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A quantum scheme is presented in which a three-level trapped ion interacts with two laser beams in the absence and presence of a classic
field. We analyze the impact of the classical field and the Lamb-Dicke parameter (LDP) on the dynamical behavior of an entanglement
quantifier, population probabilities and the geometric phase (GP). From the set of LDP values and the classical field, we obtain the time
dependence of the GP and population probabilities. The results show that both the time-dependent field and the LDP play an important role
in developing the entanglement, fidelity and population probabilities. Robust entangled qudit states are obtained by two elaborated measure
which are concurrence and fidelity.
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1. Introduction ical models of such ion-phonon systems contain exponential
nonlinearities in the motional degrees of freedom. However,
Studies on entangled states have increased over the past yeilese properties of entanglement result from the assumed
owing to further development of quantum mechanics [1-5]linearity in the Lamb-Dicke limit (LDL). Beyond the LDL,
Although Einstein and Schdinger discovered entanglement the coupling between the internal and the external degrees
in 1935 [6, 7], some of its properties remain as a mysteryof freedom becomes nonlinear. Studying the persistence of
Schidinger proposed his famous thought experiment wherguch effects beyond the LDL requires going beyond the linear
a cat is in a superposition the two distinct states "alive” andassumption. A further rotating-wave approximation (RWA)
“dead”. The life of the cat is uncertain until a measurementyields the two-level quantum optical Hamiltonian governing
determines its destiny. Entanglement is the special state ¢honon dynamics.
two Schipdinger cats in quantum superposition. In the same  The GP has drawn considerable attention as a worthwhile
year, Niels Bohr published an article [8] with the same title asmeans of attaining different phenomena in the processing of
the Einstein-Podolsky-Rosen article. Entanglement is a propfault-tolerance in quantum information. In this sense, many
erty of correlations between two or more quantum systemsscientists investigated some applications of this phenomenon
These correlations defy classical description and are asst2—14]. First, we can review the outcomes as a modula-
ciated with intrinsically quantum phenomena. Researcherion during the stage introduced by Berry [15]. It is shown
have made considerable contributions to quantum communthat the Berry’s phase might be modified by weakly dissipa-
cation that have produced several approaches to allocating kive "Liouville equation for the density matrix” through pre-
partite entanglement [4-9]. Entanglement of quitrit states [9kenting imaginary correction [16] or damping the density ma-
is attested by a quantum structure for the lower order terms afix elements [17]. Recently, the influence of time-dependent
the density matrix. It is characterized by quantum dynamicgoupling on the evolution of GP via the atomic speed and
of a three-level trapped ion using the quantum entropy of thacceleration has been examined [18]. It is shown that the
system with a time-dependent Rabi frequency [10]. This endynamic behavior of the GP and the entanglement of a three-
tanglement is addressed with quantum correlations in negdevel atom with two fields in presence of the RWA include
tivity (V) and concurrence() [9,10] concerning the reduced a richer structure than the absence of the RWA [19]. Abdel-
and the total density matrices. Quantum discord is an optimakhalek et al. [20] studied the impact of the cavity damping on
source for the difference between total correlation and classihe features of the GP and the entanglement of the three-level
cal correlation in a bipartite system [7,11] . atom and field.

In nonclassical state generation in trapped ions, an exter- Trapped ions represent the most interesting applications
nal classical driving field is used to manipulate the couplingof quantum bits (qubits) in processing quantum information
of internal electronic levels of the ion with its phonons. Phys-because of long coherence times [21]. lons restricted to a lin-



2 RASIM DERMEZ, S. ABDEL-KHALEK, AND E. M. KHALIL

ear radio-frequency (Paul) trap are cooled with a spatial arrayatomic levels of ion are giverje) = |1) trapped ion excited
The Hilbert space of the composite quantum system takes tHevel, |) = |2) raman level, andy) = |3) ground level are
form taken ad /v/2. Thus, a beam may lead a transition only. The
C¢ = C%on @ C% (1) A configuration can be equal to a cascatscheme for two
laser beams.

wheredion, = 3 anddpnonon = 4 are the dimensions of the The A sch | t h i del
three-level ion and photons, respectively. It is shown that e} SENems, Namety a guantum sehems, in ur mode

the quantum dynamics with' [22], N [23], and quantum System s characterized by the total Hami_ltqnfart Hi.onJr
entropy [10] for a trapped three-level ion that interacts WithH1 T Hy + I_{C' The trapped ion Han”!lltomaHion and inter-
two photons in time-dependent Hamiltonians.andC' are action Hamiltoniansi; and 1, are given asi{ = 1)

two measure of entanglement, which is a valuable represen- >

tation in quantum information, especially in the ionic sys- 7, Do 225 + wele)(e] + wpr) (7] + wylg) (g
tem. Entangled base and product base can be presented as 2m 2

a generalization of Schmidt coefficients. [24] show that the i — Q i(kyd—wt)

vibronic motion of a trapped ion far from the Lamb-Dicke 1= 75° (le) gl = lg)el)

regime (LDR) can be defined. It is shown that the full infor- i . .

mation on the quantum state of the vibrational center-of-mass H2 = 761(%2““”0@ (rl —|r){el)

(c.m.) motion of a trapped ion can be transferred to its elec- | N .

tronic dynamics by long-living electronic transition by laser He = &(Srg + Sgr), (2)
light [25].

A configuration for generating even and odd coherenwhere mass of trapped ionsis, the harmonic trap frequency
states of the motion of a trapped ion is proposed with respeds v in Hi,,. The c.m. motion of the trapped ion can
to laser excitation of two vibronic transitions [26]. Qubits be described using the standard harmonic oscillator quan-
are robust against noisg |0) + a»|1) (such as right panel tization of Hi,,. This quantization includes the momen-
of Eq. (6) can be generated with arbitrary amplitudes [27]tum and position operatoys, = i\/(mv/2)(a’ — a) and
An approximate equivalence between a generalized quantum= +/(1/2mv)(a + a'). a anda’ are the annihilation and
Rabi model and its nth order counterparts is shown [28]. Thereation operators of the phonons. The trapped ion Hamilto-
general character of nonlinear coherent states has been idetian is similar to the quantum Rabi interaction Hamiltonian
dified [29]. These experiments were performed beyond thdias similarities taH;,, [36]. The wave numbers; andk;
LDR with an assumed value ef, including n ~ 0.2 [30].  characterize the two laser beams.

Quantum entanglement of the Fock states is investigated by a The matrixS3,., is the r-g interaction of the classical field
quadratic Hamiltonian [31]. A qubit can be cereated in the in{37], andggr the vice versa interaction. The last teffa rep-
teraction of the displaced Fock states of the electromagnetiesents the classical field, which has coefficienEquation
field with a two-level atom in RWA [32]. (2) includes the raman level energy, the ground level en-

The outline of this paper is as follows. Section 2 presentergyw, and the excited level energy.. The frequencies of
the theoretical model and its solution under a classical fieldthe two laser beams are supposed to be equalw; = w»

The evolution of a qubit pure state from an initially unen- and the Rabi frequencies of the dipole interactions between

tangled state is described in Sec. 3. Section 4 investigates thige lasers and the trapped ion are giverfhyThus, equality

temporal behavior of the GP and the population probabilitiesef Rabi frequencies such & = Q, = €, is given by the

Section 5 quantifies the entanglement according to the connteraction Hamiltonians, iif; and H.,.

currence and the fidelity of the proposed system. Our main  hg rejation between the Rabi and the harmonic trap fre-

findings are summarized in Sec. 6. quencies is in the form af2/2 = v in ion-phonon system.
The transition Rabi frequenciék._, and()._, are assumed

2. Theoretical model and its solution under to beequal and represented by
the classical field

le) 10 0 1)
A trapped three-level ion interacting with two laser beams in Ir) ] =10 cosp sing 2)
A configuration is proposed. In this quantum system, the di- l9) 0 —sinf cosf 3)

mension of Hilbert space is 12. The quantum dynamics of the

trapped ion-phonon system has been previously investigateslith tan(23) = arctan(2e/w, — w,). Here, is the classi-
[8-10, 33]. Additionally, the status of an ion-phonon sys-cal field effect. 7 = Ut HU is transformed Hamiltonian. By
tem is also valid for superposition of macroscopic quanturmmeans of this Hamiltonian, the mathematical hierarchy from
states with coupling of two laser beams [34]. Trapped ion€q. (2) to Eq. (4) is briefly: The total Hamiltonian, Eq. (2)
are considered one of the best candidates to perform quaoensidered in the study is the energy of the ion-phonon sys-
tum information. Many of the lon-laser interactions covertem. In Schodinger Picture and unitary transform, using the
the complete solutions [35]. The probability amplitudes ofPlanck constant equal to onk,= 1, this Hamiltonian, Eq.
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(4) has been obtained by the transmission process. Transfarhere K (t) represents the eminent propagator for the cas-

mation matrixU is written as [34], cade Hamiltonian [34], and ™0 is the rotating frame trans-
0 NG V32 formation representing the interaction. This shows the orig-
1 inal state of our system, where the lower-order subsystem is
U=5| —-Vv2D[n Dl  -Dln

in a coherent state. Under such settings, we obtain a robust
V2D[=n] D[=n] —D[-1] entangled state in Figs. 1-4.
Glauber displacement operators are givenlagtn) =

erin(et+a’) \When we use the above transformation and ap-

ply the RWA, the system of the transformed Hamiltonian is3' Evolution of a qubit pure state from an ini-

found to befl = Hy + V, where tially unentangled state

Ho =vata+ we|1) (1] 4+ Q,]2)(2] + Q4(3) (3| In the initial state of the ion-phonons system, the phonon
I subsystem is in a coherent state and the trapped ion is in
V= %ez(klm*“’”(|1><2| —12)(1]) the superposition state of its ground and raman levels that

| is [1(0)) = (1/v2) (l9) = 1) & 72, Fu |n). The gen-

+ Z%Qei(kziwt)(uﬂm —13)(1)) eralized coherent state I§, (o) = e~ 1ol"/2(a™ /v/nl) in this

equation.n = 0andn = 1, F, = 1 andF; = « are
here the amplitudes of the Fock number states of two phonons.

The amplitude of the ground statelig\/2, the raman state

_ 2 2 3 _ A
2 = wy cos™ f+wp sin” § — Fsin(2) is —1/4/2 and the excited state is zero. We suppose a mi-

Q, = w, cos® B+ w, sin? B+ Bsin(23) nor vibration of an ion in a harmonic trap and coherent state
) |a) is described withn < 1. We have takern = 1 and

p = (cos f — sin ) o = 0.05 for two coherent states in Eq.(6). The two phonons

fi2 = Q(sin 3 + cos B). normalization condition igal|? + ||a[|?=|1|* + |0.05|? ~ 1.

The first order inx is the case of approximately normalized
Two studies on ion-laser interaction help us understand phgshonons. The normalization condition for two amplitudes of
ton dynamics [35, 38]. The Hamiltonian of our model systemthe trapped ion is exactlyt //2]? + [~1/v/2]?> = 1. There-

IS fore, the state of the trapped ion-phonon system is
Q oot
N 22 pin(a’+a)
H =vala=o1){1[+ e 13| [0(0)) = (1/v2)(13) — [2)) @ (al0) + al1). ()
+ Qe‘i"(“'r+“)\1><2| + h.c. (3)  Inoptimal conditions, only a small mean photon number is
2 o . required for producing entanglement.
The transformation is performed with the matd% = This composite state is transformed into an initial case of

exp (—iwt|e)(e|) [34]. We consider two lasers, of wave- the cascadé)(0)) = Uty(0)) = 3=, Ag.,lo,n), where
length A that are somewhat red detuned from the upper leve, — 1 2 3 represents atomic levels, and= 0, 1,2, 3 rep-

e > by the same amourit = —V772_’ wherer is the LD pa-  resents vibrational numbers. First-order corrections yield
rameter. The lasers are characterized)by k/+/2muv, with S Ay n(t)|o,n), the coefficients of the system’s proba-
k = 2m/X. In the weak excitation regime with = 2v, the  pjlity amplitudes are

leadA scheme is equivalent to a cascadeased on a unitary

restmaton ] e s chrarid by We B0 )73+ 5 i 7 et
o e 0 e the farm e raNSTOTMEA HAME 1) e cos (v/3731) explit/]
i1 = vata -+ v +v(2) (2] - [3)(3)) Asa(t) = =L sin (v/5720) expl -2t
—ip (a¥|1)(2] = a®[3)(1] + h.c.), 4

[0 .
- Boo(t) = —=sin (1/3/2t) exp[—it/n)
where,;, = vn/+/2. Both phonon transitions are resonant V3
and have the same strength. This Hamiltonian is attained with in [3

: + %cos( \/%t)} exp[—2it/n)

an RWA that is valid fom < 1/«, wherex is the amplitude Bai(t) = 2
of coherent displacements of the phonons [34]. Small coher- .
ent displacementsy(< 1) are studied, so that the rangenof . () — [Sin 17986) — L cos (/172 ] expl—it

is from 0.01 ta0.1. From the unitary transformation [34], the a(?) (Vi/26) V2 (V1/20) | expl=itr]
time evolution of an original statg(0) is defined

Csa(t) = a\/g sin (\/3/72t) exp[—it/n)

(1)) = UiUe o K (1)U [1(0)). (5)
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we limit the Hilbert space so that the quantum state can be
V3 easily examined through Eq. (8). This equation eliminates
Cs3(t) = ———1in(1 — cos (1/5/2t)) exp[—2it /], the difficulties encountered in quantum measurements. The
5 noteworthy coefficients becomes;
wheret is dimensionless time scaled withy (harmonic trap
frequency-the LDP). In Figs. 1-4, a scaled time of 5 is equal (1) = Ry [A2(t) + Asi(t)], (i =0,1,2,3),
to 500 microseconds for LDP=0.01. The calculation is as V2

follows: If n = 0,01 andv = 1 x 10° Hz, thenvny = 10, 1 1 in
(5/vn) = 500 x 1075 = 500 microseconds. With the back wo(t) = _ﬁAlo(t) + §A20(t) - §A31(t)’
unitary transformatio®/ from the= scheme to th& scheme, ) 1 1 1
the wave function in the original spa¢e r, g) takes the form ¢, (¢) = _ﬂAm(t) - 7,411(75) + §A21(t) - §A31(t),
2 2
3
. 1 in 1
[9(t))= Z (un(t) le,n) 4 [v5 (t) cos B—wy (t) sin B] |r, n) vo(t) = ——=A12(t) — —=Az1(t) — = As2(t),
n=0 \/5 \/i 2
+ [oa(t) sin B+ wy (£) cos 5] |g,m) ). ) () = %Aggu) — wy(t),

According to Eqg. (3) and Eq. (4), the state vector of the sys- 1

tem is precise in the infinite-dimensional Hilbert space. Thewo(t) = \ﬁ
situation of the system [34] is much more complicated than .
our system in the limited Hilbert space. The measurement Ofwl(t) = fﬂAlo(t) + %An(t) + %A21(t) _ %A31(t),

1 7
Ao(t) + §A20(t) + EnA?)l(t),

entanglement is very hard to comprehend owing to the com- V2 V2
plex construction of the system and the infinite-dimensional 1 in 1
Hilbert space. The exact system is unclear in this case. Thué{’Q(t) - ﬁAu(t) + ﬁA?ﬂ(t) - §A32(t)’ (®)
1 o1 1
Pop—
0.8 P33 =g
(2]
c (2]
RS <
= 06 S 06
= W
S 04 8 o4
o : s o
0.2 0.2
0 0
0 10 20 30 0 10 20 30
a) scaled time b) scaled time
1 1
w 08
5 2
=06 2
i @®
g 2
(e}
o 0.4 n?
0.2
0
0 10 20 30
©) scaled time d) scaled time

FIGURE 1. Population probabilitieg11 (blue curve),ps2(red curve), angbss (black curve) versus scaled time far= 0.05 with the two
LDPsn =0.01 (a,c) andy = 0.1 (b,d) using the Planck constant equal to anes= 1. The classical field is ignored.¢. 5 = 0) in
(a,c) and considered fg8 = 0.49 in (b, d). The variable is dimensionless time scaled with). The other coupling parameters are
Weg = 5 x 10 Hz andv = 1 MHz.
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wherew = we, — n?v andw,, = w13 = 5 x 10" Hz isthe  the same behavior as in the previous case with an increas-
resonance frequency of tlge— e transition. ing maximum value under the classical field, as evident in
Figs. 1c) and 1d). Herg; is the first diagonal ternie)(e|

4. Theoretical framework of population prob- for the reduced density operator in Eq. (13). Similarly, other
' o two terms arepas = |r)(r| andpss = |g)(g|. For the non-
abilities and the GP : : : . ,
cyclic evolution, the Tl-laser field may be defined by a final
The atomic population is very important in studying the en-wave function that is diverse and not obtained from the ini-
tanglement between the parts of the system. In this sectioﬁi,al wave func_tion. This function proliferates with a complex
we study the effects of both the classical field and the LDPactor according to
on the atomic population. _ .
First, we neglect the classical fielg (= 0) and take (W (O)l(t)) = rexp(id), ©)

the smallest value of the LDRy (= 0.01). Itis clear that \here . indicates a real scalar. GP is the phase achieved

p11(t) oscillates periodical_ly be_tweeﬁnand()b, while both  J\( the evolution of a state frofm(0)) to |v(t)) according
p22(t) andpss(t) fluctuate identically betweem25 and0.5 [39,40]

as shown in Fig. 1a). The maximum values of the function _
pa2(t) increases strongly and reactie®3, but the amplitude g = arg{ (WO (1)} (10)

of the oscillations decreases with respecpig(t) after the The classical field is initially excluded, and the LDP is at
classical field is added3(= 0.49). The quantityp; () is its smallestvaluer{= 0.01). The GP oscillates harmonically
not affected as expected (the classical field rotates betwedretween—m andnw with a period of3x, as shown in Fig. 2a).
p22(t) and ps3(t)), as shown in Fig. 1(b). The fluctuations These oscillations have rectangular form in the middle of the
increase with the parameter The atomic population has period, precisely at3w/2). The rectangular oscillations in

4 4
2 2 ]
P v
G : GP 0
-2 -2 o~
-4 -4
0 10 20 30 40 0 10 20 30 40
a) scaled time b) scaled time
4 4
2 v o
GP GP
0 o [~
‘MVV'
-2 -2
-4 -4
0 10 20 30 40 0 10 20 30 40
c) scaled time d) scaled time

FIGURE 2. GP versus scaled time far = 0.05 with the two LDPsp = 0.01 (a,c) andy =0.1 (b,d) using the Planck constant equal to one,

h = 1. The classical field is ignored (i.8. = 0) in (a,c) and considered fgt = 0.49 in (b,d). The other coupling parameters are the same
as Fig. 1.
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N N\ ~ \ k) Y A ‘
08 / \‘ ,' \ A / ‘\ ,' \‘ A !
\ I\ I ‘\ I\ I I |\ I
o6 o | P ! y o J
&) ) ‘ u !
0.4F
02fF
o " " ) i i
a) 0 5 10 15 20 25 30
‘ scaled time

) n r “
08 ' i\ )
J N co\ ;\
&(p) 08
0.4 \ 1 O
0.2
5 . )
10 15 20
b) scaled time

FIGURE 3. Fidelity £(p) versus scaled time fax = 0.05. The classical field is ignored.¢. 3 = 0) along the (blue curve) and considered
for 8 = 0.49 along the (dashed red curve). The two LDP valueg at€).01 a) andy = 0.1 b). The other coupling parameters are the same
as Fig. 1.

the previous case are shifted to the end of the period, pre- The total density operat@f,,_phonon IS represented by a
cisely at(3w), after adding the classical field is added in to 12 x 12 D matrix in the base of, p). When the trace is taken
the interaction cavitf8 = 0.49). The negative values of over the phonon system, tl3ex 3 reduced density operator
the GP function are reduced, as seen in Fig. 2b). Considers
ing the large value of the LDP)(= 0.1) and the exclusion
of the classical field, the GP has more oscillations and the  pion = Trphonor{ Pion—phonon)
fluctuations are still vertical betweenr andx, as shown in Trie(e| Trle)r] Trle)lg]
Fig. 2c). The oscillations are reduced after the classical field
is taken into account, as shown in Fig. 2d). = | Tririel Trir){r| Tririgl |, (12)

’ Trlg)(el Trlg)rl Trlg)(g|

5. Entanglement measures and fidelity where the diagonal termi)(e|, |r)(r|, and|g){g| are a3 x 3
matrix. Taking the trace over the phonon system reduces

In the quantum information scheme, fidelity is used to evalufrom the 12 x 12 matrix to a3 x 3 matrix. The total den-

ate the transformation between the changing and fixed statesity operator of the system takes the form

In this part, we study fidelity defined as [41,42]

&) = VEORORO) =[O e @) Pron-—pronen = ([PE}} L))

where|y(t)) is given by Eq.[{). where|y(t))(¢(t)| denotes d2 x 12 matrix in the Hilbert
For the minimum LDP valuer(= 0.01), the fidelity fluc-  12-space. We get the following analytic solution of the total

tuates smoothly betweeghand 1 everyn without the clas-  density operator

sical field. This indicates weak entanglement between the

two phonons and the trapped ion. The functig) de- Pion—phonon= U (£)[0'(0) ® pP(0)]U (t). (14)

creases after the classical field is added to the interaction cav-

ity, as shown in Fig. 3a). Previous oscillations are decrease@n arbitrary bipartite pure state is written as [43-45]

slightly after the LDP is increased) (= 0.01 — 0.1), so

the parameter is influenced by the entanglement of the sys- C(t) = \/Q(Tr(pi_p) —Tr(p2,))- (15)

tem parts. Comparing the previous results, we notice that the

classic field reduces the entanglement in ion-phonon systerwhere pio, = T'7phonor Pion—phonon) 1S the reduced density

as shown in Fig. 3b). operator. We are currently discussing concurrence through

(13)
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0.8 1

0.8
0.6
C 0.6
®) 44 Clp) L # N\ #
0.4
0.2
0.2
0 " 0
a) 0 10 20 30 b) 0 10 20 30
scaled time scaled time
! 1
o8 0.8
0.6
C 0.6
C(p) (P)
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0.2 0.2
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0 10 20 30 0 10 20 30
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FIGURE 4. Concurrence versus scaled time for= 0.05, with LDPs#n = 0.01 (a,c) andy = 0.1 (b,d). The classical field is ignoredd.
£ = 0)in (a,b) and considered fgt = 0.49 in (c,d). The other coupling parameters are the same as Fig. 1.

the same aforementioned conditions. For the smallest valuggeneral solution for the present system was obtained with
of the LDP ¢ = 0.01) without the classical field, the concur- a wave function. Using this wave function in 12-D space,
renceC(t) oscillates regularly between 0 and 1 and reachesve obtained an analytic solution of the total density opera-
the minimum values periodically, as shown in Fig. 4a). Thetor, pion—phonon = U (t)[p'(0) ® pP(0)]U(t). The resulting
oscillations of the functio’(¢) increase and decrease to the population and GP were considered in the presence and ab-
smallest values after the increasejin sence of a classical field. It turns out that the classical field
In addition, the maximum values are raised to the top bystrongly affects the population and the geometric phase. We
increasingn as shown in Fig. 4c). For the small values of used four different variations of these two factors, the LDP
then, the high values of the functiofi(¢) rise sharply. Fur- and the classical field. We observed that the physical and
thermore, some lower values decrease after the addition @fynamical properties of the quantum quantifiers can be con-
the classical field to the interaction cavity as see in Fig. 4c)trolled by appropriately selecting the classical field and the
While the maximum values that is the peaks decrease, thieDP. In population inversion, the amplitude of the oscilla-
minimum increases after the parameteincreases. There- tions decreases in the presence of the classical field. The
fore, entanglement is greatly influenced by the parameter oscillations improve as the LDP increases. In the GP, the
of the classical field as shown in Fig. 4d). negative portions decrease after the classical field is included
Consequently, the optimum values in our figures agreén the interaction cavity.
with the results of other studies, that deal with elaborated
guantum measurements such as fidelity &andi7, 46-51].
This is because, in an ion-phonon system, the amount and

duration of entanglement are developed in comparison with When t.he g:lasslcal field comes frdmoo.49, f@ehty and
other studies. C values rise in Figs. 3-4. We can say that fidelity @&hdre

two measures elaborated for entangled qudit states. The phe-

nomenon of sudden death and sudden birth decreases with in-
6. Conclusion creasing LDP and the classical field. The entanglement fluc-

tuates regularly with increasing LDP and reaches a state of
We considered the interaction between a three-level trappeskparation periodically. This insight may have useful appli-
ion with two laser beams in A (lambda) configuration. The cations in quantum optics and information processing.
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