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A quantum scheme is presented in which a three-level trapped ion interacts with two laser beams in the absence and presence of a classical
field. We analyze the impact of the classical field and the Lamb-Dicke parameter (LDP) on the dynamical behavior of an entanglement
quantifier, population probabilities and the geometric phase (GP). From the set of LDP values and the classical field, we obtain the time
dependence of the GP and population probabilities. The results show that both the time-dependent field and the LDP play an important role
in developing the entanglement, fidelity and population probabilities. Robust entangled qudit states are obtained by two elaborated measures
which are concurrence and fidelity.
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1. Introduction

Studies on entangled states have increased over the past years
owing to further development of quantum mechanics [1–5].
Although Einstein and Schrödinger discovered entanglement
in 1935 [6, 7], some of its properties remain as a mystery.
Schr̈odinger proposed his famous thought experiment where
a cat is in a superposition the two distinct states ”alive” and
“dead”. The life of the cat is uncertain until a measurement
determines its destiny. Entanglement is the special state of
two Schr̈odinger cats in quantum superposition. In the same
year, Niels Bohr published an article [8] with the same title as
the Einstein-Podolsky-Rosen article. Entanglement is a prop-
erty of correlations between two or more quantum systems.
These correlations defy classical description and are asso-
ciated with intrinsically quantum phenomena. Researchers
have made considerable contributions to quantum communi-
cation that have produced several approaches to allocating bi-
partite entanglement [4–9]. Entanglement of qutrit states [9]
is attested by a quantum structure for the lower order terms of
the density matrix. It is characterized by quantum dynamics
of a three-level trapped ion using the quantum entropy of the
system with a time-dependent Rabi frequency [10]. This en-
tanglement is addressed with quantum correlations in nega-
tivity (N ) and concurrence (C) [9,10] concerning the reduced
and the total density matrices. Quantum discord is an optimal
source for the difference between total correlation and classi-
cal correlation in a bipartite system [7,11] .

In nonclassical state generation in trapped ions, an exter-
nal classical driving field is used to manipulate the coupling
of internal electronic levels of the ion with its phonons. Phys-

ical models of such ion-phonon systems contain exponential
nonlinearities in the motional degrees of freedom. However,
these properties of entanglement result from the assumed
linearity in the Lamb-Dicke limit (LDL). Beyond the LDL,
the coupling between the internal and the external degrees
of freedom becomes nonlinear. Studying the persistence of
such effects beyond the LDL requires going beyond the linear
assumption. A further rotating-wave approximation (RWA)
yields the two-level quantum optical Hamiltonian governing
phonon dynamics.

The GP has drawn considerable attention as a worthwhile
means of attaining different phenomena in the processing of
fault-tolerance in quantum information. In this sense, many
scientists investigated some applications of this phenomenon
[12–14]. First, we can review the outcomes as a modula-
tion during the stage introduced by Berry [15]. It is shown
that the Berry’s phase might be modified by weakly dissipa-
tive ”Liouville equation for the density matrix” through pre-
senting imaginary correction [16] or damping the density ma-
trix elements [17]. Recently, the influence of time-dependent
coupling on the evolution of GP via the atomic speed and
acceleration has been examined [18]. It is shown that the
dynamic behavior of the GP and the entanglement of a three-
level atom with two fields in presence of the RWA include
a richer structure than the absence of the RWA [19]. Abdel-
Khalek et al. [20] studied the impact of the cavity damping on
the features of the GP and the entanglement of the three-level
atom and field.

Trapped ions represent the most interesting applications
of quantum bits (qubits) in processing quantum information
because of long coherence times [21]. Ions restricted to a lin-
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ear radio-frequency (Paul) trap are cooled with a spatial array.
The Hilbert space of the composite quantum system takes the
form

Cd = Cdion ⊗ Cdp (1)

wheredion = 3 anddphonon = 4 are the dimensions of the
three-level ion and photons, respectively. It is shown that
the quantum dynamics withC [22], N [23], and quantum
entropy [10] for a trapped three-level ion that interacts with
two photons in time-dependent Hamiltonians.N andC are
two measure of entanglement, which is a valuable represen-
tation in quantum information, especially in the ionic sys-
tem. Entangled base and product base can be presented as
a generalization of Schmidt coefficients. [24] show that the
vibronic motion of a trapped ion far from the Lamb-Dicke
regime (LDR) can be defined. It is shown that the full infor-
mation on the quantum state of the vibrational center-of-mass
(c.m.) motion of a trapped ion can be transferred to its elec-
tronic dynamics by long-living electronic transition by laser
light [25].

A configuration for generating even and odd coherent
states of the motion of a trapped ion is proposed with respect
to laser excitation of two vibronic transitions [26]. Qubits
are robust against noisea1|0〉 + a2|1〉 (such as right panel
of Eq. (6) can be generated with arbitrary amplitudes [27].
An approximate equivalence between a generalized quantum
Rabi model and its nth order counterparts is shown [28]. The
general character of nonlinear coherent states has been iden-
dified [29]. These experiments were performed beyond the
LDR with an assumed value ofη, including η ∼ 0.2 [30].
Quantum entanglement of the Fock states is investigated by a
quadratic Hamiltonian [31]. A qubit can be cereated in the in-
teraction of the displaced Fock states of the electromagnetic
field with a two-level atom in RWA [32].

The outline of this paper is as follows. Section 2 presents
the theoretical model and its solution under a classical field.
The evolution of a qubit pure state from an initially unen-
tangled state is described in Sec. 3. Section 4 investigates the
temporal behavior of the GP and the population probabilities.
Section 5 quantifies the entanglement according to the con-
currence and the fidelity of the proposed system. Our main
findings are summarized in Sec. 6.

2. Theoretical model and its solution under
the classical field

A trapped three-level ion interacting with two laser beams in
Λ configuration is proposed. In this quantum system, the di-
mension of Hilbert space is 12. The quantum dynamics of the
trapped ion-phonon system has been previously investigated
[8–10, 33]. Additionally, the status of an ion-phonon sys-
tem is also valid for superposition of macroscopic quantum
states with coupling of two laser beams [34]. Trapped ions
are considered one of the best candidates to perform quan-
tum information. Many of the Ion-laser interactions cover
the complete solutions [35]. The probability amplitudes of

atomic levels of ion are given:|e〉 = |1〉 trapped ion excited
level, |r〉 = |2〉 raman level, and|g〉 = |3〉 ground level are
taken as1/

√
2. Thus, a beam may lead a transition only. The

Λ configuration can be equal to a cascadeΞ scheme for two
laser beams.

TheΛ scheme, namely a quantum scheme, in our model
system is characterized by the total HamiltonianĤ = Ĥion+
Ĥ1 + Ĥ2 + Ĥc. The trapped ion Hamiltonian̂Hion and inter-
action HamiltoniansH1 andH2 are given as (~ = 1)

Ĥion =
p2

x

2m
+

1
2
mν2x̂ + ωe|e〉〈e|+ ωr|r〉〈r|+ ωg|g〉〈g|

Ĥ1 =
iΩ
2

ei(k1x̂−ωt)(|e〉〈g| − |g〉〈e|)

Ĥ2 =
iΩ
2

ei(−k2x̂−ωt)(|e〉〈r| − |r〉〈e|)

Ĥc = ε(Ŝrg + Ŝgr), (2)

where mass of trapped ion ism, the harmonic trap frequency
is ν in Hion. The c.m. motion of the trapped ion can
be described using the standard harmonic oscillator quan-
tization of Hion. This quantization includes the momen-
tum and position operatorspx = i

√
(mν/2)(a† − a) and

x =
√

(1/2mν)(a + a†). a anda† are the annihilation and
creation operators of the phonons. The trapped ion Hamilto-
nian is similar to the quantum Rabi interaction Hamiltonian
has similarities toHion [36]. The wave numbersk1 andk2

characterize the two laser beams.

The matrixŜrg is the r-g interaction of the classical field
[37], andŜgr the vice versa interaction. The last term̂Hc rep-
resents the classical field, which has coefficientε. Equation
(2) includes the raman level energyωr, the ground level en-
ergyωg and the excited level energyωe. The frequencies of
the two laser beams are supposed to be equalω = ω1 = ω2

and the Rabi frequencies of the dipole interactions between
the lasers and the trapped ion are given byΩ. Thus, equality
of Rabi frequencies such asΩ = Ω1 = Ω2 is given by the
interaction Hamiltonians, inH1 andH2.

The relation between the Rabi and the harmonic trap fre-
quencies is in the form ofΩ/2 = ν in ion-phonon system.
The transition Rabi frequenciesΩe−g andΩe−r are assumed
to be equal and represented by



|e〉
|r〉
|g〉


 =




1 0 0
0 cos β sin β
0 − sin β cosβ






|1〉
|2〉
|3〉




with tan(2β) = arctan(2ε/ωg − ωr). Here,β is the classi-
cal field effect.H̃ = U†ĤU is transformed Hamiltonian. By
means of this Hamiltonian, the mathematical hierarchy from
Eq. (2) to Eq. (4) is briefly: The total Hamiltonian, Eq. (2)
considered in the study is the energy of the ion-phonon sys-
tem. In Schr̈odinger Picture and unitary transform, using the
Planck constant equal to one,~ = 1, this Hamiltonian, Eq.
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(4) has been obtained by the transmission process. Transfor-
mation matrixU is written as [34],

U =
1
2




0
√

2
√

2
−√2D[η] D[η] −D[η]√

2D[−η] D[−η] −D[−η]


 .

Glauber displacement operators are given asD(±η) =
e±iη(a+a†). When we use the above transformation and ap-
ply the RWA, the system of the transformed Hamiltonian is
found to beH̃ = H̃0 + Ṽ , where

H̃0 = ν â†â + ωe|1〉〈1|+ Ωr|2〉〈2|+ Ωg|3〉〈3|

Ṽ =
iµ1

2
ei(k1x̂−ωt)(|1〉〈2| − |2〉〈1|)

+
iµ2

2
ei(k2x̂−ωt)(|1〉〈3| − |3〉〈1|)

here

Ωr = ωr cos2 β + ωβ sin2 β − β sin(2β)

Ωg = ωg cos2 β + ωr sin2 β + β sin(2β)

µ1 = Ω(cos β − sin β)

µ2 = Ω(sin β + cos β).

Two studies on ion-laser interaction help us understand pho-
ton dynamics [35,38]. The Hamiltonian of our model system
is

H = νa†a− δ|1〉〈1|+ Ω
2

eiη(a†+a)|1〉〈3|

+
Ω
2

e−iη(a†+a)|1〉〈2|+ h.c. (3)

The transformation is performed with the matrixU0 =
exp (−iωt|e〉〈e|) [34]. We consider two lasers, of wave-
lengthλ that are somewhat red detuned from the upper level
|e > by the same amountδ = −νη2, whereη is the LD pa-
rameter. The lasers are characterized byη = k/

√
2mν, with

k = 2π/λ. In the weak excitation regime withΩ = 2ν, the
leadΛ scheme is equivalent to a cascadeΞ based on a unitary
transformation [34] which is characterized byU . We intro-
duce the basis vectors〈1| = 〈e| = (1, 0, 0), 〈2| = 〈r| =
(0, 1, 0) and〈3| = 〈g| = (0, 0, 1), so the transformed Hamil-
tonianH̃ = U†ĤU takes the form

H̃ = νa†a + νη2 + ν(|2〉〈2| − |3〉〈3|)
− iµ

(
a†|1〉〈2| − a†|3〉〈1|+ h.c.

)
, (4)

where,µ = νη/
√

2. Both phonon transitions are resonant
and have the same strength. This Hamiltonian is attained with
an RWA that is valid forη < 1/α, whereα is the amplitude
of coherent displacements of the phonons [34]. Small coher-
ent displacements (α ¿ 1) are studied, so that the range ofη
is from 0.01 to0.1. From the unitary transformation [34], the
time evolution of an original stateψ(0) is defined

|ψ(t)〉 = U†
0Ue−itH̃0K(t)U†|ψ(0)〉. (5)

whereK(t) represents the eminent propagator for the cas-
cade Hamiltonian [34], ande−itH̃0 is the rotating frame trans-
formation representing the interaction. This shows the orig-
inal state of our system, where the lower-order subsystem is
in a coherent state. Under such settings, we obtain a robust
entangled state in Figs. 1-4.

3. Evolution of a qubit pure state from an ini-
tially unentangled state

In the initial state of the ion-phonons system, the phonon
subsystem is in a coherent state and the trapped ion is in
the superposition state of its ground and raman levels that
is |ψ(0)〉 = (1/

√
2) (|g〉 − |r〉) ⊗ ∑∞

n=0 Fn |n〉. The gen-
eralized coherent state isFn(α) = e−|α|

2/2(αn/
√

n!) in this
equation. n = 0 and n = 1, F0 = 1 and F1 = α are
the amplitudes of the Fock number states of two phonons.
The amplitude of the ground state is1/

√
2, the raman state

is −1/
√

2 and the excited state is zero. We suppose a mi-
nor vibration of an ion in a harmonic trap and coherent state
|α〉 is described withα ¿ 1. We have takena = 1 and
α = 0.05 for two coherent states in Eq.(6). The two phonons
normalization condition is‖a‖2 + ‖α‖2=|1|2 + |0.05|2 ' 1.
The first order inα is the case of approximately normalized
phonons. The normalization condition for two amplitudes of
the trapped ion is exactly[1/

√
2]2 + [−1/

√
2]2 = 1. There-

fore, the state of the trapped ion-phonon system is

|ψ(0)〉 = (1/
√

2)(|3〉 − |2〉)⊗ (a|0〉+ α|1〉. (6)

In optimal conditions, only a small mean photon number is
required for producing entanglement.

This composite state is transformed into an initial case of
the cascade|ψ̃(0)〉 = U†|ψ(0)〉 =

∑
σ,n Aσ,n|σ, n〉, where

σ = 1, 2, 3 represents atomic levels, andn = 0, 1, 2, 3 rep-
resents vibrational numbers. First-order corrections yield∑

σ,n Aσ,n(t)|σ, n〉, the coefficients of the system’s proba-
bility amplitudes are

A10(t) =
[
cos (

√
1/2t) +

iη√
2

sin (
√

1/2t)
]

exp[−it/η]

A11(t) = α cos (
√

3/2t) exp[−it/η]

A12(t) = − iη√
5

sin (
√

5/2t) exp[−2it/η]

B20(t) =
α√
3

sin (
√

3/2t) exp[−it/η]

B21(t) =
iη√
2

[
3
5

+
2
5

cos(
√

5/2 t)
]

exp[−2it/η]

C31(t) =
[
sin (

√
1/2t)− iη√

2
cos (

√
1/2t)

]
exp[−itη]

C32(t) = α

√
2
3

sin (
√

3/2t) exp[−it/η]
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C33(t) = −
√

3
5

iη(1− cos (
√

5/2t)) exp[−2it/η],

wheret is dimensionless time scaled withνη (harmonic trap
frequency-the LDP). In Figs. 1-4, a scaled time of 5 is equal
to 500 microseconds for LDP=0.01. The calculation is as
follows: If η = 0, 01 andν = 1 × 106 Hz, thenνη = 104,
(5/νη) = 500 × 10−6 = 500 microseconds. With the back
unitary transformationU from theΞ scheme to theΛ scheme,
the wave function in the original space(e, r, g) takes the form

|ψ(t)〉=
3∑

n=0

(
un(t) |e, n〉+[

vn(t) cos β−wn(t) sin β
] |r, n〉

+
[
vn(t) sin β + wn(t) cos β

] |g, n〉 ). (7)

According to Eq. (3) and Eq. (4), the state vector of the sys-
tem is precise in the infinite-dimensional Hilbert space. The
situation of the system [34] is much more complicated than
our system in the limited Hilbert space. The measurement of
entanglement is very hard to comprehend owing to the com-
plex construction of the system and the infinite-dimensional
Hilbert space. The exact system is unclear in this case. Thus,

we limit the Hilbert space so that the quantum state can be
easily examined through Eq. (8). This equation eliminates
the difficulties encountered in quantum measurements. The
noteworthy coefficients becomes;

ui(t) =
1√
2
e−iωt/νη[A2i(t) + A3i(t)], (i = 0, 1, 2, 3),

v0(t) = − 1√
2
A10(t) +

1
2
A20(t)− iη

2
A31(t),

v1(t) = − iη√
2
A10(t)− 1√

2
A11(t) +

1
2
A21(t)− 1

2
A31(t),

v2(t) = − 1√
2
A12(t)− iη√

2
A31(t)− 1

2
A32(t),

v3(t) = −1
2
A33(t) = w3(t),

w0(t) =
1√
2
A10(t) +

1
2
A20(t) +

iη

2
A31(t),

w1(t) = − iη√
2
A10(t) +

1√
2
A11(t) +

1
2
A21(t)− 1

2
A31(t),

w2(t) =
1√
2
A12(t) +

iη√
2
A31(t)− 1

2
A32(t), (8)

FIGURE 1. Population probabilitiesρ11(blue curve),ρ22(red curve), andρ33 (black curve) versus scaled time forα = 0.05 with the two
LDPs η =0.01 (a,c) andη = 0.1 (b,d) using the Planck constant equal to one,~ = 1. The classical field is ignored (i.e. β = 0) in
(a,c) and considered forβ = 0.49 in (b, d). The variablet is dimensionless time scaled withνη. The other coupling parameters are
ωeg = 5× 1014 Hz andν = 1 MHz.
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whereω = ωeg − η2ν andωeg = ω13 = 5 × 1014 Hz is the
resonance frequency of theg − e transition.

4. Theoretical framework of population prob-
abilities and the GP

The atomic population is very important in studying the en-
tanglement between the parts of the system. In this section,
we study the effects of both the classical field and the LDP
on the atomic population.

First, we neglect the classical field (β = 0) and take
the smallest value of the LDP (η = 0.01). It is clear that
ρ11(t) oscillates periodically between0 and0.5, while both
ρ22(t) andρ33(t) fluctuate identically between0.25 and0.5
as shown in Fig. 1a). The maximum values of the function
ρ22(t) increases strongly and reaches0.83, but the amplitude
of the oscillations decreases with respect toρ33(t) after the
classical field is added (β = 0.49). The quantityρ11(t) is
not affected as expected (the classical field rotates between
ρ22(t) andρ33(t)), as shown in Fig. 1(b). The fluctuations
increase with the parameterη. The atomic population has

the same behavior as in the previous case with an increas-
ing maximum value under the classical field, as evident in
Figs. 1c) and 1d). Hereρ11 is the first diagonal term|e〉〈e|
for the reduced density operator in Eq. (13). Similarly, other
two terms areρ22 = |r〉〈r| andρ33 = |g〉〈g|. For the non-
cyclic evolution, the TI-laser field may be defined by a final
wave function that is diverse and not obtained from the ini-
tial wave function. This function proliferates with a complex
factor according to

〈ψ(0)|ψ(t)〉 = κ exp(iΛ), (9)

whereκ indicates a real scalar. GP is the phase achieved
over the evolution of a state from|ψ(0)〉 to |ψ(t)〉 according
to [39,40]

Φg = arg{〈ψ(0)|ψ(t)〉} (10)

The classical field is initially excluded, and the LDP is at
its smallest value (η = 0.01). The GP oscillates harmonically
between−π andπ with a period of3π, as shown in Fig. 2a).
These oscillations have rectangular form in the middle of the
period, precisely at(3π/2). The rectangular oscillations in

FIGURE 2. GP versus scaled time forα = 0.05 with the two LDPsη = 0.01 (a,c) andη =0.1 (b,d) using the Planck constant equal to one,
~ = 1. The classical field is ignored (i.e.β = 0) in (a,c) and considered forβ = 0.49 in (b,d). The other coupling parameters are the same
as Fig. 1.
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FIGURE 3. Fidelity ξ(ρ) versus scaled time forα = 0.05. The classical field is ignored (i.e. β = 0) along the (blue curve) and considered
for β = 0.49 along the (dashed red curve). The two LDP values areη = 0.01 a) andη = 0.1 b). The other coupling parameters are the same
as Fig. 1.

the previous case are shifted to the end of the period, pre-
cisely at(3π), after adding the classical field is added in to
the interaction cavity(β = 0.49). The negative values of
the GP function are reduced, as seen in Fig. 2b). Consider-
ing the large value of the LDP (η = 0.1) and the exclusion
of the classical field, the GP has more oscillations and the
fluctuations are still vertical between−π andπ, as shown in
Fig. 2c). The oscillations are reduced after the classical field
is taken into account, as shown in Fig. 2d).

5. Entanglement measures and fidelity

In the quantum information scheme, fidelity is used to evalu-
ate the transformation between the changing and fixed states.
In this part, we study fidelity defined as [41,42]

ξ(t) =
√
〈ψ(0)|ρ̂(t)|ψ(0)〉 = |〈ψ(0)|ψ(t)〉|. (11)

where|ψ(t)〉 is given by Eq. (7).
For the minimum LDP value (η = 0.01), the fidelity fluc-

tuates smoothly between0 and1 everyπ without the clas-
sical field. This indicates weak entanglement between the
two phonons and the trapped ion. The functionξ(t) de-
creases after the classical field is added to the interaction cav-
ity, as shown in Fig. 3a). Previous oscillations are decreased
slightly after the LDP is increased (η = 0.01 → 0.1), so
the parameter is influenced by the entanglement of the sys-
tem parts. Comparing the previous results, we notice that the
classic field reduces the entanglement in ion-phonon system,
as shown in Fig. 3b).

The total density operatorρion−phonon is represented by a
12×12 D matrix in the base of|i, p〉. When the trace is taken
over the phonon system, the3 × 3 reduced density operator
is

ρion = Trphonon(ρion−phonon)

=




Tr|e〉〈e| Tr|e〉〈r| Tr|e〉〈g|
Tr|r〉〈e| Tr|r〉〈r| Tr|r〉〈g|
Tr|g〉〈e| Tr|g〉〈r| Tr|g〉〈g|


 , (12)

where the diagonal terms,|e〉〈e|, |r〉〈r|, and|g〉〈g| are a3×3
matrix. Taking the trace over the phonon system reduces
from the12 × 12 matrix to a3 × 3 matrix. The total den-
sity operator of the system takes the form

ρion−phonon= (|ψ(t)〉〈ψ(t)|) , (13)

where|ψ(t)〉〈ψ(t)| denotes a12 × 12 matrix in the Hilbert
12-space. We get the following analytic solution of the total
density operator

ρion−phonon= U†(t)[ρi(0)⊗ ρp(0)]U(t). (14)

An arbitrary bipartite pure state is written as [43–45]

C(t) =
√

2(Tr(ρi−p)− Tr(ρ2
ion)). (15)

whereρion = Trphonon(ρion−phonon) is the reduced density
operator. We are currently discussing concurrence through

Rev. Mex. Fis.67050705
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FIGURE 4. Concurrence versus scaled time forα = 0.05, with LDPsη = 0.01 (a,c) andη = 0.1 (b,d). The classical field is ignored (i.e.
β = 0) in (a,b) and considered forβ = 0.49 in (c,d). The other coupling parameters are the same as Fig. 1.

the same aforementioned conditions. For the smallest values
of the LDP (η = 0.01) without the classical field, the concur-
renceC(t) oscillates regularly between 0 and 1 and reaches
the minimum values periodically, as shown in Fig. 4a). The
oscillations of the functionC(t) increase and decrease to the
smallest values after the increase inη.

In addition, the maximum values are raised to the top by
increasingη as shown in Fig. 4c). For the small values of
theη, the high values of the functionC(t) rise sharply. Fur-
thermore, some lower values decrease after the addition of
the classical field to the interaction cavity as see in Fig. 4c).
While the maximum values that is the peaks decrease, the
minimum increases after the parameterη increases. There-
fore, entanglement is greatly influenced by the parameterη
of the classical field as shown in Fig. 4d).

Consequently, the optimum values in our figures agree
with the results of other studies, that deal with elaborated
quantum measurements such as fidelity andC [7, 46–51].
This is because, in an ion-phonon system, the amount and
duration of entanglement are developed in comparison with
other studies.

6. Conclusion

We considered the interaction between a three-level trapped
ion with two laser beams in aΛ (lambda) configuration. The

general solution for the present system was obtained with
a wave function. Using this wave function in 12-D space,
we obtained an analytic solution of the total density opera-
tor, ρion−phonon = U†(t)[ρi(0) ⊗ ρp(0)]U(t). The resulting
population and GP were considered in the presence and ab-
sence of a classical field. It turns out that the classical field
strongly affects the population and the geometric phase. We
used four different variations of these two factors, the LDP
and the classical field. We observed that the physical and
dynamical properties of the quantum quantifiers can be con-
trolled by appropriately selecting the classical field and the
LDP. In population inversion, the amplitude of the oscilla-
tions decreases in the presence of the classical field. The
oscillations improve as the LDP increases. In the GP, the
negative portions decrease after the classical field is included
in the interaction cavity.

When the classical field comes from0 to0.49, fidelity and
C values rise in Figs. 3-4. We can say that fidelity andC are
two measures elaborated for entangled qudit states. The phe-
nomenon of sudden death and sudden birth decreases with in-
creasing LDP and the classical field. The entanglement fluc-
tuates regularly with increasing LDP and reaches a state of
separation periodically. This insight may have useful appli-
cations in quantum optics and information processing.
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