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The exotic particles such as the pentaquarks are believed to strengthen the understanding of important interactions and the principle of QCD
in which pentaquarks contain two heavy-valence quarks. The structure of two bodies including an antiquark and two-diquark is introduced.
A new potential for quark interaction is suggested which includes the logarithm and linear potentials, as well as the spin-spin interaction.
The suggested potential is included in the framework of spinless of the Bethe-Salpeter equation. A comparison with other works is presented
which provides a good description of pentaquarks.
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1. Introduction

Mesons and baryons (and so multiquark states) can be de-
scribed by QCD models, in a medium [1-8]. Diquark inter-
actions appear to play an important role in hadron physics,
according to QCD [9], the only requirement for these states
is to be color singlets. The quark model was suggested
by Murray Gell-Mann and George Zweig in their papers in
1964 since exotic hadrons such as pentaquarks were dis-
cussed [10]. While most ground-state mesons and baryons
are experimentally well defined, several recently observed
states are under debate because their quark content and/or
spin/parity are unknown; see [11-15] for a study on possible
exotic states. Previously, exotic particles like X(3872) and
Zc have been investigated by scientists [16]. The decay of
Zc into J/ψ (a bound state of charm-anticharm quarks) re-
vealed that this particle was made up of two quarks and two
antiquarks. The tetraquark as a bound state is supporting the
existence of five-quark states called pentaquarks [17,18].

The authors [19, 20] study the spectra of tetraquarks
and present the fully charmed tetraquark decay width. The
physics of pentaquarks has recently improved in this regard,
with the LHCb Collaboration reporting three heavy pen-
taquarks,Pc’s. An experimental observation of heavy pen-
taquarks containing charm or bottom quarks has also been
looked into [21].

The binding mechanism associated with exotic states is
still unclear. Various interpretations can be assigned accord-
ing to the following three types of models. (i) The meson-
baryon molecular model or their mixture. For this model, the
energy spectrum has been evaluated using a chiral effective
Lagrangian approach, the QCD sum rules, the color-screen
model, and the scattering amplitudes approach. (ii) Diquark
(triquark) interaction models, for which the diquark-diquark-
antiquark model and compact diquark-triquark model have

been used; see [22] and references therein. In addition, a
classification of all possible pentaquark states QQqqq̄ depend
on the corresponding quantum numbers and mass predictions
have been presented [23,24].

The LHCb collaboration reported [25] the observation
of a narrow pentaquark state,Pc(4312)+, a decay ofJ/ψ
with the statistical significance of7.3σ in a data sample of
Λ0

b → J/ψ + p+K− decays, one order of magnitude higher
than the previous collaboration study at the LHCb [26]. The
pentaquark structure ofPc(4450)+, previously presented by
LHCb, is also observed and reported [25,27] to consist of two
main small overlapping peaks,Pc(4440)+ andPc(4457)+,
where this two-peak representation has a statistical signifi-
cance of5.4σ. Until now, for the features of pentaquarks,
many various schemes have been suggested. For exam-
ple [28], two interpolating currents are used in a diquark-
diquark-antiquark description of pentaquarks to measure the
mass of theE−− state in the form of the QCD sum rules.
With the perturbative chiral quark model [29], the mass spec-
tra of Jp = 3/2 pentaquarks were examined. In Ref. [30],
the authors calculated pentaquark masses by a changed mass
formula adapted to the masses of baryons. In a constituent
quark model with a full description of qqqqq̄ pentaquark
states, some properties of qqqqq̄ pentaquark states, like their
masses and magnetic moments, were acquired [31]. Karliner
and Lipkin [32]. proposed a formula to estimate their masses
for pentaquark states. The diquark-triquark model was ap-
plied to clarify charmonium-pentaquark states [22]. The im-
portant characteristics are based on the antiquark-diquark-
diquark scheme, that correlates to the experimental evidence
obtained [33]. The QQqq̄q pentaquarks were studied in a po-
tential model, based on the hypothesis that they are compos-
ite particles containing two diquarks and one antiquark with a
Cornell potential asVCornell = (−a/r)+br+c [34]. The same
potential was used in Ref. [35] but the authors developed the
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pentaquark model using multiple hypotheses.
In this study, we determine the masses of pentaquarks in

the ground state, considering that a pentaquark is a bound
state of two diquarks and an antiquark. The physical theory
behind the description of the diquark is the union to com-
bine any two quarks into a colored quasi-bound state. This
approach makes it possible, firstly, to discuss the idea of us-
ing the diquark principle in this case. Secondly, to calculate
more brief details for the masses, expressions. We used the
Bethe-Salpeter equation with the potential energy of quark
interaction given by logarithm, lienar, and spindependent po-
tentials. To the best of our knowledge, the logarithm potential
has not been used to calculate the masses of pentaquarks. Our
numerical results for the ground masses for the various pen-
taquarks models with spin(1/2)−, (3/2)− and (5/2)− are
provided. Our observations can be correlated with the out-
comes of other studies, such as [34,35].

The paper is arranged as follows: in Sec. 2, the Bethe-
Salpeter equation is resolved in the present potential. In
Sec. 3, the numerical results and discussion are shown. In
Sec. 4, the conclusion is presented.

2. The Theoretical Model

To research two heavy pentaquarks, we assume them to be
the bound state of two heavy diquarks and antiquarks. As
a result, the Bethe-Salpeter equation in QCD can be used
to describe this two-body structure. The well-known Beth-
Salpeter equation is obtained by considering the natural units
(whereh̄ = c = 1) [35],

[(p2 + m2
1)

1/2 + (p2 + m2
2)

1/2

+ V (r)]ψnl(r) = Mψnl(r), (1)

wherem1 andm2 describe the masses of the two-body struc-
ture components,V (r) is the quark-antiquark potential,M is
the mass of the bound state andψ denotes the wave function.
A convenient solution to avoid interacting with the kinetic
energy operator’s non-local character in Eq. (1) is to extend
it, as in [36] for heavy interacting particles atp < µ,

(p2 + m2
1)

1/2 + (p2 + m2
2)

1/2 = m1 + m2

+
p2

2µ
− p2

8αµ3
+ . . . (2)

where the reduced massµ is

µ =
m1m2

m1 + m2

and
α =

m1m2

m1m2 − 3µ2
.

We only take terms up to order1/µ3 in the above equation;
this is a strong approximation for heavy interacting particles
and uses the operatorp2 = −∇2 andp4 = 4µ2[E − V (r)]2,

where the energy of the bound state isE = M −m1 −m2,
it with which it is possible to rewrite Eq. (1) in

{
− 1

2µ

[
d2

dr2
+

2
r

d

dr
− l(l − 1)

r2

]
+ V (r) + m1 + m2

− [M −m1 −m2 − V (r)]2

2αµ

}
ψnl(r) = Mψnl(r). (3)

The potential used in Eq. (3) for each two-body interac-
tion contains the logarithm and linear potentials with a spin-
spin interaction as

V (r) = Vlog(r) + Vspin(r), (4)

Vlog(r) = ar + b log
r

r0
, (5)

Vspin(r) = ηe−σ2r2
, η =

Aσ3S1.S2

2π3/2m1m2
(6)

The parameter here specifies the function of the smeared
delta for that we follow σ = 1.209 GeV [34] and
r0 = 7.959 GeV−1 [37]. In the one gluon exchange ap-
proximation, the parameterA is related to the strong constant
couplingαs.

S1 andS2 are the spins of the interacting particles in the
spin-spin interaction, where:S1 · S2 = (1/2)[S(S + 1) −
S1(S1 + 1)− S2(S2 + 1)], andS is the total spin.

Two contributions are usually included in the interaction
potential of two colored objects. One of them is based on the
qq̄ potential determined in the gauge/string duality technique
in QCD, and another concept defines the interaction between
spin-spin. Color interaction describes this potential that is
determined by a virtual model inspired by Cornell potential
presented in Ref. [34] and that it has been replaced the loga-
rithmic potential in present work as in Eq. (5). A comparison
between both potentials is shown in Fig. 1, where it is clear
that one has the same behavor for the two potentials.

By introducingψnl(r) = X(r)r−1 and using the poten-
tial in Eq. (4), then Eq. (3) can defined as;

−d2X

dr2
+

(
l[l − 1]

r2
− V 2(r)

α

+V (r)
[
2(M −m1 −m2)

α
+2µ

]
− [M−m1−m2]2

α

+ 2µ(−M + m1 + m2)}X(r) = 0 (7)

Taking into account thatr < 1 fm, we apply the simple ap-
proximation to analytically solve the above equation. Ap-
proximating e−σ2r2 ≈ 1 − σ2r2 + . . . and log[r/r0] ≈
−(3/2) + (2/r0)r − (1/2r2

0)r
2 + . . . leading to a potential

parametrized by

V (r) = a1 + a2r + a3r
2, (8)
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FIGURE 1. A comparison between the Cornell [35] and logarithm
potentials.

where

a1 =− 3b

2
+ η,

a2 =a +
2b

r0
,

a3 =− b

2r2
0

− ησ2, (9)

with which Eq. (7) becomes

d2X(r)
dr2

≈
(

ζ1r
4 + ζ2r

3

+ ζ3r
2 + ζ4r + ζ5 +

ζ6

r2

)
X(r), (10)

where

ζ1 =− a2
3

α
,

ζ2 =− 2a2a3

α
,

ζ3 =− a2
2 + 2a1a3

α
+ a3

(
2[M −m1 −m2]

α
+ 2µ

)
,

ζ4 =− 2a1a2

α
+ a2

(
2[M −m1 −m2]

α
+ 2µ

)
,

ζ5 =− a2
1

α
+ a1

(
2[M −m1 −m2]

α
+ 2µ

)
,

ζ6 =l(l − 1). (11)

Equation (10) cannot be solved analytically yet, so the fol-
lowing method suggested [38] is used in which we describe

Xnl(r) = Ω(r)eφ(r), (12)

where

φ(r) = t0 + t1r
2 + t2r

3 + t3 ln[r], (13)

´́
X(r) =

(
9t22r

4 + 12t1t2r
3 + 4t21r

2 + [6t2t3 + 6t2]r

+ [4t1t3 + 2t1] + [t23 − t3]
1
r2

)
X(r), (14)

FIGURE 2. The form of pentaquark QqQq̄q.

with

t1 = ±
√

ζ3

2
,

t2 = ±
√

ζ1

3
, (15)

t3 =
ζ4

2
√

ζ1

− 1, (16)

we then get

ζ5 = ±
√

ζ3{±ζ4√
ζ1
− 1}. (17)

We solve Eqs. (15)-(17) with Eq. (11), where we have
used the masses of quark asmu = md = 0.302 GeV,
mc = 1.733 GeV, ms = 0.454 GeV, mb = 5.139 GeV,
Ac = 7.920 andAb = 3.087 [35]. We calculate the diquark
masses as shown in Table I, the following notation is assumed
to be: [Qq]diquark has spin0, and{Qq} for spin1.

3. Numerical results and discussion

It’s worth noting that the one-gluon-exchange approximation
and the use of an instantaneous potential can only be ex-
tended to heavy states in which at least one of the two inter-
acting particles is heavy, containing a charm or bottom quark.
As a result, we calculate the masses of pentaquarks with at
least one heavy quark. Furthermore, we only consider states
with orbital angular momentum at each statel = 0.

TABLE I. The diquark masses (in GeV).

Diquark M (this work) M [34] M [35]

[bu]s=0 5.24 5.513 5.29

{bu}s=1 5.55 5.53 5.438

[bs]s=0 5.56 5.62 5.411

{bs}s=1 5.59 5.63 5.572

[cu]s=0 2.16 2.118 1.904

{cu}s=1 2.45 2.168 2.322

[cs]s=0 2.56 2.23 1.966

{cs}s=1 2.6 2.37 2.442
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TABLE II. The masses of pentaquarks atJp = (1/2)− in GeV.

Pentaqurk M (this work) M [34] M [35]

[bu]s=1[bu]s=0ū 11.12 11.19 11.17

[bs]s=1[bu]s=0ū 11.15 11.28 11.16

[bs]s=0[bu]s=1ū 11.44 11.28 11.29

[cu]s=0[cu]s=1ū 4.21 4.64 4.33

[cs]s=1[cu]s=0ū 4.38 4.73 4.4

[cs]s=0[cu]s=1ū 4.67 4.73 4.64

[bu]s=0[cu]s=1ū 7.9 7.94 7.67

[bu]s=1[cu]s=0ū 7.91 7.94 7.60

[bu]s=0[cs]s=1ū 8.06 8.04 7.80

[bu]s=1[cs]s=0ū 8.33 8.04 7.76

TABLE III. The masses of pentaquarks atJp = (3/2)− in GeV.

Pentaqurk M (this work) M [34] M [35]

[bu]s=1[bu]s=1ū 11.24 11.18 11.47

[bs]s=1[bu]s=1ū 11.28 11.27 11.60

[bu]s=0[bu]s=1ū 11.47 11.21 11.32

[bs]s=1[bu]s=0ū 11.49 11.30 11.45

[bs]s=0[bu]s=1ū 11.78 11.30 11.44

[cs]s=1 [cu]s=1ū 5.35 4.72 4.81

[cu]s=1[cu]s=1ū 5.45 4.62 4.76

[cu]s=0[cu]s=1ū 5.58 4.72 4.87

[cs]s=1 [cu]s=0ū 5.72 4.82 4.98

[cs]s=0 [cu]s=1ū 5.95 4.82 4.87

[bu]s=0[cu]s=1ū 8.29 7.97 8.23

[bu]s=1[cu]s=0ū 8.299 7.97 7.76

[bu]s=1[cu]s=1ū 8.45 7.97 8.37

[bu]s=0[cs]s=1ū 8.46 8.06 8.34

[bu]s=1[cs]s=0ū 8.56 8.06 7.92

[bu]s=1[cs]s=1ū 8.63 8.03 8.49

TABLE IV. The masses of pentaquarks atJp = (5/2)− in GeV.

Pentaqurk M (this work) M [34] M [35]

[bu]s=1[bu]s=1ū 11.18 11.22 11.69

[bs]s=1[bu]s=1ū 11.21 11.31 11.74

[cs]s=1 [cu]s=1ū 4.77 4.85 4.98

[cu]s=1[cu]s=1ū 4.85 4.75 4.87

[bu]s=1[cu]s=1ū 8.73 7.98 8.1

[bu]s=1[cs]s=1ū 8.94 8.07 8.64

The masses of pentaquarks in the ground state are cal-
culated using the hypothesis that a pentaquark is a bound
state of two diquarks and an antiquark. The union of any
two quarks to form a colored quasi-bound state is the phys-
ical theory behind the diquark’s explanation. This method

allows us to first explore the concept of applying the diquark
theory in this situation. Second, to obtain more concise in-
formation for the masses expressions. By including the loga-
rithm, linear and the spin-dependent potentials, we solve the
Bethe-Salpeter equation of quark interaction. Using the re-
lationship between logarithmic potential and the Cornell po-
tential [35]VCornell = (−a/r)+ br + c, we geta = 0.14 GeV
andb = 0.342 GeV2 as the parameters of present potential.
We present our numerical results for ground state masses for
the pentaquarks model stated in Fig. 2 and with spin(1/2)−,
(3/2)− and(5/2)−.

The masses of pentaquarks with two heavy diquarks are
determined, with each diquark having one light quark and one
heavy quark, as shown in Fig. 2. We measure heavy diquark

TABLE V. The masses of pentaquarks atJp = (1/2)− considering
q̄ = c̄ or b̄ in GeV.

Pentaquark M Pentaquark M

(this work) (this work)

[cu]s=1[cu]s=0c̄ 7.17 [cu]s=1[cu]s=0b̄ 10.65

[cu]s=0[cs]s=1c̄ 7.31 [cu]s=0[cs]s=1b̄ 10.803

[cu]s=1[cs]s=0c̄ 7.56 [cu]s=1[cs]s=0b̄ 11.06

[cs]s=1[cs]s=0c̄ 7.72 [cs]s=1[cs]s=0b̄ 11.21

[cu]s=1[bu]s=0c̄ 10.21 [cu]s=1[bu]s=0b̄ 13.72

[cu]s=0[bu]s=1c̄ 10.22 [cu]s=0[bu]s=1b̄ 13.73

[cs]s=0[bs]s=1c̄ 10.64 [cs]s=0[bs]s=1b̄ 14.15

[cs]s=1[bs]s=0c̄ 10.65 [cs]s=1[bs]s=0b̄ 14.16

[bu]s=1[bu]s=0c̄ 13.33 [bu]s=1[bu]s=0b̄ 16.86

[bs]s=1[bs]s=0c̄ 13.67 [bs]s=1[bs]s=0b̄ 17.2

TABLE VI. The masses of pentaquarks atJp = (3/2)− consider-
ing q̄ = c̄ or b̄ in GeV.

Pentaqurk M Pentaquark M

(this work) (this work)

[cu]s=1[cu]s=0c̄ 7.12 [cu]s=1[cu]s=0b̄ 10.61

[cu]s=0[cs]s=1c̄ 7.27 [cu]s=0[cs]s=1b̄ 10.76

[cu]s=1[cs]s=1c̄ 7.49 [cu]s=1[cs]s=1b̄ 10.99

[cu]s=1[cs]s=0c̄ 7.52 [cu]s=1[cs]s=0b̄ 11.02

[cu]s=1[cu]s=1c̄ 7.597 [cu]s=1[cu]s=1b̄ 11.09

[cs]s=1[cs]s=1c̄ 7.66 [cs]s=1[cs]s=1b̄ 11.15

[cu]s=1[cs]s=0c̄ 7.67 [cu]s=1[cs]s=0b̄ 11.18

[cu]s=1[bu]s=0c̄ 10.202 [cu]s=1[bu]s=0b̄ 13.71

[cu]s=0[bu]s=1c̄ 10.206 [cu]s=0[bu]s=1b̄ 13.72

[cu]s=1[bu]s=1c̄ 10.49 [cu]s=1[bu]s=1b̄ 14.01

[cs]s=1[bs]s=1c̄ 10.59 [cs]s=1[bs]s=1b̄ 14.11

[cs]s=0[bs]s=1c̄ 10.63 [cs]s=0[bs]s=1b̄ 14.14

[cs]s=1[bs]s=0c̄ 10.64 [cs]s=1[bs]s=0b̄ 14.15

[bu]s=1[bu]s=0c̄ 13.34 [bu]s=1[bu]s=0b̄ 16.86

[bu]s=1[bu]s=1c̄ 13.34 [bu]s=1[bu]s=1b̄ 16.86

[bs]s=1[bs]s=1c̄ 13.66 [bs]s=1[bs]s=1b̄ 17.18

[bs]s=1[bs]s=0c̄ 13.68 [bs]s=1[bs]s=0b̄ 17.2
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TABLE VII. The masses of pentaquarks atJp = (5/2)− consider-
ing q̄ = c̄ or b̄ in GeV.

Pentaqurk M Pentaquark M

(this work) (this work)

[bs]s=1[bs]s=1c̄ 13.33 [bs]s=1[bs]s=1b̄ 16.85

[bu]s=1[bu]s=1c̄ 13.65 [bu]s=1[bu]s=1b̄ 17.17

[bs]s=1[cs]s=1c̄ 10.57 [bs]s=1[cs]s=1b̄ 14.08

[bu]s=1[cu]s=1c̄ 10.47 [bu]s=1[cu]s=1b̄ 13.98

[cu]s=1[cu]s=1c̄ 7.51 [cu]s=1[cu]s=1b̄ 11.02

[cs]s=1[cs]s=1c̄ 7.57 [cs]s=1[cs]s=1b̄ 11.08

masses using the Bethe-Salpeter Eq. (3) for a diquark-diquark
system with the considering potential, and then the mass of
heavy pentaquarks at((1/2)−, (3/2)−, and (5/2)−) spin
resulting from the four-quark state-to-one antiquark interac-
tion. Wherem1 andm2 are the masses of two diquarks and
antiquark, andM is the pentaquark mass. The masses of
pentaquarks are shown in Tables II, III, and IV, withl = 0
set and our results compared to Refs. [34,35]; notice that all
states have negative parity. Other pentaquark masses with the
same model but different antiquarks (charm quark or bottom

quark) are mentioned in Tables V, VI, and VII.
Table II shows the pentaquark masses with the spin

(1/2)− and negative parity, based on the results of Table I.
The same results are reported in Table III, but for pentaquarks
with the spin(3/2)−. Table IV also contains the results for
the spin(5/2)− pentaquarks. Pentaquarks with spin(1/2)−

have masses ranging from 4.21 to 11.44 GeV, while those
with spin(3/2)− and(5/2)− have masses ranging from 5.35
to 11.78 and 4.77 to 11.21 GeV, respectively.

4. Conclusion

We used the Bethe-Salpeter equation to describe pentaquark
which contains two heavy-valence quarks within the present
potential, which includes logarithm and linear potentials with
a spin-spin interaction. As shown in Fig. 2, the method in-
volves computing diquark masses from interactions between
single quarks, followed by the four-quark state mass formed
by two diquarks, and finally the pentaquark mass resulting
from the four-quark state mass with an antiquark. Our pen-
taquark masses are mentioned in Tables II, III, IV, V, VI, and
VII with spin ((1/2)−, (3/2)− and(5/2)−). In comparison
to other recent works, the present potential produces compat-
ible results with other potential models.
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