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Numerical solution of a fractal-fractional order chaotic circuit system
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The dynamical system has an important research area and, due to its wide applications, many researchers and scientists are working 1
develop new models and techniques for their solution. In this work, we present in this work the dynamics of a chaotic model in the presence
of newly introduced fractal-fractional operators. The model is formulated initially in ordinary differential equations, and then we utilize
the fractal-fractional (FF) in power law, exponential, and Mittag-Leffler to generalize the model. For each fractal-fractional order model,
we briefly study its numerical solution via the numerical algorithm. We present some graphical results with arbitrary order of fractal and
fractional orders, and present that these operators provide different chaotic attractors for different fractal and fractional order values. The
graphical results demonstrate the effectiveness of the fractal-fractional operators.
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1. Introduction of fractional derivative to zoonotic disease [10], application
to dengue epidemic, see [11], tuberculosis, see [12—-14], and

) ] ) ) ) the Chua model [15] has been investigated in arbitrary deriva-
The fractional differential equation (FDE) and the fractional /e

calculus (FC) are now the most growing research areas and

receiving good feedback from scientists and authors work- Mostly the problems formulated in scientific and engi-
ing in modeling real-life problems in the scientific and en- neering areas are of high nonlinear nature, and its exact solu-
gineering fields. It is well-known that the fractional differ- tion is not possible. The solution of a fractional differentiable
ential equation has many applications in scientific and enequation is also very complicated due to its order and difficult
gineering sectors. In particular, the dynamical systems antb solve analytically, and thus the researchers always look-
the chaos theory are also getting much attention from the réng to have their solution numerically. Fractional differential
searchers due to their wide applications in many fields suckquation and its application to nonlinear problems of differ-
as autonomous mobile robots, chaotic communication, imagent fields with novel numerical investigations have been stud-
watermarking, and circuits, etcetera [1-3]. Many researcherigd in Refs. [10,16,17] and the references therein. Nowadays
studied the chaotic and other models in fractional operatorthe researchers from different areas developing mathematical
see for example [4-15]. These operators in power law, exmodels in fractional calculus due to its applications. One of
ponential decay, and Mittag-Leffler kernel were utilized suc-the interesting applications is the best fitting to the real cases
cessfully to present the various models of practical purposdor an epidemic disease and another real data setting that
For example, the authors considered in Ref. [4] the chaotic ficome from different areas of engineering and sciences. The
nancial model and its control strategy. The time delay chaotiecnemory and the heredity properties are attached to the frac-
model for the circuit and its synchronization has been intional operators and can best determine the dynamics of dy-
vestigated in Ref. [5]. The fractal-fractional (FF) operatorsnamical systems and other related areas problems efficiently
introduced recently has been getting an impressive responsgiean the classical orders. It is the advantage of fractional cal-
from researchers. Using the idea of FF and its applicatiortulus that can determine well the analysis between any two
to the existing chaotic models in the literature are studied irsuggested points. Some recent work related to fractional op-
Ref. [6]. The new chaotic system in fractional derivative anderators and their applications can be seen in Refs. [18-20].
its comparative study is suggested in Ref. [7], while the apin this work, the authors focused on studying the circuit sys-
plication of fractional calculus to African tortoise and image tem, fractional-order capacitor, and sound encryption system
processing has been discussed in Ref. [8,9]. The applicatiomsing arbitrary order derivatives. The fractal order deriva-
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tive and the fractional-order, as well as their combinations2. Fundamental of FF operators

for the solution of physical problems have been suggested

in Refs. [21-26]. The chaotic Shinriki’s oscillator fractional The present section determines the necessary results associ-
model has been investigated by the authors in Ref. [21]. |@ted with fractal-fractional differential and their correspond-
Ref. [22], the authors studied the periodicity and multiple at-"d integral [6, 36].

tractors for Villis model. The idea of FF has been consideredefinition 1. A function ¢g(¢) with fractal order 5 and

to study influenza and malaria model in Refs. [23, 24]. Thefractional order « is continuous and differentiable over
fractal-fractional operators have been applied effectively forim, ms), then, in a power-law sense, the following is pre-
the related problems, see [25-27], where the authors obtasented:

results for new chaotic attractors, the study of the Hepatitis C ¢

. oy . . . o 1 d —c—
model, and for system identification. Some more mte.res.tmgFFpDO,,tﬁ <g(t)) _ . /(t —5) L9(8)ds,
work, where the authors proposed the fractional derivatives Tk —«)dt

as an application to the scientific problems, see [28-35]. For 0

example, the author in Ref. [28] used the Laplace transformvith £ — 1 < o, < k € N and dg(t)/dt? =
for getting the solution of a fractional telegraph equation.lim;, —:(g(t1) — g(t)/tf —tP).

The formulation of the tumor fractional model using non- pefinition 2. A function g(t) with fractal order 8 and
singular kemel has been studied in Ref. [29]. In Ref. [30].fractional order o is continuous and differentiable over
the authors studied the solution of the fifth-order evolutlon(ml’mQ), then, in exponential decay kernel, the following
equation in a fractional derivative. Using the Haar waveletg shown:

method, the authors in Ref. [31] obtained the solution of M(a) d

the Lotka-Volterra model related to population in a fractional FFED(C)‘f (g(t)) =

derivative. Using Yang-Abdel-Aty-Cattani fractional opera- 1—adtf
tor, the authors discussed the solution of heat equations in ¢ o
Ref. [32]. The classical optical solution for the propaga- X /exp ( - 17(75 - 6)>g(§)d6, @)

tion model has been derived in Ref. [33]. The two interact-
ing species model using numerical method is discussed in . . .
Ref. [34]. A fractional-order SEIR model using Genocchi with M(0) = M(1) = 1 and for positivex with § < m € N.
has been studied in Ref. [35]. Definition 3. A functiong(t) with fractal and fractional or-
der 8 and « respectively, is continuous and differentiable

In this investigation, we considered the FF designed opgyer (1, m,), then, the Mittag-Leffler kernel follows the for-
erators suggested in the sense of power law, exponential dg;1ate given by:

cay, and the Mittag-Leffler kernel. These suggested opera-
tors were found interesting from a researchers point of view  FFM pod (g (4y) — AB(a) d

0

and have been found reliable for chaotic order systems. Us- ’ l—a dtf

ing these operators, many hidden attractors have been found t

which were not possible for ordinary fractional operators. It % /Ea( R 5)a)g(5)d5’ )
is clear that these operators attract various attractors by con- 4 I-a

sidering their different orders. Recently, fractal-fractional or-

ders problems are formulated in Ref. [6,36], etc. It is well-Witha > 0,3 <1 e NandAB(a) =1 - a+ (a/I'(a)).
known that the results shown in Ref. [6, 36] are the applicaDefinition 4. A functiong(t) continuous ovetm, ms), with
tions for a physical systems. Further, these operators weifeactal order and fractional order then, for the power-law
found best for data fitting; one can see [36]. Moreover, thekernel, we have the following integral:

results suggested in Refs. [6, 36—38] demonstrate the com-

binations of these FF operators provide many insights about o B a—1 80—
the dynamics, which can only be observed for the FF orders. e Ovt( (t)) - @ / (t=0)*"16"g(d)ds. (3)
With the above many useful applications of the FF operators, 0

we give a chaotic model and present its analysis and provideefinition 5. A functiong(t) continuous ovefm; , ms), with
a useful and effective scheme for its solution. We will find fractal order 5 and fractional ordera then, the FF integral

many useful numerical results by considering the combinaexponentially decaying kernel fgt) is described by the fol-
tions of the FF orders. lowing:

t

The work shown in this paper has been arranged section- f t
wise is as follows. We provide the details of the FF operators FEE Jo (g(t) = / 5 1g(8)ds
0

and model description in Secs. 2 and 3. Section 4 presents the
novel solution technique for the FF model in Caputo, CF, and 41
AB operators. We discussed the simulation results in Secs. 5 + B~ a)t 9(’5). (4)
and 6, we summarized the finding. M(a)
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Definition 6. A functionz(¢) continuous or{a, b), with frac-
tal order 5 and fractional orderx then, for the Mittag-Leffler
kernel, the following integral is suggested:

t

Ckﬂ B—1/p  sya—1
AB(Q)O/a (t — 6)>"1g(8)do

IS (9(0) =

B — )t g(t)

AB(a) ®)

Lemma 1. The following result holds for fractional and frac-
tal order o, and g3, respectively,

t

§r I g(t) = F(ﬂa) /tﬁ—l(t — 6)*~1g(8)do.

0

Proof. Consider
§ D g(t) = ult),
6 Dig(t) = Bt~ tuft).

Riemann-Liouville integral gives the following,

i [
g
r

m)/tﬁl(t §)*u(5)ds.

0

)1 (8)ds,

g(t) =

Therefore,

EE JoB o) = P(ﬂa) /tOt’@’l(t —8)*1g(0)do.

O

Lemma 2. The following result holds for fractional and frac-
tal order o and g, respectively,

1 d /
rl—a) dtﬁ/ )do.
0

Proof. In order to show this result given by

EEPDMg(t) = (6)

. 1 d
(I;FPDt 7ﬁg(t) —

- f—a @ /(t—(S) “g(8)do.

0

Since .

Je=areg@as

0

is differentiable, so, we can use

t

F(t) = / (t — 6)~*g(5)ds.

0

So,
1 d
FFP no,B _ @
0 Dt g(t) - F(l _ a) dtgF(t)7
! F(ty) — F(t)
CT(l—a)n—t s 7
1 F(t)—F(t) t; —t
_F(l—a) t1—t tl—t t?-tﬂ7
1 1
= F

3. The chaotic model

We consider a model which chaotic and has been presented in
Ref. [39]. The model has three equations, and its differential
equations form considered in Ref. [39] is shown below:

dt Y,
dy(t) =yz— 7
dz(t) - 1 - y )

wherez (), y(t) andz(t) represent the state variables and be-
come chaotic for the initial values of the variablg®) = 0,
y(0) = 1 andz(0) = 0. The fractal-fractional representation
of the model[¥) is given by:

FFPDg),t,B(m(t)) =y,
FEP Do (y(t)) = yz — =,
FFPDg’»tﬁ(Z(t)) _

®)

wherea represents the fractional order whikeis fractal or-

der. No equilibria exist for the mode8). Further, in the
following, we are going to formulate the problem above us-
ing FF operators and present the numerical scheme for each
case.

4. Numerical procedure for the chaotic model

This section presents briefly the procedure to handle the
model formulated in FF with fractional operators sense, Ca-
puto, CF, and AB. One by one, we apply the fractal operator
to the model described abov@) (

Rev. Mex. Fis67 051401
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4.1. Numerical scheme for FF-Caputo model

We start the model to provide a numerical algorithm by considering the model in power-law case. To start the algorithm,
we need first the write the modéB)(in Volterra representations, because the fractional integral is differentiable, so in the
Riemann-Liouville (RL) sense, we have,

t

1 d 1
FFPDg%ﬁf(t) “Ti—aa /(t - 5)7af(5)d5W7 )
0
we present the results in the following,
FEDg (x(1) = pt7H [y],
FEDg L (y(t)) = B¢ [yz — a],
REDS (2(1) = Bt 1 — o] (10)

Consider now replacing the operator shown by Riemann-Liouville(RL) in the above system with the Caputo operator to get the
initial conditions in the integer case. Further, we get the result by using RL fractional integral:

z(t) = z(0) + F(ﬂa)/(sﬁl(t - 5)0‘71f1(x,y, z,0)do,
0

y(t) = y(0) + F(ﬁa) /65‘1(15 — 8 fy(z,y, 2,8)dd,
0

() = 20+ s / (a2, 6)d8 (1)
0

where
fl(x7y7235):y7 fg(:c,y,z,(;):yzfm, f3(x7y3275):17y2
Fort = t,,+1, we have the following,

tng1
. s . ar
x = xO + m / 6[3 1(tn+1 - 6) ) 1f1(xay7z76)d57
0
tni1
n+1 _ 0 /3 B—1 _ a—1
Yy Yy + 71_‘(&) / 5 (tn+1 5) fZ(xvyaZ75)d67
0
tnt1
n p - a—
=t [ =0 e ) (12)
0
Simplifying the above results further, we get
n tit1
2" =20 4 s Z / 87t = 0)* " fi(w,y, 2, 6)ds,
() =/
n titl
yn+1 = yO + ﬁ Z / 5ﬁ71(tn+1 - 5)a71f2<l‘aya Z, 5)d57
T'(«@) =/
n tit1
=20+ r(ﬁa) > / 8" M tnt1 — 6)*" fa(w,y, 2,0)do, (13)
=0

Rev. Mex. Fis67 051401
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wheret(0) = 0. The functionss’~* f;(z,y, z,6) for i = 1,2,3 shown in Eq./L3) are approximated in the intervgl;, ;1]
using the Lagrangian interpolation concept, and getting the following,

Lj(g)_t 7; 1tﬁ f($]7yjazjatj) ﬁj 1f($] 1,yj 1,ZJ 1,tj,1),
J J— J
1) t 1 0 — ts . - .
Mj(‘s)_ﬁtﬁ Laa? 2 ty) — ﬁtff 2@y T T ),
J J J
d—tj—1 51 §—t; 1 .
NjO) = it (a2 ) — e et e Ty T T ), (14)
J b1 —lj—1

Using the results shown ii14), we have the below system,

I(«) =/
n tit1
=y DS [ — )0 (6)ds,
M(o) &
tJ
n titl
2" =204 I‘(ﬂa) Z / 8Pty q — 6)PTIN;(8)do. (15)
Jj=0 t

Further solution of systeniB) leads to the following,

Bhe " 1 s 1 i1 -1 i
an:on‘f‘mZ[tf f1($J7yJ7ZJatj)an,j—tf_lfl(UCJ Lyt 17fj—1)bn,j},

<.
Il
—_

n
1 0 ﬂha B—-1 1 1 1 B—1 j—1 j—1 j—1
ynJr =y + F(CY T 2) E |:tj f2(zjayjazjvtj)an,j - tj_l fZ(‘TJ ayj 7ZJ atj—l)bn,j:|7

<.
I
—

3

Bh* <

B—1 i 1 i g . 4B-1 j—1 j—1 i—1 4 .
m |:t] fS(xjaijzjat])a/n,] tjfl f3(l‘] 7yj 7ZJ 7t]—1)bn,]:|7 (16)

.
Il
_

where
n,j = ((n+1—j)“(n—j+2+a)—(n—j)“(n—j+2+2a)),
bn,j = ((n—j+1)"““—(n—j)a(n—j+1+a)),

wheren = 0to N andj = 1 ton.

4.2. Numerical solution of FF-CF model

Now, we consider the model in the FF-CF case and present in detail the numerical scheme. For this, we need to write the mode
in FF exponential decay form using the following structure:

CEDg, (x(t)) = Bt° fi(z,y, 2, 1),
“EDg L (y(t) = Bt° ! falw,y, 2, 1),
CEDg,(2(t) = BtP fa(a,y, 2, ). (17)

Rev. Mex. Fis67 051401
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FIGURE 2. FF-Caputo model results, when= g = 0.98, where (a-d) show different phase planes.
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FIGURE 3. FF-Caputo model results, when= 0.98, 5 = 0.9, where (a-d) show different phase planes.
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FIGURE 4. FF-Caputo model results, when= 1, 8 = 0.5, where (a-d) show different phase planes.

Rev. Mex. Fis67 051401



8 MUHAMMAD ALTAF KHAN, A. ATANGANA, TASEER MUHAMMAD, AND EBRAHEEM ALZAHRANI

We obtain the following by using the Caputo-Fabrizio integral,

t
t8=1(1 —
l‘(t) :.13 Wfl(x7yvzat)+ J\;(ﬂa) /65_1f1(m7y7276)d5a
0
Bto-1 8 |
t
y( ) _y + MfZ(xvyvzat) + Z\la(a) /55_1f2($»y72,5)d5;
0
tA-1(1 /
() =+ P = a0 + s [ 607 ey 200 (19
0
The following is presented &, ,1:
ﬂ 1 tn+1
—1(] _
xn+1 = 'TO + Wfl(xn?ynaznatn) + ]\;‘—{é) / 5ﬁ_1f1(x7ya2,5)d67
0
11— a)
n+l __ ﬁt n _n Oéﬂ / Bs—1
Yy _y M( ) f2( Y,z atn)+ M(Oé) 5 f2(x7y7276)d57
0
51 tnt1
P (1 —
Zn+1 = ZO + W.flS(xn?ynazn?tn) + ]\4&({1) / 5ﬁ71f3($ay5275)d6' (19)
0
Further, we have the following:
n+1 0 ﬁtﬁ_l(l _a> n ., n _n ﬂti }(1 Oé) n—1 _ ,n—-1 _n—1
x =z +Wf1($ Y 2 ,tn)_Wfl(x YT 2T )
Tl
i [ 0
tn
n+l _ 0_|_ 6#3 1(1 a)f ( P ) ﬁt'rﬁz—i(l _a)f (58”71 n—1 anl t )
Yy =Y M(Oé) » Y M CY) 2 Y ) n—1
71+1
+7 / 8P fo(z,y, 2, 0)ds,
18-1 211
Zn+1 = Z /3 M(( ) )fS( 7yn7zn7tn) - ﬁ nj\}((a) a) f3(xn_1vyn_17zn_1 tn 1)
Tl
ol T (20)
tn

Rev. Mex. Fis67 051401
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The idea of Lagrange polynomial is used to obtain the following result:

g0 O 2~ P2 ) M((la) Y fy@ g2 )
J(i B ) - T RG],
y”“yoJr&g]\;((; D o,y 2 ) — Btnz\}((la)_ a)fz(x"’l,y"*ﬂzn*l tn-1)
S | A ) = B A )]
et =0y P 0) gy Pl e os s
s | S e )~ A ). @)
Further, we obtain the following,
0t (A B ) 1@4(;;+2];?a>)fl<xn—ayn—a ST
y"“:yumﬁ-l(l(;; T ) Faa” 2 ) = B (7 + ﬁ( )l ),
z"+1=z°+ﬁt§‘1(]1w(aog+2j;(};))f3(x",y”,z",t ) — Bto- (M(QO; +2M( ))fg( 2 ). (22)

Further in next subsection, we use the FF model and present a numerical procedure in order to obtain their solution numer-
ically. We provide the details of the scheme in the below subsection.
4.3. Numerical solution of FF-AB model

In order to have a numerical procedure to handle the FF model in Atangana-Baleanu (AB) operator sense, the model shown in
(8) can be re-written using the following way:

ABRDG, (w(t)) = B85 fi (., 1),
APEDE(y(1) = pt77" fala,y, 2. t),

ABRDS (1)) = B° faa, g, 2, 1). (23)
The following is presented based on Atangana-Baleanu (AB) integral,

Bt (1 — o)

T e+ / 57t~ ) a7, 0)db,

0

=11 -« o}
y(t) = y(O) + wf?(xvyazat) + /LB(O[)ﬁF(O[) /5ﬂ_1 t_ )a_lfQ('ray?Zaé)déa
0

AB(a)
oy B 0B (s, sa
Z(t) _Z(O)—’_AAB(Oé)fB(x,y?Z’t)—’_/XB(Oé)F@O/éﬁ 1(t—5) 1f3($,y,2,5)d5 (24)

Rev. Mex. Fis67 051401
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Further, at,, .1, we get,

tn41

B=1(1 _
M ap 5ﬁ_1(tn+1 — 5)"_1f1(337y72,5)d5a

n+1 _ 0 n ,n . n
T =z + AB(OL) fl(x Y,z ’tn)+AB(Oé)F(Oé)
0

tn+1
B—=1(1 _
n+l _ 0 6tn (1 « n ,n .n O[ﬂ / B—1 . a—1 8ds
=Y + AB(O() fQ(IL' Y 2 ’tn)+AB(a)F(a) d (tn—i-l 6) f2(1'7y727 ) )
0
5 1( tn+1
n+l _ 0 ﬁtn_ -« no,n .n Oéﬁ / B—1 _ sya—1 2
z Z° + AB(O[) f3(l‘ Y 52 7tn)+AB(O[)F(O[) d (tn-l-l 6) f3(x7yaz76)d6' (5)
0

We obtain the following after simplifying the integral in the above equations:

t,
n tit1

no,n .n Olﬁ B—1 a—1
fl(x Y,z ’tn)+1ﬁlB(OéWrZO/5 (tn+1_5) fl(x7y7276)d67

B-1(1 _
n+l __ .0 ﬁtn (1 a)
S V10D

)

J+1
B—1(1 _ n
n+l _ 0 ﬂtn (1 Ol) n .,n .n « ﬂ / B—1 . a—1
+ fQ(I Y 2 ;tn) + AB(O[)F(O[) jZO o (tn-i-l 6) f2(l’, Y, 2, 5)d57
=0 {

vy AB(a)
tit1
n _ ﬁt?z_l(l_a) no,n _n Oéﬁ - £—1 a—1
z +1—20+Tw)f3(33 Y2 7tn)+m; / 6" (tnt1 — 0)* 7 fa(w,y, 2, 0)do. (26)
=0 ¢

J

Now, approximating the expressions B6J given bys® =1 f,(z,y, 2, 6), 6° 1 fo(z,y, 2, 6) andé?~! f3(z, y, 2, §) in the given
interval|t;, t;,1], the following numerical scheme is presented,

T
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where

t8-1(1 —
n+1 _ 1‘0 + ﬁ n ( a) f1(x”7y",zn7tn)

f2($n7yn7 Znatn)

f3(xn7yn7 Znatn)

B(AL)~
T AB(@)T(a +2)

_ Pi g -1 i i i
[t? 1f1(xjaijzjatj)an,j7t?71f1('r] 1ayj 172] 1atj—1)bn,j:|a

B(AH)*
T AB(@)T (0 +2)

_ . . . —1 y_ y ) —
[tf 1f2(x]ay]7zjvtj)an,j_t?_lfQ(xJ 17y] 172‘7 latjfl)bn,j:|7

B(AL)~
T AB(a)T(a 1 2)

I:t?_lf?)(xja yja Z]at])a‘n,j - t?:llfi%(xj_la yj_lv Zj_la tj—l)bn,j:|a

any = (141 )%~ j+2+0) — (=)0~ j +2+20)),

bug = (=3 + 1) = (=) (n = j+1+a)),

wheren = 0to N andj = 1 ton.
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FIGURE 12. FF-AB model results, whea = 0.99, 3 = 1, where (a-d) show different phase planes.
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5. Discussion sense. We presented briefly the simulation of the chaotic
model by using novel numerical approaches. We obtained
We studied above the detailed algorithms for the solution ofne numerical results presented for the solution of the fractal-
FF models numerically using the power law, exponential defactional model in the sense of three different fractal-
cay, and the Mittag-Leffler cases. For each operator, thggctional operators. We used the initial value foe= 0.1
scheme has been presented in a detailed manner. We usgq the step sizé = 0.01. We presented the graphical re-
the numerical algorithm shown above in order to obtain theyjis for each operator by selecting some suitable values for
solution of the chaotic model in graphical form. Using the the fractal and fractional orders. We see that for each value
scheme presented ifi€) for the FF system in Caputo sense, of the fractal and fractional order, different chaotic behav-
we used the scheme, and the corresponding graphical resulis of the model are observed. It is observed that by chang-
are shown in Figs. 1-4 with different fractal and fractional jng the values of the fractal and fractional orders, some new
orders. We see, for different orders of fractal and fractional chaotic results are obtained graphically. This new analysis of
the model behaves chaotically. We also utilized a differenine EE model in different operators bring new doors of inves-
set of fractal and fractional orders and obtained interestingigationS for scientists and researchers working in modeling
chaotic results. For the model formulated in FF-CF derivagjectrical circuits theory. The results reveal that the fractal-
tive, we considered the suggested sche®@, @nd the solu-  fractional operators and their application to a chaotic model
tion of the model has been shown graphically in Figs. 5-10provide useful results that cannot be seen for an ordinary op-

observe that different combinations of the suggested opergmgineering fields and sciences related areas.

tors provide useful numerical results. Further, the procedure

given in 27) is used for the numerical results of the fractal-

fractional Atangana-Baleanu model with arbitrary order of Conflict of interest

fractal and fractional order parameters values and obtain the

Figs. 11-14. From all these results, it can be concluded thao conflict of interest exists regarding the publications of this

the chaotic model provides different behaviors for the sugwork.

gested values of the fractal and fractional orders. Using these
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