° 0> + 12328e9p°0? + deyso + 2e9s = 0,
94(€) : 5Aegespo + 5Aeieqpo + 3Aeieap + 3Aegesp + 114eso (Bp?’ + Cpg® + CprQ)
+ 6e1 (Bp® + Cpg® + Cpr?) + 5808Ee3p°c? + 240Ee1p°0 + 3ezs = 0,
95(€) : 3Ae3po + 6Aegeqpo + 2Aeap + 4Aeiesp + 4Aegesp + 248e40 (Bp3 + Cpg® + Cpr2)
+ 24es (Bp® + Cpg® + Cpr?) + 19264Ee,p°0® + 1680Ee2p°0 + degs = 0,

99(€) : TAezeqpo + 5Aegesp + 5Aeqeqp + 60es (Bp3 + Cpg® + C’prQ) + 6600Ee3p°c + 120Ee1p° = 0,

97 (€) : 4Aeipo + 3Aesp + 6 Aegep + 120ey (Bp3 + Cpg® + C’pr2) +19200€e4p°0 + T20Ee9p” = 0,

93(€) : TAezeqp + 2520Ee3p° = 0,

92(€) : 4Ae3p + 6720Ee4p® = 0. (16)
With the aid of Mathematica, we solve the above equations as
Case 1.

o — e =0 e 7733605}940 0 e 7716805]34
0 — €0, 1 =Y 2 — A ) 3 — Y 4 — A P
17)
—Bp? — Cq? 4+ 52Ep*o

s = —Aeop — 1104Ep°02, 1= :I:\/ c

By substituting Eq./17) into Eq. [L5) with solutions defined in Eq1@), we have the required solutions of E@3) as:

3360Epta? 1680Ep*a?
P =eq+ # tanh? (\/—a{px +qy+rz+ ’jt'y})—Apg tanh? (x/—a{px +qy+rz+ jt”}), o >0,
3360&Epto? 1680Epio?
Py =eg+ # coth? <\/—a {px +qy+rz+ St”})—Apa coth? (x/—o {px +qy+rz+ St"’}), o >0,
Y Y
3360Epia? s 1680Ep*o? s
szeo—Ttan \/E[pquqererrftw} than \/E{px+qy+rz+ft'y} , o <0,
Y Y
3360Epta? s 1680&pta? s
P4=eo—fcot \/E{px+qy+rz+§t7} —Tcot \/E{px—l—qy—&—rz—i—;t'y} , o <0,
1 4
Py ey — 680Ep —

47
— 2__ 2
A<px+qy:i:\/ chcqufy“pﬂJrgb)

whereg is a constants = —Aegp — 1104Ep°c? andr = +./(—Bp? — Cq? + 52Ep*o)/C.

Rev. Mex. Fis67 060703
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Case 2.

B . 16807 (V31Ep'a + 31iEp'o) 0 _ 1680&p*
€o = €, €1 =V, €2 = 3114. ) €3 =, €4 = — A )
1 . Bp? 26Eptc  T8iEpio
= —( — 31A4eop — 3720Ep°0? + 1368iV/31Ep° 0> ST el _ )
s 31( eop — 3720Ep°0” + 1368iV/31Ep°0?), r N 5 NeTe q
The required solutions for EcL8 are
1680i0 (v/31Epto + 31iEp*
Py = eq — w( po wep U) tanh? \/TG[px—i-qy—l—rz—&—it'y}
31A v
1680&Ep*a?
—#tamh4 (\/—U{px—i—qy—i—m—&—st”]), o <0,
Y
1680i0 (v/31Ep*o + 31iEp*
Pr=¢y— io ( pa i€p'o) coth? \/—J{px—l—qy—i—rz—i—ft”}
31A v
1 4 2
fw#coth‘l <\/a[px+qy+rz+8t7]), o <0,
Y
1680i0 (v/31Ep*o + 31iEp*
Py e, io ( pro iEpto) tan? (ﬁ[px—|—qy+rz+st7}>
31A 5y
1680&Ep*o?
—Apatan‘l(ﬁ[px+qy+rz+it"}>, o>0,
1680i0 (V/31Epto + 31iEp?
Py — o + w( po Zpa)cot2<\/5[px+qy+7‘z+st7})
314 v
1680Epio?
_ TP T g4 (ﬁ[px—i—qy—i—rz—&—st“’}), o >0,
A gl
1680&Ep*
P10 = €9 — P 17 g = 0,
A(px+qyizx/Bc’°2 —q% - Ai‘”’ﬂ+¢>>
wheres = & ( — 314egp — 3720Ep°0? + 1368i1/31Ep°0?) andr = j:\/—%"2 — 2épto _ 75\5/’333%2" —q2.
Case 3.
e e =0 e 1680 (V31Epto — 31iEpio) 20 er ~ 1680&p”
0 — €0, 1—=Y 2 — 314 ) 3 =Y, 4 — A )
1 . Bp?  T8iEptc  26Epico
= ( — 314eop — 1368iV/31Ep°0? — 372 52) — -2 - 3
s 31( 31Aeop — 1368iv/31Ep°02 — 37206p°02), ot o —q

Rev. Mex. Fis67 060703
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The required

1
wheres = a1

L. AKINYEMI

solutions for Ec18 are

1680ic (v31Epto — 31iEp*o)
314

Py =¢

tanh? (\/ —0 [px +qy+rz+ jt'y})

1 4 2
— 6806‘# tanh? (\/ fa{pa: +qy+rz+ jt”]), o <0,

1680i0 (v/31Epto — 31iEpo)
314

Py = ¢

coth? (x/—o [px +qy+rz+ it”’})

1680&Ep*a?
— #coth4 <\/—a[pz+qy+7’z+it7}), o <0,

1680ic (x/i?lc‘fp‘lg — 31i5p40)
31A

P13 = e

tan? (x/g{px +qy+rz+ sﬂ})
v

1680&p*o?
—Apatanzl(ﬁ[px—i—qy—i—rz—l—it'y}) o >0,

1680i0 (V31Epio — 31iEp*o)
314

Py =eg—

cot? (ﬁ[px +qy+rz+ St”])
Y

1680Ep*o?

v cot? (ﬁ[px—i—qy—i—rz—&—st“’}), o >0,
Y

1680 p*
4
A(prrqy:I:za/Bsz —q2 - ’L‘i‘wt’YJrgb)

(—314epp — 1368iv/31Ep°02 — 3720€p°02) andr = i\/f B2 4+ 78;%’20 — 80 g2,

Pi5s =eq -

4.2. Solutions fork = 2:

Whenk = 2, we haveN = 2, then Eq.L0) gives

P(€) = eo + e19(€) + e19*(€).

By substituting Egs. (20) and 1) into Eq. [L4), then equating the coefficients () to zero yields

> D D

> D S D

0&) : Aekeipo + 2e10? (Bp3 + Cpg® + CprQ) +16Ee1p’c® + e1s0 = 0,

(¢
3(€) : 4Aegespo + 4Aeeapo + 2Aepetp + 2Aekeap + 40eq0 (Bp3 + Cpg® + C’prQ)
+1232Ee9p° 02 4 2e95 = 0,

4(€) : bAerelpo + Aedp + 6Aegereap + Gey (Bp3 + Cpq® + C’prQ) +240€e1p°0 = 0,
(¢
°(€
T(€) : 2Ae3p + T20Ee0p® = 0.

)

) : 24e3po + 4Aegelp + 4Aeeqp + 24en (Bp3 +Cpg® + Cp?"z) + 1680Eesp°0 = 0,
) : 5Aejedp + 1208e;p° = 0,
)

With the help of Mathematica, we solve the above equations as

Rev. Mex. Fis67 060703

(©:
&) : 2Aeoe%pa + 2146(2)62])0 + 16eq902 (Bp3 + Cpg® + CprQ) + 272Ee9p° 0> + 2950 = 0,
2(€&) : Aedpo + 6Aepereapo + Aederp + 8eio (Bp3 + Cpg® + Cp?“Q) +136Ee1p°0? 4 e15 = 0,
(©:

(20)

(21)
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Case 1.

10€

ep=¢e9, €1 =0, ey=—6ip> S 5= —8iV10AEeopa — Aelp + 184Ep°o?

(22)

1W10AEeop? — Bp? — Cq? — 40Epto
G )

By substituting Eq.22) into Eg. 20) and using the solutions defined in E42), we obtain the required solutions to
Eqg. (13) as:

Py = e + 6ip’o IOAS tanh? (ﬁ(px +qy+rz+ jt”)), o <0,
Py7 = e + 6ip’o 1215 coth? (ﬁ(px +qy+rz+ jt”)), o <0,
Pig = e — 6ip*c %tan2 <\/5 px+qy+rz+it”’)>, o >0,
Pg=eo— 6ip20\/?cot2 (ﬁ(pw +qy+rz+ jt”)), o >0,
Py = ¢eg — 6ip” V102 o=0,

2’
VA <p:r +qy &= \/iv 10‘4530”2_3”2_0"2 z — Ai‘%ptv + <b>

wheres = —8iv/10vV AV Eeyp’c — Aedp + 184Ep°c? andr = ﬁ:\/ /10AEeqp? —Bp?—Cq’ —40Ep’o
Case 2.

10€

ep =€y, €1 =0, ey=6ip? 1 s = 8iV10AEeop3c — Ae%p + 184Ep°a?,

(23)

—ivV10AEeyp? — Bp? — Cq? — 40Epto
= )

r=4

By substituting Eq.23) into Eq. 20) and using the solutions defined in E@2), we obtain the required solutions to E@3{
as:

10€ tY
Py :eo—6ip o a tanh? (\/ px+qy+r2+s)> o <0,
Y
10€ tY
Py :eo—6ip o 1 coth? (\/ px+qy+rz+s>) o <0,
Y
10€ tY
Pys = e + 6ipo S tan? <\/E(px+qy+rz+s>>, o >0,
Y
Y
Py = eg + 6ip’c —cotz ( (px+qy+rz+s>>, o >0,
Y

6ip%v/10&

Pas = eo + 3
VA (p:c +qy+ \/71 104feop —Bp*-Cg” , Apopt7 + ¢)

o =0,

wheres = 8ivV10AEeop3a — Aelp + 184Ep°a? andr = :I:\/fiv 10’45801727%”270‘727405”4”.

Rev. Mex. Fis67 060703
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4.3. Solutions fork = 4:
Whenk = 4, we haveN = 1, then Eq./L0) yields
P(§) = eo + e19(§). (24)

By substituting Eqs'44) and 1) into Eq. [L4), then equating the coefficients % (£) to zero gives

9°(€) : Aegerpo + 2e,0° (Bp3 + Cpg® + Cpr2) +16Ee1p°0® + e150 = 0,

91 (€) 1 4Aedeipo = 0,

92(€) : 6Aele3po + Aegeip + 8ejo (Bp3 + Cpg® + C’prz) +136Ee1p°0? 4 e15 = 0,

93(€) : 4Aegetpo + 4Aejeip = 0,

94(€) : Aelpo + 6Aegelp + 6er (Bp® + Cpg® + Cpr?) + 240Ee1p°c = 0,

95(€) : 4Aepelp = 0,

99(€) : Aep + 120Ee1p° = 0. (25)

By utilizing Mathematica, we solve the above equations as

Case 1:

" B2 — Ca? — 200
eo = €q, 61::t(1+i)p\4/y, s = 24Ep°02, rj:\/ b ch 0Epto. (26)

By substituting Eq.26) into Eq. 24) and using the solutions defined in E@2), we obtain the required solutions to E@3)
as:

Pys = (1 +i)pv/—0oy/ % tanh (\/ —c o S

—Bp? — Cq¢? — 20Ep* 24Ep°o?
px+qy:|:\/ r° = Ca nggz+ PO , o<,

308 —Bp? — Cq? — 20Ep* 24Ep°o?
P27::|:(1+i)p\/—0\4/700th <\/—J px—i—qy:l:\/ P qC’ paz+ po 15”])7 o <0,
Y
/ —Bp? — O — 20ptc  24Ep°0?
Py = F(1 +i)poy 3OAgtan<\/E px+qyi\/ P CqC 0p 7+ Esaﬁ]>, o >0,
_ 2 _ 2_9 4 24, 5 2
Pyg = £(1+i)p\/oy %cot (ﬁ px+qy:|:\/ Bp C(é 0p 7.+ &r’o tﬂ)v o >0,
Y
Py — & (1 +4)pv/30& =0
\“/Z(px+qyi\/_gp2q22+¢>
Case 2:
" B2 — Ca? — 2004
eo=eg, e =x(—1+1i)py %, s = 24Ep°o?, r:i:\/ P C(é nga. (27)

By substituting Eq.27) into Eq. 24) and using the solutions defined in E&2), we obtain the required solutions to E@3{

Rev. Mex. Fis67 060703
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as:

_ 2 _ 2 4 5 2
\/Bp Cq 205p02+245p0t7]), b,

+
pr+qy C ~

Py =+(—-1+4i)pv—o0o \4/ % tanh (\/ —0

3218 px +qy

—Bp? — Cq% — 20Ep* 24EpSo?
P3y = +(—1+4i)py/—0{/ —— coth (x/—o \/ P q Po, =g t”]) , 0<0,

C gl

/ —Bp? — Cg? — 20Ep* 24Ep°o?
P33::F(—1+i)p\/54¥tan<\/5 px—l—qyj:\/ P (é Po, 4 §Ut71>, o >0,

" B2 — Ca? — 20E0- WUEY 52
P34:j:(—1+i)p\/54¥cot <\/5 pm—i—qyi\/ P C(é, 0cp G 851;0 t”]), o> 0,
(=1 +1)pV/30& o= 0

Pss ==+

9y

ﬂ(px—i—qy:l:\/%’ﬂ—qzz—ﬂb)

x 10 —
20

(b) y=0.75 (c)vy=05

FIGURE 1. The plots of P; solutionforA =1, B=2,C =-20,y=2=2,£ =0.5,0 =—1, ¢0 = 0.5, p=0.2andg = 0.2.

2.0
t 15~
1.0

20

(a)y=1 (b) y=10.75 (¢) y=105

FIGURE 2. The plots of P solutionforA =1, B=2,C=-20,y=2=2,£ =0.5,0 =1, ¢9 = 0.5, p = 0.2 andg = 0.2.
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FIGURE 3. The plots of Pyo solutionforA =1, B=2,C=-1,y=2=2,£=0.5,¢ =1, e0 =3, p=0.2andg = 0.2.
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FIGURE 5. The plots of Py solutionforA =1, B=2,C =10, y=2=2,£ =0.1,0 = —1,e0 = 3, p= 0.2 andqg = 0.2.
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FIGURE 6. The plots of P,g solutionforA =1, B=2,C=10,y=2=2,£=08,0 =1, e0 =3, p=0.3andqg = 0.3.
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FIGURE 7. The effect of the parametéron solution profile ofP1, fory =1, A=1,B=2,C=10,y=2=2,0=—1,e0 =3, p=
0.5 andg = 0.5.
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FIGURE 8. The effect of the parametéron solution profile ofPis fory =1, A=1,B=2,C=-5,y=2=2,0=—-1,e0 =3, p=
0.5 andg = 0.5.
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5. Graphical representation of some solutions gate the exact solutions by the use the of sub-equation method

o o ~inthe conformable sense. The use of conformable derivative
The absolute behavior in 3D plots with integer and fractional, thjs study gives flexibility when applying to the proposed

order respectively = 1, v = 0.75, and 0.5 are presented for yoge| and satisfies the power rule, product rule, quotient rule,

some solutions in Fig. 1-8. These plots reveal different StrUC'rntegration by parts, chain rule, linearity, and the derivatives
tures such as the dark soliton, multi-soliton, solitary waveyith constant is zero. The newly obtained solutions by the
bell-shaped soliton, periodic and kink-type solutions whichproposed method are, respectively, the dark soliton multi-
give the readers a better vision of the behavior of these solusp|iton, kink-shape, solitary wave, periodic and bell-shaped
tions and captured some physical features of the consideragiton solutions that are significant in the field of mathemat-
model. Furthermore, Fig. 7 and 8 display the effect of addingca| physics. Graphical representation (see Fig. 1 to 8) of

a new perturbation term on the profile of the solution.

6.

obtained solutions are plotted in 3D for particular values of

parameters. Figures 7 and 8, demonstrate the effect of adding

Conclusion

a higher-order dispersion terft€ P,,....” to Eq. (1). The

performance of this method is reliable and effective and the
In this paper, we introduced the generalized time-fractionabbtained results are in a more general form. Finally, through
perturbed (3 + 1) Zakharov-Kuznetsov (PZK) equations Mathematica, we have authenticated the obtained solutions
which describe the nonlinear dust-ion-acoustic waves in théy substituting them back into the proposed equation.
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