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Analysis of efficiency in high-frequency digital markets using the Hurst exponent
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In this paper, we analyze the Efficient Market Hypothesis for automated high-frequency stock markets. Using the Hurst exponent as a
measure of efficiency, we show that the time series of high-frequency stock prices do not follow random walks, rejecting then (as we discuss
in the text) the EMH for these markets.
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1. Introduction Another explanation comes from the work of H. Simon
. _ _ _ [11], through the concept of limited rationality, that postu-
The hlStOI’y Of the rela“on betWeen PhyS|CS and Finance datqﬁtes that most peop'e are on|y par“a”y ra‘[iona' and act on

back at least to the pioneering work of L. Bachelier [1], pub-emotional impulses without rational foundations in many of

lished more than a century ago. However, it was not untiljs actions.

recent deca_des that a growing z_;md well esta_bhshed bod_y .Of Various authors, such as Lo in Ref. [12] and McCauley
research using tools from Physics, and particularly statisti: ;
. : in Ref. [9] for example, recover the elementary fact that fi-

cal mechanics, to understand economic phenomena through ; . N
. . . o ancial markets are, like all social phenomena, of a histori-

time series analysis had emerged [2, 3]. To cite just a few ; : )

) cal and dynamic nature, that is, agents respond to their spe-

recent examples, in Refs. [4,5] the authors apply random ma:... ; " . . o

._cific social, political, psychological and technical conditions,

trix theory to study cross-correlations in financial markets in~ = - e . X
. ) .. which is why it is inappropriate to postulate general and anti-
order to describe various market states and state transitions, .~ . : .
istorical hypotheses about their behavior.

while in Ref. [6], a microscopic model for automatically done
high-frequency transactions is presented, using tools from the AS indicated in Ref. [8], in recent years, most of the op-
kinetic theory of gases. Our work is framed in this tradition, €rations in the large financial markets have been automated
branded as Econophysics, from which the problem of the so8nd are now computers and not human beings who make
called market efficiency, here discussed, has by no way e$lecisions by executing certain algorithms. Although in the
caped. last decades, evidence has accumulated against the efficiency
It is important to establish that when speaking of the effi-of the traditional markets, one could imagine that, with the
ciency of the markets, two great perspectives of analysis mu§xecution of orders controlled by computer algorithms, de-
be distinguished: the so-called distributive efficiency and the/0id of feelings and emotional decisions, efficiency could be
informational efficiency. It is to the second approach to which@chieved in financial markets. Thus, the following question
we dedicate this work. The informational efficiency of prices arises: are automated markets more or less efficient than clas-
is defined as the immediate incorporation of all relevant in-Sical ones? That is, what happens to efficiency if, in the pro-
formation for the formation of prices through the interaction ¢ess of incorporating the relevant information for price for-
in the markets of highly sophisticated economic agents. ~ Mation, human beings are replaced by algorithms?
Introduced by Fama in Ref. [7], it has important impli- The objective of this work is to offer evidence, through
cations for the theory, in particular, that the differences ofthe analysis of time series of automated transactions in the
the logarithms of the consecutive prices of assets in a mark&lS and Mexican markets, that the use of computational algo-
must follow a (Gaussian) random walk. This hypothesis hasithms in automated high-frequency markets has not led these
been widely questioned, for example, in Refs. [8, 9]. markets to the efficiency prescribed by the neoclassical the-
One of the most common explanations for the inefficiencyory. The organization of the paper is as follows: Section 2
of real markets has been the “animal spirit” of Keynes [10],develops the theoretical framework in which the analysis will
that is, the psychological and emotional factors that lead inbe carried out. Section 3 describes the characteristics of the
vestors to make their decisions in capital markets when therdata and the methodology used for our analysis. In Sec. 4, the
is uncertainty, how human emotions can drive making finanfesults obtained are discussed. Section 5 contains the conclu-
cial decisions in uncertain and volatile environments. sions. Section 6 contains the bibliography used.
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2. Theoretical framework Ref. [17] to the ion saturation current fluctuations and
Ref. [18] to gamma, ray data. In the context of the finan-

The informational efficiency of a market implies that the cjal time series that concerns us here, this long-term memory

consecutive price differences must be independent. Indeegtanslates into deviations from market efficiency.

if there were any correlation between consecutive prices, it The remaining part of this section will be devoted to

could be used to perform arbitrage, an action that would bgyiefly discuss the approaches in the literature that will be

in contradiction with the assumed efficiency. Thus, one canysed in the next section to define our methodology, as well as
examine the short-term movement patterns that describe theyme results related to those of this work.

returns of the assets in the market in question and attemptto |y Ref. [19], it is argued that, given a sequence of in-

identify the process underlying those returns. If the markefjependent and identically distributed random variables, the
is efficient, the model will not be able to identify a pattern, shape of the probability distributions of the random variables
and we will conclude that the returns follow a random walk 5ffects the Hurst exponent of the series. The authors cal-
process. If a model is able to establish a pattern, past markgfjjate the Hurst exponetfs.ck for the daily series of the
data can be used to predict future market movements and thg p500 index. Then, they shuffle the series in order to re-
market is therefore inefficient. move its memory, after which they calculate the Hurst index
Note that the observation of a random walk is a necespf the shuffled series, denoted Bfperm (actually, this pro-
sary condition for efficiency. There are studies that show thagess of shuffling and calculating is repeated a certain number
this condition is not sufficient [13, 14] Consequently, the de'of timeS,Hperm is defined as the mean and the standard devi-
viations of a random walk allow rejecting the informational gtion is reported). The difference betweBgck and Hperm
efficiency of the assets under study. is an indicator of the memory of the original series, while if
The method that we will use has its origins in the work of 7., is different of0.5. This is attributed to the distribu-
Hurst [15], framed in the context of his studies in hydrologytions of the variables, since the shuffled series are, by con-
and later refined by Mandelbrot and Wallis [16] Given atimeStruction, memory|ess_ Itis proposed then to %@rm as an
seriesr,,n =1,...,m,withmeary = (1/m)>_:", z;and  indicator of lack of memory, instead of the canonical value
varianceo” = (1/m) 3_;", (x; — p)?, we define its partial  0.5; that is, Hsoek > (<)Hperm Would be an indicator of
centered sums ag, = ., (z; — u) and its R/S statistics  (anti)persistency. In other words, the significant null hypoth-
or rescaled range as the ratio between the range of the partigis will be notHgiock = 0.5, but Hetock = Hperm
centered sums series and the standard deviation of the origi- |n Ref. [20], it is argued that the R/S statistic is sensi-

nal series: tive to short-term correlations so that if for a time series is
obtainedH ## 0.5, this is not enough to conclude the pres-
ence of long-term memory. In Ref. [21], the authors propose
that, to ensure that the results of tR¢S analysis are due
Hurst noted that the rescaled range of the time series dab long-term correlations, the following experiment is carried
annual flows of the Nilo river as a function of the length  out: the series is divided into blocks of, for example, 50 ele-
of the series was asymptotically a power law whetends  ments each one, and the elements within each block are per-
to infinity: E(R/S(n)) ~ nf! for n sufficiently large, where muted to destroy the short-range correlations. With this new
E(R/S(n)) is the mean of the R/S statistics calculated onseries, the previous analyzes are repeated, and the long-term
the subseries of length of the original series. The exponent memory is corroborated if the change in the Hurst exponent
H of the power law is known as thidurst exponent It is s insignificant.
known that under the hypothesis of the original series being In Refs. [22, 23], the need to observe the evolution of
arandom walk, the exponenti$ = 0.5 [16]; instead, Hurst  the efficiency, measured by the Hurst exponent, over time is
found H > 0.5. stated. The first article uses one-minute resolution data from
In general, a Hurst exponei{ greater thar0.5 is as- 1983 to 2009 from the SP500. The Hurst exponent of the
sociated with the long-term persistence of the series: theaily subseries is calculated, and a decreasing evolution is
range grows faster than expected from a random walk, thaibserved from0.8 towards0.5, with a statistically insignifi-
is, movements in one direction follow, with greater probabil- cant difference for the period 2005-2009. Similar results are
ity, movements in the same direction; whitt< 0.5 is asso-  obtained for the monthly exponents. For the purposes of this
ciated with long-term antipersistence: the range grows moreroject, it is important to underline their explanation of the
slowly than that of a random walk, that is, movements in ongphenomenon: they attribute it to the growth of algorithmic
direction are more likely to follow movements in the other di- trading. In the second article, daily exponent series are stud-
rection, this on average and for large enough lengths. In botted of eleven emerging markets between 1992 and 2002, with
cases, the deviation d@f from its hypothetical value 0.5 can similar results.
be taken as a long-term memory measure: the movements of Other perspectives on market efficiency by studying
the series are not independent of the remote past. Hurst exponent had been proposed in the past. Very inter-
The study of long-term correlations measured by Hurstesting is the discussion in Ref. [24], in which the authors
exponent has been applied in Physics, for example, istudy a measure of quantitative correlation between theoret-

maXy<m Yn — MINp<m Yn
(o)

R/S =

Rev. Mex. Fis67 061401



ANALYSIS OF EFFICIENCY IN HIGH-FREQUENCY DIGITAL MARKETS USING THE HURST EXPONENT 3

ical inefficiency and empirical predictability for 60 financial | Market Code Name
indices from different countries. The Hurst exponent is taken 1 ABT Abbott Laboratories
as a measure of market inefficiency, while to measure pre- 2 BAC Bank of America Corporation
dictability, they use one of the most basic techniques of su- 2 Bh Bristok:Myers.Squibb €ompany
pervised machine learning: Nearest Neighbor (NN) and its 4 ¢ Citigroup Inc.
proportion of correct answers. A considerable positive corre- > Gy GlscoiSystems: Inc,
lation (around 60%) between inefficiency and predictability 6 F P e
iS reported 7 FB Facebook, Inc.
' L . 8 FOXA Tweenty-First Century Fox, Inc.
In Ref. [25], it is shown that before the great economic 5 = General Electric Company
collapses of 1929, 1987, and 1998 a clear decrease in the [ oM General Motors Company
Hurst exponent from the persistence regirfie$ 0.5) to the 1 HPQ HP Inc.
anti-persistence regiméf( < 0.5) is observed. 12 INTC Intel Corporation
In Ref. [26], Peters carries out an extensive analysis of 3 ko FORITees o ampany
the R/S statistic, the relevance of which he argues through = i e
the Fractal Market Hypothesis (FMH) as an alternative to the |2 Mo Al Broup, e
. . . . 16 MS M Stanl
Efficient Market Hypothesis (EMH). The fractal properties = — — °'g:tnc a”ei_
. . . . . 1Croso Qorporation
of the financial time series would be due to the differences s
. . . . . . 18 ORCL Oracle Corporation
in the time horizons of the financial agents, who, according - = —
to their interests, incorporate certain pieces of relevant infor- = = S
mation into the price of an asset that is not relevant for other 5 o~ =
A i . N A witter, Inc.
time horizons. Market stability is attributed to the dynamic > U5 Us. Bancors
interaction of these different scales. = = TR —
24 WFC Wells Fargo & Company

FIGURE 1. Assets of the US market.
3. Nature of the data and methodology used
wherex (¢, T) is thet-th term of the series of means nkec-

The data used in this investiaati . . ?nds of logarithms of the prices of a given asset.

gation are the time series o ) S .
prices of the automated (algorithmic) operations that oc- The_Hurst exponent of a time series |s_obta|ned as fol-
curred from March 7, 2018, to March 7, 2019, in the Mex- lows: Givenn Iesg than the length of the_ series, we calculate
ican and US markets (251 trading days). For the US markeB/S of all subseries of length of the original series and de-

there were 539,834,024 records, and for the Mexican markeine £(//5(n)) as the average of these calculations. Finally,
78.863.574 records. the Hurst exponent of the series is calculated as the exponent

. . of the functionc- n*! that best fits (in the least-squares sense)

The importance for this work that our data comes fromine functionn — E(R/S(n)) for n large enough. Taking
fully-automated transactions cannot be overstated: it is fo[ntg account the asymptotic nature of the Hurst exponent, as
this alone that we can test efficiency specifically for digital,ye|| as the sensitivity of thé&/S statistic to the length of the
markets. time series [27], uniformly spaced valuesrore taken on a

The data belongs to 59 assets; of these, 35 correspondgarithmic scale, with a minimum of the order of2°.
to companies listed on the Mexican stock exchange: AC, To analyze the evolution of the Hurst exponent through-
ALSEA, ALPEK, ALPHA, AMX, ASUR, BIMBO, BSMX,  out the period under study, which is one year, we calculate
CEMEX, CUERVO, ELEKTRA, FEMSA, GAP, GCARSO, the Hurst exponentis,c Of subseries of a certain numh&r
GENTERA, GFINBUR, GFNORTE, GMEXICO, GMXT, of days, slid one day at a time [23]. For exampleNif= 5,
GRUMA, IENOVA, KIMBER, KOF, LALA, LIVEPOL, the Hurst exponent of the first five days of the series is calcu-
MEGA, MEXCHEM, NEMAK, OMA, PENOLES, PIN- lated, then that of the series that goes from the second to the
FRA, RA, TLEVISA, VOLAR, WALMEX; while the other  sixth day, etc., and the last calculation is for the series of the
24 are from the US market: ABT, BAC, BMY, C, CSCO, F, last five days, with which the evolution of the weekly Hurst
FB, FOXA, GE, GM, HPQ, INTC, KO, MDLZ, MO, MS, exponentHgc throughout the year is obtained.
MSFT, ORCL, PFE, TWTR, T, USB, WFC, VZ. The details ~ There is no satisfactory analytical theory for the R/S

can be seen in Figs. 1 and 2. statistic; most of the results on the subject are derived from
The following analysis is carried out for the series of log- computer simulations, which implies that they depend on par-
arithmic returns ticular models. Thus, althougR/S is non-parametric, it is

usually used to test the null hypothesis of Gaussian random
walk [26], so its rejection may be due to non-Gaussianity or
r(t,m) = a(t+1,7) - 2(t,7), short-term memory. That is why the methodology that will

Rev. Mex. Fis67 061401
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FIGURE 2. Assets of the Mexican market.

" Market Code | Name. (N = 5) and a fixed lengtH, the subseries is divided into
1 AC Arca Continental, S.A 5. de C.\. blocks ofl elements, and the elements within each block are
2 ALFA Alfa, S.A.B. de C.V. shuffled to destroy short-term correlations without altering
3| Ak Alpek, S.A.B. de C.V. the long-range memory structure. This process is repeated a
a|  ausea Alsea, S.A.B. de C.V. hundred times to get a statistical sample which we will call
5 AMX América Mévil, 5.A.B. de C.V. Hiocperm Thus, if not only Hiock but alsoH gcperm is statisti-
6 ASUR Grupo Aeroportuario del Sureste, 5.A.B. de C.V. caIIy different fromeerm, then it is ruled out that the rejEC'
7| smeo BIMBO & Grupo Bimbo, 5.A.B. de C.V. tion of the null hypothesis is due to short-range correlations.
8 BSMX Grupo Financiere Santander, S.A. We make all these calculations for each subseried’ of
o cemex Cemex, SAB. de C.V. days, so we can observe the evolutionfock, Hperm and
10|  cuErRvo Becle, S.A.B. de C.V. Hyocperm throughout the year.
11 ELEKTRA ELEKTRA & Grupo Elektra, S.A.B. de C.V.
12 FEMSA Fomento Econdomico Mexicano, S.A.B. de C.V. 4 ReSU|tS and dlSCUSSIOﬂ
13, GAP Grupo Aeroportuario del Pacifico, S.A.B. de C.V.
1] SEARSD) GIUpOICHrsg. S:AB: de In Figs. 3and 4 we plotfor = N = 1andr = N = 5, re-
1| “GENUERA Gentera, SAB.de LY. spectively, the evolution offs,ck (blue curve) and the area
15| GEINBUR Giupa FinanciEm Inbilid SULE. da GV, between the).1 and 0.9 quantiles of Hperm (purple zone).
4 R SrpoHnancien;Banorte. SAEIdeICY, Thus, when the blue curve passes outside this area, it is con-
18] ‘emeaco b cluded that the correspondent original (daily or weekly) sub-
el ) Sryma; SABide Y. series has long-term memory: the difference betwHeg
20| GRUMA Infraestructura Energética Nova, 5.A.B. de C.V. and Hperm is Statistica"y Significant; while when thHStOCk
Pl IENOVA Kiimbe'ly-Clark de Mexico: 5 A de GV, curve passes inside, the randomness of the subseries cannot
22| KMBER HiSsGocg:Colaemsay SHiBRdgGiv: be ruled out: the difference betweéfy,cx and Hperm is not
23] KOF GMexico Transportes, 5.A.B. de C.V. Statistica”y conclusive.
24 LALA Grupo Lala, 5.AB. de C.V. Figure 3 shows that for the US market, it is not possi-
25 LIVEPOL El Puerto de Liverpool, S.A.B. de C.V. ble in genera| to reject the null hypothegﬁtock — Hperm
R6|  MEGA Megacable Holdings, 5.A.B. de C.v. whent = N = 1 (daily series of one-second averages),
27| MEXCHEM MexicHEM, S.AB. de C.V. while the inspection of Fig. 4 allows concluding the existence
28| NEMAK Nemak, 5.A.B. de C.V. of a clear tendency to anti-persisten@ésfcx < Hperm) for
29 OMA Grupo Aeroportuario del Centro Norte, S.A.B. de C.V. T = N — 5
30|  PENOLES Industrias Pefioles. 5.A.B. de C.V. In what follows, we will focus on the latter case. Figure
31|  PINFRA |Promotora y Operadora de Infraestructura, S.A.B. de C.V. 5 shows forl = 300 the effect of locally shuffling the series
32 RA Regional, S.A.B. de C.V. to destroy their short-term memory. As before, we gtk
33| TLEVISA Grupo Televisa and the0.1 and0.9 quantiles ofH|ocperm Although the Hurst
34| VOLAR |Controladora Vuela Compaiiia de Aviacién, S.A.B. de C.V. exponent tends to increase slightly after the local shuffling,
35|  WALMEX Walmart de México, S.A.B. de C.V. the globalH ocpermShape is considerably similar fétoc, re-

inforcing the idea that its behavior reflects well the long-term
memory from the original series. Note that this tendency to

. o o increase|ocperm iS Not valid for all assets, for examplE,

be used below to establish the statistical significance of our Once we have visually detected the general trend towards

calculations, inspired by the proposals discussed in Sec. 2, ig i hersistence and the effect of local shuffling, we can de-

based on global and local permutations of the series in qUegie two annual inefficiency indices, one of them given by the

tion [19,21,23]. _ _ percentage of windows whose Hurst exponBgbis below
Continuing with the previous example withi = 5, for  he 1 quantile of Hpermy the second by the percentage of

each subseries of five days of the original series, we Sh”fﬂﬁ/indows such that the mean #focpermmean does the same.

its terms to destroy its memory, and the Hurst exponent iye il call each of the weak and strong anti-persistence in-
calculated for this new randomized subseries. The process @f.es and we will denote them iy, I, respectively.

shuffling qnd calculating 'th Hurst e'xp.onent is repeatgd ON€ T4 he more specific, it is the g-quantile of Hpem

hundred times, thus obtaining a statistical sample, which we,,4

will call Hperm, Of the Hurst exponent of the subseries un-

der the riuII hypot.hesis of lack of Iong—_term_me_mory, sowe N, = #{sliding N-days windows such thdlsiock < H;?é}m}7

can use its quantiles to test the statistical significance of the

difference betweelsiock and Hperm. then, since our data consist of 251 trading days and there-
To rule out that the results thus obtained are due to shorfore we have251 — N + 1 sliding N-days windows, we

term memory, we obtain similarly a statistical sample of lo-setI; := N;/(251 — N + 1). Analogously we define

cally randomized Hurst exponents. Given a weekly subserie$; := N;/(251 — N + 1), where

Rev. Mex. Fis67 061401
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la Ir
F 0.82 0.92
ABT 0.67 0.45
KO 0.67 0.61
FB 0.65 0.36
HPQ 0.42 0.33
MSFT 0.57 0.26
GE 0.44 0.4
MO 0.64 0.52
Ms 0.5 0.26
\74 0.98 0.91
INTC 0.74 0.45
BAC 0.83 0.48
MDLZ 0.85 0.69
GM 0.76 0.61
C 0.71 0.34
FOXA 0.51 0.36
UsB 0.31 0.21
ORCL 0.88 0.77
WFC 0.78 0.66
CsCo 0.88 0.86
PFE 0.75 0.57
T 0.99 0.95
BMY 0.35 0.32
TWTR 0.4 0.12
Average US 0.67 0.52

FIGURE 6. Values ofl; andI; for the US market forr = 5y

N =5.

M. LOPEZ AND R. MANSILLA

Nf:#{sliding N-days windows such th@(Hlocperm)<H8é%m}

andE(Hiocperm) IS the mean of the statistical samigcperm
Figure 6 shows the table df; and I; results by asset and

its average per market (US). It is concluded that most of
the assets spend a significant part of the year under the anti-
persistence regime.

It is important to note that even in the case of assets
with a low level of inefficiency measured with these indices
(TWTR, for example), the antipersistence trend is clear given
that theH siock and Higeperm CUTves remain in the lower part of
the Hperm zONe throughout the year (recall that the antipersis-
tence threshold that we define: the 0.1 quantilédg, is
as arbitrary as the more traditiortal5), a result that is hard
due to the statistical sensitivity of the methods used, since
it is observed systematically in all assets and throughout the
year. Thus, although they are useful as summary indicators,
they should not be considered as the ultimate criterion of ef-
ficiency. These observations on the qualitative nature of the
process are possible thanks to the use of a dynamic approach
to observe the evolution of the Hurst exponent [23], as op-
posed to the more traditional method of calculating a single
exponent for each series, a method that reduces the problem
to a purely quantitative and static criterion.

To formalize this idea and obtain, also here, a quantita-
tive indicator: considering the subset of thé = |251/N |
consecutive weekly series without overlap (whemg is the
largest integer less than or equabtpand givery < 0.5 and
ngq the number of these weekly series such tHatkis less

F 9.38e-27 8.88e-16 4.86e-36 8.88e-16
ABT 2.7e-27 8.88e-14 2.38e-09 2.18e-12
KO 3.41e-23 1.78e-15 4.64e-16 8.88e-14
FB 1.85e-19 2.18e-12 9.56e-08 2.86e-08
HPQ 5.36e-07 3.49e-11 0.008 4.11e-10
MSFT 3.71e-17 8.88e-14 0.00269 3.49e-11
GE 1.57e-08 3.8e-09 1.57e-08 9.82e-07
MO 1.15e-20 1.78e-15 4.64e-16 8.88e-14
MS 2.38e-09 1.78e-15 0.0215 9.82e-07
VZ le-49 1.78e-15 1.4e-40 1.78e-15
INTC 6.94e-26 1.78e-15 4.28e-11 1.78e-15
BAC 3.55e-28 8.88e-16 8.87e-12 8.88e-16
MDLZ T.55e-37 1.78e-15 1.15e-20 1.78e-15
GM 2.7e-27 8.88e-14 1.85e-19 2.18e-12
Cc 2.7e-27 8.88e-14 0.000226 3.4%9e-11
FOXA 5.61le-13 3.49%e-11 5.69e-05 2.86e-08
USB 1.31e-05 7.1e-05 0.0215 0.0047

ORCL l.4e-40 §.88e-14 2.95e-30 §.88e-14
WFC 1.98e-33 8.88e-14 6.54e-22 8.88e-14
CSCO 7.55e-37 8.88e-14 7.55e-37 3.49e-11
PFE 2.7e-27 8.88e-14 3.71e-17 8.88e-14
T le-49 1.78e-15 9.57e-45 1.78e-15
BMY 5.36e-07 2.86e-08 5.36e-07 9.82e-07
TWTR 9.56e-08 2.18e-12 0.215 2.18e-12
Average US 5.96e-07 2.96e-06 0.0112 0.000196

FIGURE 7. Values of P (n) for the US market =5, N =5y ¢ = 0.1,0.5.
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-

i

GMEXICO

1.0

1.0

ELEKTRA

0.25

0.35

PENOLES

0.94

0.76

BSMX

0.54

0.92

MEXCHEM

0.23

0.34

GFNORTE

0.44

0.44

AMX

0.93

0.95

ALFA

0.84

0.97

CEMEX

0.88

0.86

PINFRA

0.49

0.5

WALMEX

0.54

0.53

KIMBER

0.67

0.74

GAP

0.47

0.62

RA

0.23

0.33

ALSEA

0.68

0.9

CUERVO

0.77

0.8

IENOVA

0.29

0.41

AC

0.53

0.94

MEGA

0.36

0.52

VOLAR

0.6

0.51

GFINBUR

0.65

0.78

LIVEPOL

0.54

0.61

GMXT

0.65

0.67

NEMAK

0.57

0.64

LALA

0.58

0.54

BIMBO

0.73

0.53

ASUR

0.46

0.7

GRUMA

0.69

0.89

TLEVISA

0.73

0.77

KOF

0.67

0.6

OMA

0.62

0.58

GENTERA

0.15

0.1

ALPEK

0.79

0.78

FEMSA

0.65

0.66

GCARSO

0.37

0.36

Average MX

0.59

0.65

FIGURE 8. Values ofI; and!; for the Mexican market for = 30

y N = 30.

than Hiem, the g-quantile of Hyerm, and assuming thé/

ng heads in a sequence df tosses with an (unfair) coin with
probability ¢ of observing a head in each realization. This
probability is modeled with the binomial distribution:

M

Pi(ng) =) (JZ[> ¢'(1—q)""

i:nd

Thus, this p-value indicates how likely it is to observe
the behavior described above in an efficiency scenario given
by the independence between non-overlapping weekly series.
Once again, we define a strong version of this index given by
Pi(ny), whereny is the number of weekly series such that
the mean ofdocperm is less than the quantiteof Hyerm The
results forg = 0.1 andg = 0.5 are shown in Fig. 7. The
evidence against the null efficiency hypothesis thus formu-
lated is compelling. Except for the maximum value in the
table, which is obtained for TWTR wit#%! (n) = 0.215,
all stocks clearly reject the null hypothesis with a 95% level
of confidence, almost always by a considerable margin, and
even TWTR does it for the other three-parameter combina-
tions.

Similar results were obtained for the Mexican market
(Figs. 8 and 9), although due to their lower resolutios 30
and N = 30 are used. It is observed that the result of the
local permutations is more ambiguous in this case, which can
be interpreted as short-term memory lack.

5. Conclusions

This paper discusses the efficiency in high-frequency digital
markets, quantified by the Hurst exponent measured by the
R/S statistic. Results indicate that, in the period from March
7, 2018, to March 7, 2019, and for the 24 assets in the United
States market and the 35 in the Mexican market studied here,
the Efficient Market Hypothesis is clearly rejected: the pres-
ence of long-term memory, particularly of anti-persistence, is
clear.

As noted before, the relevance of these results to the
question of efficiency in automated digital markets lies like
our data, coming from fully-automated (algorithmic) transac-
tions. It is because of this that we can draw the main conclu-
sion of this paper: automated digital markets do not meet the
efficiency postulated by neoclassical theory. Thus, classical
explanations of the inefficiencies of human markets, based on
the psychological or emotional factors of human beings [10]

consecutive weekly series as independent experiments, th@k their limited rationality [11], must be discarded, since the
is, assuming that these series are statistically independent 8fgorithms that have ordered the transactions here studied do
each other (efficiency, lack of memory at that scale), what ig10t suffer from these human limitations. Therefore, market

the probability of observing, as we do, at leagtwindows
(realizations) in whicHsiockis belowHgerm? This problemis

inefficiency seems to be due to more fundamental factors of
economic dynamics. This opens a new line of investigation

equivalent to determining the probability of obtaining at leastin the search for the real sources of the lack of efficiency.
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g=0.1,n=ng 9=0.1n=nr

GMEXICO le-45 le-45

ELEKTRA 8.2e-05 0.00805 3.74e-06 2.71e-07
PENOLES 8.06e-41 2.84e-14 8.45e-24 1l.31le-12
BSMX 4.51e-12 4.33e-10 1.04e-38 2.84e-14
MEXCHEM 0.00404 0.0676 6.95e-07 0.0178
GFMNORTE 2.62e-09 0.116 2.62e-09 0.0676
AMX 9.88e-37 2.84e-14 1.04e-38 2.84e-14
ALFA 9.5e-30 1.31le-12 8.06e-41 2.84e-14
CEMEX 4.4e-33 4.67e-09 4.4e-33 4.67e-09
PINFRA 2.62e-09 2.94e-11 1.84e-08 2.94e-11
WALMEX 4.55e-13 3.29e-05 4.55e-13 3.29e-05
KIMBER 4.01e-21 3.29e-05 3.3e-25 3.94e-08
GAP 2.62e-09 0.000124 1.97e-17 1.31le-12
RA 0.032 0.116 6.95e-07 0.00805
ALSEA 8.45e-24 1.31e-12 9.88e-37 2.84e-14
CUERVO 1.15e-26 1.31e-12 3.53e-28 2.84e-14
IENOVA 0.00122 0.000412 3.74e-06 3.94e-08
AC 1.97e-17 1.31le-12 4.06e-43 2.84e-14
MEGA 8.2e-05 2.71e-07 4.55e-13 4.33e-10
VOLAR 2.77e-16 3.94e-08 4.1e-11 1.56e-06
GFINBUR 1.97e-17 2.71e-07 3.3e-25 4.33e-10
LIVEPOL 4.21e-14 2.94e-11 1.27e-18 2.94e-11
GMXT 1.27e-18 2.71e-07 1.27e-18 3.94e-08
NEMAK 4.21e-14 4.67e-09 2.77e-16 2.84e-14
LALA 1.97e-17 4.33e-10 4.21e-14 4.33e-10
BIMBO 1.94e-22 2.71e-07 4.51e-12 0.000412
ASUR 4.le-11 1.56e-06 4.01e-21 4.33e-10
GRUMA 1.94e-22 2.71e-07 4.4e-33 2.84e-14
TLEVISA 3.3e-25 4.67e-09 3.3e-25 2.94e-11
KOF 1.94e-22 1.31e-12 3.57e-15 2.94e-11
OMA 1.97e-17 4.67e-09 4.21e-14 4.33e-10
GENTERA 0.159 0.186 0.671 0.186
ALPEK 3.53e-28 4.67e-09 3.53e-28 4.67e-09
FEMSA 7.5e-20 4.67e-09 1.27e-18 4.33e-10
GCARSO 1.84e-05 2.71e-07 3.74e-06 2.71e-07
Average MX 0.0056 0.0141 0.0192 0.00799

FIGURE 9. Values of P(n) for the Mexican market for = 30, N =30y ¢ = 0.1,0.5.
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