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In this study, we investigate the exact solutions of the modifie Benjamin-Bona-Mahony and Sharma-Tasso-Olver equations, which are
define with Atangana conformable fractional derivative, using the modifie exponential function method. Exact solutions of the modifie

Benjamin-Bona-Mahony and Sharma-Tasso-Olver equations were obtained by using the modifie exponential function method. Two and
three-dimensional and contour graphics are used to understand the physical interpretations of the resulting exact solutions to the mathematical
model. When all these results and graphs are analyzed, it has been shown that the modifie exponential function method is an effective method
for obtaining exact solutions for all other nonlinear fractional partial differential equations containing conformable fractional derivatives of
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1. Introduction

Nonlinear partial differential equations are used in various
field of physics, flui mechanics, engineering, health, etc.
These equations are widely used for its applications in math-
ematical modeling of situations encountered across many ar-
eas. It is very important to obtain numerical and exact solu-
tions to such mathematical models because with the analysis
of the solutions of such mathematical models, a physical in-
terpretation of the situation it represents can be made. For
example, in the context of the COVID-19 outbreak, math-
ematical models have allowed us to give notice of the ex-
tent of the epidemic and to measure the rate of spread of the
virus, among other useful information; these tools are, and
will continue to be, developed in the future. However, there
are various methods in the literature about the investigation
of the solutions of nonlinear partial differential equations [1-
8]. In recent years, intensive studies have been carried out
in the scientifi world to investigate fractional partial differ-
ential equations compatible with nonlinear partial differen-
tial equations and their solutions. Some fractional derivative
operators and nonlinear fractional differential equations have
been introduced in the literature [9-24].

A new fractional derivative operator, which is arranged
as a fractional derivative, has been determined, and using this
definition the exact solutions of the nonlinear fractional dif-
ferential equation have been obtained [25]. Atangana et al.,
while giving place to some theorems and properties about
conformable derivative, they named this term as beta deriva-
tive [26]. The space-time fractional modifie Benjamin-
Bona-Mahony and fractional Sharma-Tasso-Olver equations
given with Atanagana’s conformable derivative were solved

by the firs integral method [27].

In this article, exact solutions of nonlinear fractional dif-
ferential equations were investigated with the use of the mod-
ifie exponential function method.

2. Beta-derivatives

Definition 1. A new fractional derivative called conformable
derivative by Khalil ef al. has been brought to the literature
[25]. Let, the function f : [0, 00) of the a-th order analyzed
as the conformable derivative function is as follows in terms
oft >0,a € (0,1):

[t +et=) = £(t)

3

WD Lf ()} = lim ()

When f is a-differentiable in the range of (0,a), a > 0
and lim,_,o+ f(®)(t) exists, then it can be stated as f(*)(0) =
lim. o+ /() (1),

Definition 2. The beta derivative stated by Atangana et al. is
define as follows [26]:

f (t+5 {t+ F(la)]l_a) — f(t)

€

o DE{f(1)} = lim @

The most important reason for choosing the fractional
derivative of Atangana is that the basic derivatives can pro-
vide some useful properties. Some features of the definitio
given above are stated below:

i) Let g # 0 and f functions be differentiable with re-
spect to beta in the interval § € (0, 1]. In this case, the
following equation can be written that can be provided
for all real numbers a and b.
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o D2{af(x) +bg(x)} = ag DI {f(x)} + b5 Dy {g()}.

A3)
i1) Where ¢ is any constant that satisfie the following
equation,
o D)} =0. @)
iii)
0 Dg{f()g(x)} = g(x)o D {f(2)}
+ f(@)g D3 {g(@)}- )
iv)
A {f(x)}_g(af)a“D%{f(r)}+f(x)€D${g(ﬂf)}
oDz = . (6)
g9(x) 9*(x)

Ife = (x+1/T(a))* ' h is written instead of € in Eq. (2)
and h — 0, when € — 0, we get as follows,

porpey = (v o) 2 @
with
SRS

0 is constant and in this case the following equation can be
written

fostsmy = s, ©)

3. The modified exponentialfunction method

In this section, exact solutions of nonlinear fractional partial
differential equations define as Atangana derivatives will be
introduced in detail by using the modifie exponential func-
tion method [28].

The general form of the nonlinear fractional partial dif-
ferential equation containing the two variables u function and
the beta derivative is given as follows:

P(u,§! D%u, up, gy, ...) =0, 10
0 T

where given x is space and ¢ is time.

The processing steps of the modifie exponential function
are as follows:
Step 1.First of all, we can consider the traveling wave trans-
formation to obtain the wave solution of Eq. (10) as follows:

U(»’%t):u(ﬁ)a U:kSﬂ*g <t+F(104)) ) (11)

where k£ and A are constants. When the derivative terms re-
quired in Eq. (10) are taken from Eq. (11) and replaced, the
following nonlinear partial differential equation is obtained,

N(u, v/, u” 0" ..)=0. (12)

Step 2. Let, the exact solution of the nonlinear fractional
differential equation analyzed in the article be in the form
of (13):

= A [e )i
=0

u(n) = 5
S [e— 0 )i
=0

_ Ag+ A+ Ape™

= , 13
By + Bie Y + ...+ B,,e™ (13)

where A;, B;, (0 < j <n, 0 <7< m)are constants.
9'(n) = e P 4 ke?™ 46, (14)

When Eq. (14) is integrated according to 7 the following
solution families are obtained [26]:
Family 1. If 4 # 0 and 02 — 4y > 0,

/o2 —
J(n) =In (04# tanh

2p
~ _7V02_4“{ + E} _ (15)
2 g A
Family 2. If 1 # 0 and 02 — 44 < 0,
2
() = n (vm“ﬂ tan
—02 +4pu o
] ). o

Family 3. If 4 = 0,0 # 0 and 02 — 4y > 0,

Family 4. If 4 # 0,0 # 0 and 02 — 4 = 0,

20(n+ E) +4
0 = () 1"

Family 5. If 4 = 0,0 = 0 and 02 — 4 = 0,
J(n) = In(n + E), (19)

where E, o, p are coefficients

Step 3.1In this section, the limits of the total symbols should
be determined by applying the balance procedure to Eq. (12),
which is analyzed as the exact solution of the nonlinear frac-
tional partial differential equation. After the balance proce-
dure is reduced to the form of Eq. (12) under investigation,
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a relation is obtained between m and n by equating the term
with the highest order derivative and the highest order non-
linear term. Then, by determining an arbitrary constant to the
value of m in this relation, the constant n is obtained. Then,
Eq. (13) and its derivatives are written in Eq. (12) and the al-
gebraic equation system containing e~?(") is get. With the
solution of this system, it will be found in constants such as
Ag, A1, A, ..., Ay, By, By, B, ..., B,,. By replacing all
these terms, it is checked that they provide the equation and
the exact solution function of Eq. (10) is obtained.

4. Applications of nonlinear fractional differ-
ential equations with Atangana derivatives

In this section, we investigate exact solutions of the Sharma-
Tasso-Olver equation and modifie Benjamin-Bona-Mahony
equation equations using the modifie exponential function
method with Atangana’s conformable derivative.
Example 1. Let’s investigate the Sharma-Tasso-Olver equa-
tion together with the conformable derivatives of Atan-
gana [27],
D u} + 3a(uy)? + 3auu,
+ 3autiyy + QUzee =0, 0<a<1. (20)

The equation given above is subject to the following ini-

tial conditions
v/2By >
X .
2

e2))

where a and B are arbitrary constants and « is a parameter
representing the order of the Atangana derivative. We use the

u(z,0) = —1/2Bg tan <

following wave transformation to reduce the Eq. (20) to the
nonlinear ordinary differential equation form

u(z,t) =u(n) and
A 1 \“

where A is constant. Then, we substitute Eq. (22) into
Eq. (20), we obtain the following nonlinear ordinary differ-
ential equation

M+ 3a(u)? + 3au*u + 3auu” + au’ =0. (23)
Integrating Eq. (23) with respect to n, we get
¢ — M+ 3auu’ + au® + au” =0, 24)

where c is integral constant.

According to the balance procedure, using the highest
order nonlinear term v and the highest order term v” in
Eq. (24), the following equation is obtained

mn—-3m=n—-m+2=>n=m+1. (25)

If m =1, we then get n = 2.
In this case, Eq. (13) is written as follows.

v ag+are”? + Age™??

Uln) =3 = =g g 26)

Let us obtain the necessary derivative terms in Eq. (24)
from Eq. (26),

I /
W) = 000 )
¢
" 43 ’o 2 2.0 A 2., A — 92060 [~ — ~d
o) = ([v'¢* +7'¢'¢* = {¢°7'¢ ;40# 19" }] = 209" [v'é — 7¢']) 28)
If Egs. (26-28) are substituted in Eq. (24), the exact solutions that satisfy Eq. (20) are as follows:
Case 1.
B2
Ao = IZ7 A1 =2By By = Ay,
B A, + B
,U/:_é_;'_O-Q_’_g 0( UA22+ O)’
2
— (cA;—2B) ([A—a022é3+4a014230 —4aB3) ' 29)
2

If the coefficient in (29) are replaced in Eq. (26), the exact solution functions of Eq. (20) under the terms of solution

families are as follows;
Family 1. When, ;1 # 0 and 02 — 4p > 0

By

2u

ul,l('ra t) =

Ay oy \/—4p + o2 tanh [%\/—4M+02{E+n}}

(30)
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FIGURE 1. Three-dimensional, contour and density plots of the solution (30) for the values £ = 0.75,a = 1, o = 0.5, A = 3, ¢ = —0.432,
o =2, u = 0.43, and two-dimensional ¢ = 1.

Family 2. When, ;1 # 0 and 02 — 4p < 0

B, 21

€2))

X

-2

FIGURE 2. Three-dimensional, contour and density plots of the solution (31) for the values £ = 0.75,a = 1, = 0.5, A = 3, ¢ = —0.101,
o = 0.1, p = 1.01, and two-dimensional ¢t = 1.
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FIGURE 3. Three-dimensional, contour and density plots of the solution (32) for the values £ = 0.75,a = 1, a = 05, A = 1,¢ =0,
o =1, p = 0, and two-dimensional ¢ = 0.8.

Family 3. When, 1 = 0, 0 # 0 and 02 — 4 > 0

A B,
u1,3(a:,t) = (W + A_2> . (32)

Cn “ha

FIGURE 4. Three-dimensional, contour and density plots of the solution (33) for the values £ = 0.75,a = 1, a = 0.5, A = 3, ¢c = =2,
o =2, u =1, and two-dimensional ¢ = 1.

Family 4. When, ;1 # 0, 0 # 0 and 02 — 44 = 0

B 1 o
wal@,t) = (A_Z A [_5 TR T ET N Moo 77}D ' .
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Yis

FIGURE 5. Three-dimensional, contour and density plots of the solution (34) for the values £ = 0.75,a =1, = 0.5, A =1,c =2/ 33,
o =0, p = 0, and two-dimensional ¢t = 1.

Family 5. When, 1 = 0,0 = 0 and 02 — 44 = 0

B, 1
U175(.'17,t) = (A—2 + E T $> . (34)
Case2.
0 3CLA2 E 3a
B - A, > &7 e 2 ([)\ + dap) A3 — 4aB(2,) Va([A+ au] A2 — aBg). 35)
As 3v/3aA3

We substitute the coefficient obtained above in Eq. (26). Then, we form the necessary derivative terms for Eq. (20) and
write them in their place and obtain exact solution functions under the following solution families.
Family 1. If, u # 0 and 02 — 4 > 0

([so +3a{—4pu — o} + {3a +c}p])

UQJ(IL‘,t) = (36)
<6a [a +/—4p+ a2p])
where, ¢ = y/—3a(—12 + a) and p = tanh ((1/2)\/—4;; +o02(E+ 77)) .
Family 2. When, ;2 # 0 and 02 —4p < 0
.4) ([co +3a{—4p— o} — {3a+c}\/4u — azwD 7
U22(T,1) =
<6a [a — /4 — azw])
where, w = tan ((1/2)\/4;1 —o2(E+ n)) .
Family 3. When, 1 = 0,0 # 0and 02 — 4 > 0
1 V36 — 3a 6
uz 3(z,t) = (g [3 + J/a 1+ ecf(E-‘rn)]) : (38)
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FIGURE 6. Three-dimensional, contour and density plots of the solution (36) for the values £ = 0.75, a = 0.2, a = 0.5, A\ = 1,
c=0.218222, ¢ = 2, u = 0.43, and two-dimensional ¢ = 1.

: |

3l

FIGURE 7. Three-dimensional, contour and density plots of the solution (37) for the values £ = 0.75,a = 0.2, = 0.5, A = 1,
c=1.697056, c = 2, u = 2, and two-dimensional ¢ = 1.
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a3

FIGURE 8. Three-dimensional, contour and density plots of the solution (38) for the values ¥ = 0.75, a = 0.2, « = 0.5, A = 1,
¢ =0.153960, o = 2, u = 0, and two-dimensional ¢t = 1.

Uzg .
g

}
\ 8
-,

FIGURE 9. Three-dimensional, contour and density plots of the solution (39) for the values £ = 0.75, a

=02, a=05X\=1,
¢ = 0.860662, 0 = 2, u = 1, and two-dimensional ¢t = 1.
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s

FIGURE 10. Three-dimensional, contour and density plots of the solution (40) for the values £ = 0.75,a = 0.2, « = 0.5, A = 1,
¢ = 0.860663, c = 0, 4 = 0, and two-dimensional ¢ = 0.8.

Family 4. When, 1 # 0,0 #0and 02 —4u =0

aten) = (5 3+ 222 o e ) e

Family 5. When, = 0, 0 = 0 and 0® — 4y = 0

PP C1 A =

Example 2. Let’s consider the modifie Benjamin-Bona-Mahony equation with the conformable Atangana derivatives [25],

(40)

A
o Dy {u} +§ DY{u} — kuy DY{u} +§ D3*{u} = 0. (41)

We reduce it to the following nonlinear ordinary differential equation form by applying the wave transformation for
Eq. (41),

vy I \* A 1 \“
u(z,t) = u(n), and 7= o <x + m) - (t + m) ) (42)
where A is constant. If we substitute the wave transformation (42) in Eq. (41),
' 4 yu’ — kyu®u + 3 = 0. 43)
If Eq. (43) is integrated to simplify it,
(v —=Nu— %ku3 +3 W —¢) =0, (44)

where c is integral constant.
Using the balance procedure, the highest order nonlinear term 13 and the highest order term u”” in Eq. (44), the following
equation is get,

n—-3m=n—-m+2=>n=m+1 (45)

Rev. Mex. Fis. 67040704
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If m = 1, we then obtain n = 2.
Accordingly, Eq. (13) can be written as follows.

v Ao+ Aje ™ 4 Age™??

uln) = 5 = =g (46)

If we obtain the derivative terms required in Eq. (44) from Eq. (46),
Vo —v¢’
o) = T 7
([v'¢* ++'9'9* = {6°7'¢' + ¢*79"}] — 204" [V —1¢'])
o
Substituting the terms in Egs. (46-48) into Eq. (44), we obtain exact solutions that satisfy Eq. (41).
Case 3.

U”(n) = (48)

3 ) ) 3
\/;'y (2B — 0By By +2uB?) , 0 \/;7(230 +0B;) o V6B,
VEB, vk ’ vk
e 2v/67*(—2By + 0B, )(B; — 0By B, + uB3) _ 6y°Bo(By —0B1)
VEB} ’ B} '

Substituting the coefficient obtained above into the Eq. (26), the exact solution functions of the Eq. (20) are written as

follows;
) (50)

Ay =

1
A=v-— 573(8’7 +0?) (49)

Family 1. u # 0 and 0% — 4 > 0

3 238 8#231 2#(230 + O'Bl)
<l\/;7{—UBO+B—1+2,uBl+ 2 0

(=)

’LL3,1($, t) =

Q

FIGURE 11. Three-dimensional, contour and density plots of the solution (50) for the values £ = 0.75, a = 0.5, A = 0.186986,
c¢=0.000211,0 =2, u =0, k = 4, v = 0.2, and two-dimensional for ¢ = 0.8.
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Family 2. ;1 # 0and 02 — 4 < 0

3 2Bg 8/1,231 2#(230 + O'Bl)
([\/;7{—030+B—1+2u31+ FOR >

(- 22])

) |

where,

2

0= <a+\/—4u+02tanh [ /4t o*(Ba +n)

Ug,g(x, t) =

where,

2¢

P = <a— 4#—02tan['4ﬂ_02(Ea+n)

Family3. y =00 # 0and 02 — 4 > 0

3 2\ 2B 2\(By — 0 B1)
27 | 21 f eo B Br  (—1+e?(B¥mM)B, + \B;
U373 (IL‘, t) = (52)
vk
Family 4. 1 #00 #0and 02 —4pu =0
2 2312 _
\/g'y o+ 0)Bo + B0 L (32 4t~ ro)By 4 A B 204 {280 + (=22 + )51}
2 Bl v2 14
U3,4(.T,t) = (53)

ErEmE)

FIGURE 12. Three-dimensional, contour and density plots of the solution (51) for the values £ = 0.75, a = 0.5, A = 0.186986,
c=0.000211,0 =2, u =0, k = 4, v = 0.2, and two-dimensional for ¢ = 0.8.
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FIGURE 13. Three-dimensional, contour and density plots of the solution (52) for the values £ = 0.75, « = 0.5, A = 0.198986,
c¢=0.000211,0 =1, u =0, k = 4, v = 0.2, and two-dimensional for ¢ = 0.8.

500

100 200 300 400

-500

=1000

FIGURE 14. Three-dimensional, contour and density plots of the solution (53) for the values £ = 0.75, « = 0.5, A = 0.153900,
c = —0.0466588,0 =2, u =1, k = 0.1, v = 0.2, and two-dimensional for t = 1.
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Uss Uss 0

ol

FIGURE 15. Three-dimensional, contour and density plots of the solution (54) for the values £ = 0.75, a = 0.5, A = 0.199980,
¢ =0.00396593,0 =0, u =0, k = 0.1, v = 0.2, and two-dimensional for ¢t = 1.

Family5. =00 =0and 0? —4pu =0

\/g'y [20°B3 —0{—2+ 0o} BoB; + {2+ 6o} Bi|

ugs(x,t) = 54
3,5( ) \/EeBl(Bo-i-Bl) ( )
where 0 = (E + x).
Case 4.
A, (2 [y = A+73{2u+0%}] By — V6o/73 (v — A+ 93 [-4p + 02)) Bg)
Ao = 12+3B,
3 _ 3[__ 2 2
Ay — oAy — Ao/ 7P (y = A +3[—4p + %)) Bj
V673 By
6v° B3
By =
37v30By — V6/73(y — A+ ¥3[—4u + 02]) B2
(27 =22 +73[4p — 0?]) A, (2[—7 + A+ 3{4p — 0} Bo + V6o /Y3 (v — A+ ¥ [—4p + 02])33)
‘= 367352
L T2 Bo (=274 20+ 4*{81 = 50°}]) By — 2V6\/7* (v — A+ 4[4+ 0*) B 55)

(=27 42X\ + ¥3[8u + 02])2 A3

We substitute the coefficient calculated above in Eq. (26). After findin the required derivative terms in Eq. (20), we obtain
the exact solution functions according to the following solution families by typing the resulting exact solution function model.

Rev. Mex. Fis. 67040704
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FIGURE 16. Three-dimensional, contour and density plots of the solution (56) for the values £ = 0.75, a = 0.5, A = 0.186986,
¢ =0.596486, c = 2, u = 0.1, k = 0.005894, v = 0.2, and two-dimensional ¢t = 0.8.

=

FIGURE 17. Three-dimensional, contour and density plots of the solution (57) for the values £ = 0.75, « = 0.5, A = —3, ¢ = —1.37344,
o=1,u=1,k=7.127265, v = 1, and two-dimensional for ¢ = 0.8.
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Family 1. While, pu # 0 and 02 — 4 > 0

(A22{y =X +3(2u+0%)}By — 07]) N 4u2 Ay N pAs(—6v30 By + Z)

waa () = 12738, I A2 373 By A 7 (56)
(Bo+ )
where,
2 = \J607 1 = A+ 93 {4 + 02 B}
and

1
A =0+ +/—4p + o? tanh (2\/—4u+02(E+77)> .
a

Family 2. While, p # 0 and 02 — 4 < 0

AsZ
(Aal2{y = A+3(2u+02)}Bo — 0Z])  4u2A,  2H [UA? 673230}
1293 By Tt —II
Ugo(x,t) = eV (57)
’ 12
By v prBg
(—3+30B, + Z)II

where,

1
IT=0—+/4u+ o? tan (m\/4u+02(E+n)) .

Vs Uis

Ugs

FIGURE 18. Three-dimensional, contour and density plots of the solution (58) for the values £ = 0.75, « = 0.5, A = 0.1, ¢ = —1.341331,
o=0.1,u =0,k =0.001235, v = 0.2, and two-dimensional for ¢ = 800.
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Family 3. While, # = 0,0 # 0 and 02 — 41 > 0

N
A2A, As [2{y = A+ +30%}By — 0 Z] N 042 67° By
| P14 eoB0)] 2 1273 By [—1+ eo(E+n)] 5
s = B 6v3\B2
O 1+ o (B0 ] [=3430 By + Z]
Family 4. While, 1 # 0, 0 # 0 and 02 — 4y = 0
-2 Z  N(—6y%0By+ Z ) Ea+ 3AY(Ea + n)?
A2[2{73 +2u+02}— ZBJF ( ’YO'BOBO)(O‘ m (Ooz2 )
Ugq = gl 7" bo 7" bo (59)
' il 3v3\2B2(Ea +n)
0 (3v30By — Z)O
where O = (a2 + EX] + An).
Family 5. While, u = 0,0 =0and 6> —4p =0
A 12 IS IO 02} V{2 + (B +2)0} /A1 (1 +1202) By
IVE+2? 2 (Eta) (E +2)v3By
ug5(v,t) = (60)

3B2
12 | B, — 67" B

[E +a] [ =30 By + V/6(,*[1 +170°]B3)

|

= X
200 400 1 600 600 1000

100

FIGURE 19. Three-dimensional, contour and density plots of the solution (59) for the values £ = 0.75, « = 0.5, A = 0.1, ¢ = (4 —
20+/30/3000), 0 = 2, p = 1, k = —(12500(—3004 — 40+/30)/561001), v = 0.2, and two-dimensional for ¢ = 800.
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Uss
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Uss
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FIGURE 20. Three-dimensional, contour and density plots of the solution (40) for the values £ = 0.75,« = 0.5, A = 0.1, ¢ = 1.38,0 = 0,

u =0,k =0.001152, v = 0.2, and two-dimensional ¢ = 800.

Remark The exact solutions of the Egs. (18) and (40)
are obtained by the modifie exponential function method.
Graphs representing the physical interpretations of all calcu-
lations and solution functions used during the solutions were
checked and drawn using Mathematica 12 . Exact solu-
tions obtained in this study as a result of the necessary search-
ing processes have not been found in the literature.

5. Conclusions

In this study, the modifie exponential function method is ap-
plied to obtain new exact solutions of the modifie Benjamin-
Bona-Mahony and Sharma-Tasso-Olver equations given by
the congruent Atangana derivative. In addition, different ex-
act solution functions calculated for these equations are clas-

sified With this method, hyperbolic and rational function
solutions of the resulting functions are obtained. Parameters
suitable for exact solution function models were determined
and physical motion models on three-dimensional, contour,
density and two-dimensional graphs were analyzed for these
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