
Gravitation, Mathematical Physics and Field Theory Revista Mexicana de Fı́sica68040703 1–10 JULY-AUGUST 2022

Initial value problem for a Caputo space-time fractional
Schrödinger equation for the delta potential

S. Saberhaghparvar and H. Panahi∗

Department of Physics, Faculty of Science, University of Guilan, Rasht 51335-1914, Iran.
∗e-mail: t-panahi@guilan.ac.ir

Received 4 August 2021; accepted 6 November 2021

In this paper, we consider a Caputo space-time fractional Schrödinger equation for the delta potential. To solve the equation, we use the
joint Laplace and Fourier transforms on the spatial and time coordinates, respectively. After applying the integral transformations, we use
the special initial and boundary physical conditions obtained by trial and error; these special initial conditions involve considering the initial
spatial wave function in terms of the Mittag-Leffler function. Consequently, using the fractional calculus, we obtain the wave functions and
corresponding eigenvalues. Finally, to verify the solution, we recover the standard case corresponding toα → 1 andβ → 1.

Keywords: The fractional Schr̈odinger equation; Caputo space-time fractional derivative; Mittag-Leffler function.

DOI: https://doi.org/10.31349/RevMexFis.68.040703

1. Introduction

The fractional calculus is a generalization of the usual calcu-
lus, where derivatives and integrals are defined for arbitrary
real numbers. In some phenomena, the fractional operators
simulate the phenomena better than ordinary derivatives and
normal integrals. Fractional calculus has been widely used
in science and engineering [1–3]; in particular, the study of
fractional differential equations such as fractional wave equa-
tions have received great deal of attention due to the impor-
tance of propagation of electromagnetic waves and vibrating
strings [4, 5]. Moreover, the fractional Schrödinger equa-
tion has been recently studied in many fields, such as the
obstacle problem, phase transitions and anomalous diffusion
[6–12], etc. Fractional calculus began with Leibniz (1695-
1697) and Euler’s speculations (1730); later on, Riemann,
Liouville, Grünwald and Letnikov [13–16] provided the gen-
eral definition of fractional derivatives. In 2000, Laskin pro-
vided the first application of fractional calculus in quantum
mechanics by employing the path integral formulation over
Lévy paths and showed that the corresponding equation of
motion is indeed the space fractional Schrödinger equation
[17–20]. In Refs. [21–24] the authors used the method de-
veloped by Laskin to study some new physical applications,
its non-locality and the consistency of its solutions. On the
other hand, Naber introduced in 2004 the time fractional
Schr̈odinger equation [25], where he investigated the wave
function of the time fractional Schrödinger equation for free
particles and potential wells, and obtained the correspond-
ing wave functions in terms of the Mittag-Leffler function.
An overview of quantum mechanics and quantum dynamics
with time fractional derivatives can be found in Refs. [26,27].
In Refs. [28, 29] the authors solved the space-time fractional
Schr̈odinger equation for free particle and for square potential
well using the integral transform approach; moreover, in Ref.
[30], the Schr̈odinger equation with Riesz fractional deriva-

tive was solved using the scaling transformations. Also,
the numerical solution of fractional Schrödinger differential
equation with the Dirichlet condition has been investigated
in Ref. [31]. The space-time fractional Schrödinger equation
has been obtained by replacing the space and time derivatives
of integer order by the derivatives of non-integer order. There
are several ways for generalizing an integer-order derivative
to the arbitrary case including the Riemann-Liouville and Ca-
puto definitions. In Ref. [32], the definitions of the fractional
Caputo and Riemann-Liouville derivatives and p-Laplacian
operatorφp have been used and the existence of solutions for
nonlinear fractional differential has been investigated. An-
other application of fractional calculus can be found in Ref.
[33], where the fractional order model HIV/AIDS with the
Liouville-Caputo and Atangana-Baleanu-Caputo derivatives
has been considered. In this paper, we use the Caputo frac-
tional derivative, defined as [13]

c
0D

α
t f (t) =

1
Γ (n− α)

t∫

0

f (n) (τ) dτ

(t− τ)α+1−n ,

(n− 1) < α < n, (1)

where for the caseα → n, the Caputo derivative becomes an
ordinary n-th order derivative of the functionf (t).

We consider the space-time fractional Schrödinger equa-
tion for the delta potential, then, by imposing a special initial
condition we obtain the corresponding wave function by us-
ing the joint Laplace and Fourier transforms with respect to
time and coordinates, respectively. The Laplace transform of
the Caputo derivative is given by [13]

L{c
0D

α
t f (t)} = sαF (s)−

n−1∑

k=0

sα−k−1f (k) (0), (2)
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where

F (s) =

∞∫

0

e−stf (t) dt.

The paper is organized as follows. In Sec. 2, we introduce
the space-time fractional Schrödinger equation and a special
initial condition. In Sec. 3, we obtain the wave function cor-
responding to the imposed initial condition in terms of Fox’s
H-function by applying the joint Laplace and Fourier trans-
forms. In Sec. 4, the time dependent energy eigenvalues are
determined by an asymptotic expansion of Fox’s H-function.
The paper ends with the conclusions in Sec. 5 and two appen-
dices.

2. The space-time fractional Schr̈odinger
equation for delta potential

The one-dimensional time-dependent Schrödinger equation
is given by

i~
∂ϕ (x, t)

∂t
= − ~

2

2m

∂2

∂x2
ϕ (x, t) + V (x)ϕ (x, t) , (3)

wherem is the mass of the particle and~ is the Planck’s con-
stant; in an analogous way, the one-dimensional space-time
fractional Schr̈odinger equation is written as [25]

iαη c
0D

α
t ϕ (x, t) = −1

2
mc2

(
~

mc

)2β
c
0D

2β
x ϕ (x, t)

+ V (x) ϕ (x, t) , (4)

where0 < α ≤ 1, 0.5 < β ≤ 1, η = mc2
(
~/mc2

)α
.

The scaling factorsiαη and−(1/2)mc2 (~/mc)2β have been
added to equalize units on both sides of the equation. It is
easy to see that for the special caseα = 1 and β = 1,
the space-time fractional Schrödinger equation (4) reduces
to the ordinary Schr̈odinger equation (3). In Ref. [22], Eq.
(4) was studied for a free particle and for a potential well
assuming only the space fractional state; the wave functions
and the corresponding eigenvalues were calculated. It was
observed that in the case of the free particle, the wave func-
tion could be obtained in terms of the Fox’s H-function while
for the potential well, the method of separating the variables
was used and the solutions of the system were obtained in
terms of the space fractional parameter; the some problems
were investigated in Ref. [25] assuming that only the time
fractional case was taken into account. The wave function
in the case of the free particle was obtained as the time
dependent Mittag-Leffler function multiplied by the spatial
function of the free particle, while in the case of the poten-
tial well, energy dependent on the time fractional parame-
ter was obtained. Further, in Ref. [34], the space fractional
Schr̈odinger equation for single and double Dirac delta po-
tential was considered; the wave functions were determined
in terms of the Fox H-function, and the energy eigenvalues
were obtained by using the Fourier transform and the Riesz
fractional derivative; while the authors assume only the spa-
tial derivative of Schr̈odinger equation as the Riesz fractional

derivative, here, we intend to investigate the Caputo space-
time fractional Schr̈odinger equation for the Dirac delta po-
tentialV (x) = −v0δ (x), that is

iαη c
0D

α
t ϕ (x, t) = −1

2
mc2

(
~

mc

)2β
c
0D

2β
x ϕ (x, t)

− v0δ (x)ϕ (x, t) . (5)

We solve the problem analytically by using the joint Laplace
and Fourier transforms; to this aim, first we consider the fol-
lowing physical boundary and initial conditions





ϕ (x, 0) = g (x) ,

ϕ (x, t) → 0 as |x| → ∞,

ϕ (0, t) = 0 n ≥ 1,

ϕ
(n)
x (x, 0) = 0,

(6)

Choosing an arbitrary function forg(x) one can solve the
problem numerically, but in this article we try to choose a
specific function for the special case forg(x) so that the prob-
lem can be solved analytically. As a result, we shall show that
for the special caseα = β = 1, the solution of the ordinary
Schr̈odinger equation for Dirac delta potential is obtained.
Now to solve the Eq. (5), we apply the joint Laplace trans-
form on the spatial coordinate and the Fourier transform on
the time coordinate defined by [35]

ϕ̃ (k, s) =
1√
2π

+∞∫

−∞
e−ikxdx

∞∫

0

e−stϕ (x, t) dt, (7)

where the symbols for (−) and (∼) are used to denote the
Laplace and Fourier transforms, respectively, andk ands are
the Fourier and Laplace transform variables.

3. Wave function of one-dimensional space-
time fractional Schrödinger equation for
the imposed initial condition

By applying the joint Laplace and Fourier transforms to
Eq. (5) and using the boundary conditions of Eq. (6), we
obtain the following equation

ϕ̃ (k, s) = sα−1 g̃ (k)

sα + F (ik)2β

iαη

, (8)

whereF = (1/2)mc2 (~/mc)2β . The inverse Laplace trans-
form of Eq. (8) gives

ϕ̃ (k, t) = g̃ (k)Eα

(
−F (ik)2β

tα

iαη

)
. (9)

In the above calculation, we have used the following for-
mula [36]

L−1

{
m!sα−β

(sα ± a2)m+1

}
= tαm+β−1E

(m)
α,β

(∓a2tα
)
, (10)
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whereEα,β (z) is the Mittag-Leffler function defined as [37]

Eα,β (z) =
∞∑

n=0

zn

Γ (nα + β)
, α > 0, β ∈ C. (11)

Now, we assume the functiong (x) as

g (x) = AEα′
(
−λ |x|α′

)
, α′ ∈ C. (12)

This choice, as mentioned above, can help us to solve the problem analytically and obtain the analytical solution of the ordinary
Schr̈odinger equation,α = 1 andβ = 1. Needless to say, for other choice of theg(x), the analysis is difficult, and perhaps
impossible; accordingly, the problem must be solved numerically. Applying the Fourier transform to the relation (12), we get

g̃ (k) =
A√
2π

+∞∫

−∞
e−ikxEα′

(
−λ|x|α′

)
dx =

2A√
2π

∞∫

0

cos (kx) H1,1
1,2

[
λxα′

∣∣∣∣
(0, 1)

(0, 1) , (0, α′)

]
dx, (13)

whereHm,n
p,q [x|−] denotes the Fox’s H-function, which, in terms of the Mittag-Leffler function is given by [38]

H1,1
1,2

[
−z

∣∣∣∣
(0, 1)

(0, 1) , (0, α′)

]
= Eα′ (z) . (14)

In Appendices A and B, we have reproduced some useful relations about on the Fox’s H-function and its integral according to
Ref. [38]; using (B.3), Eq. (13) is calculated as

g̃ (k) =
√

2A

2λ
1

α′
H2,1

2,3


 1

λ

( |k|
2

)α′
∣∣∣∣∣∣

(
1− 1

α′ , 1
)
, (0, α′)

(
0, α′

2

)
,
(
1− 1

α′ , 1
)
,
(

1
2 , α′

2

)

 . (15)

Hence, by substituting Eq. (15) into Eq. (9), we get

ϕ̃ (k, t) =
√

2A

2λ
1

α′
H2,1

2,3


 1

λ

( |k|
2

)α′
∣∣∣∣∣∣

(
1− 1

α′ , 1
)
, (0, α′)

(
0, α′

2

)
,
(
1− 1

α′ , 1
)
,
(

1
2 , α′

2

)

 Eα

(
−F (ik)2β

tα

iαη

)
. (16)

Now by calculating the inverse Fourier transform of Eq. (16), using the integral containing of two Fox’s H-functions, an taking
into account the properties of Fox’s H-function [38,39], we get the wave functionϕ(x, t) in the following form

ϕ (x, t) =
2A |x|−1

α′βλ
1

α′
H0,1:1,1;2,1

2,0:1,2;2,3




−4
(

F
iαη

) 1
β

t
α
β

|x|2
λ
− 2

α′
|x|2

∣∣∣∣∣∣∣∣∣

(
1
2 ; 1, 1

)
, (0; 1, 1) :

(
0, 1

β

)
;
(
1− 1

α′ ,
2
α′

)
, (0, 2)

− :
(
0, 1

β

)
,
(
0, α

β

)
; (0, 1) ,

(
1− 1

α′ ,
2
α′

)
,
(

1
2 , 1

)


 , (17)

whereβ > −(1/2), (α/β) > 0, α + β < 2, α′ < (4/3); the definition of the Fox’s H-function of two variables

H

[
x
y

]

is given in Eqs. (A.4–A.7). It should be noted here that the acceptable values ofα andβ above are consistent with the values
of α andβ, i.e., 0 < α ≤ 1 and0.5 < β ≤ 1. Before calculating the energy eigenvalues, let us show that the obtained wave
function coincides with the wave function of the ordinary Schrödinger equation for the delta function potential; to this aim, we
inspect the wave functionφ(x, t) in limits of α → 1, β → 1, α′ → 1. Using the integral relations of the Fox’s H-function, Eqs.
(A.4–A.7), and after some calculations, we arrive at

ϕ (x, t)∣∣∣∣∣∣∣∣

α → 1
β → 1
α′ → 1

=
2A |x|−1

λ
H0,1:1,1;1,1

2,0:0,1;1,1




−4Ft
iη|x|2

λ−2

|x|2

∣∣∣∣∣∣

(
1
2 ; 1, 1

)
, (0; 1, 1) : −; (0, 1)

− : (0, 1) ; (0, 1)




=
2A |x|−1

λ
√

π

(
1

2πi

) ∞∑
n=0

(−1)n

n!

(
−4Ft

iη |x|2
)n ∫

L1

Γ (−η′) Γ (1 + η′) Γ
(

1
2 + n + η′

)

Γ (−n− η′)

(
4
λ−2

|x|2
)η′

dη′. (18)
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FIGURE 1. Plot of Eq. (17) as a function ofx for α = 1, α′ = 1, t = 0.1 and different values ofβ; for simplicity, we have chosen
m = ~ = c = λ = 1.

Then, using the properties of the Gamma function and Fox’s H-function given in Ref. [40], the function in Eq. (18) is
simplified to

ϕ (x, t)∣∣∣∣∣∣∣∣

α → 1
β → 1
α′ → 1

=
2A |x|−1

λ
√

π

∞∑
n=0

1
n!

(
−4Ft

iη |x|2
)n

H0,2
2,0

[
4

|x|2 λ2

∣∣∣∣∣
(

1
2−n, 1

)
, (−n, 1)
−

]

=Ae
iF tλ2

η e−λ|x|=Ae
itλ2~
2m e−λ|x|. (19)

Therefore, up to a normalization coefficentA, it is easy to see that the above equation is in agreement with the wave function
of the ordinary Schr̈odinger equation for the delta function potential; choosingλ = v ×m/~2 andA =

√
v ×m/~, the

normalized wave function is obtained.

In Fig. 1 we have plotted the probability of the particle presence for some values ofβ by consideringα = α′ = 1. Also, the
time-dependent effect for different choices ofα andβ is illustrated in Fig. 2. From Fig. 1 it can be seen that by increasing the
parameterβ, the probability of the particle presence decreases; the result coincides with Fig.1 in Ref. [36] for the non-fractional
time derivative of the Schrödinger equation. It can be seen from Fig. 2 that the probability of the particle presence decreases
over time; the probability decreases in the central points (x = 0) and increases at the points far from the center. In Fig. 2 the
dependence of the probability on time at those points close to the well (x = 0) illustrated for both fractional modes, space and
time. Also, it is seen that by decreasing the fractional state (α ≈ 1 andβ ≈ 1), the dependence of the probability on time
disappears.

In the next section, we shall obtain the energy eigenvalues of the system.

4. The energy eigenvalues of the delta potential for the imposed initial condition

According to Ref. [41], for the space-time Schrödinger equation, the energy eigenvalues can be obtained from the equation

Eα = iαη

+∞∫

−∞
ϕ∗ (x, t) c

0D
α
t ϕ (x, t) dx. (20)
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FIGURE 2. The probability of presence of the particle in dependence onx for different values of time.
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First, let us rewrite the wave function (18) in another form of the Fox’s H-function as

ϕ (x, t)=
Ai

α′β (λ)
1

α′
(

F
iαη

) 1
2β

t
α
2β

H0,1:1,1;2,1
2,0:1,2;2,3

×




−4
(

F
iαη

) 1
β

t
α
β

|x|2
λ
− 2

α′
|x|2

∣∣∣∣∣∣∣∣∣

(1; 1, 1) ,
(

1
2 ; 1, 1

)
:
(

1
2β , 1

β

)
;
(
1− 1

α′ ,
2
α′

)
, (0, 2)

− :
(

1
2β , 1

β

)
,
(

α
2β , α

β

)
; (0, 1) ,

(
1− 1

α′ ,
2
α′

)
,
(

1
2 , 1

)


 . (21)

Then, using the Caputo fractional derivative of the Fox’s H-function, given in Ref. [40], one can calculate the derivative of the
first order of the Fox’s H-function of two variables; substituting the obtained result into Eq. (20), we get

Eα =
2iαηA2t−α−α

β

(α′)2 β2λ
2

α′
(

F 2

η2

) 1
2β

+∞∫

0

H0,1:1,1;2,1
2,0:1,2;2,3




−4
(

F
(−i)αη

) 1
β

t
α
β

x2

λ
− 2

α′
x2

∣∣∣∣∣∣∣∣

(1; 1, 1) ,
(

1
2 ; 1, 1

)
:
(

1
2β , 1

β

)
;
(
1− 1

α′ ,
2
α′

)
, (0, 2)

− :
(

1
2β , 1

β

)
,
(

α
2β , α

β

)
; (0, 1) ,

(
1− 1

α′ ,
2
α′

)
,
(

1
2 , 1

)




×H0,1:1,1;2,1
2,0:1,2;2,3




−4
(

F
iαη

) 1
β

t
α
β

x2

λ
− 2

α′
x2

∣∣∣∣∣∣∣∣

(1; 1, 1) ,
(

1
2 ; 1, 1

)
:
(

1
2β , 1

β

)
;
(
1− 1

α′ ,
2
α′

)
, (0, 2)

− :
(

1
2β , 1

β

)
,
(
α + α

2β , α
β

)
; (0, 1) ,

(
1− 1

α′ ,
2
α′

)
,
(

1
2 , 1

)


 dx. (22)

To compute the integral, we first express both Fox’s H-functions of two variables in terms of the Mellin-Barnes type integral
given in Eqs. (A.4–A.7); then, following the procedure in Ref. [35], we obtain

Eα =
2iαηA2t−α−α

β

(α′)2 β2λ
2

α′
(

F
η

) 1
β

( −1
4π2

) ∫

L1

∫

L2

∫

L3

Γ
(

1
α′ − 2

α′ t
′)Γ (t′) Γ

(
1− 1

α′ + 2
α′ t

′)

Γ
(

1
2 − t′

)
Γ (2t′)

(
λ

2
α′

)t′

×
Γ

(
1− 1

2β − 1
β ξ′

)
Γ

(
1
2β + 1

β ξ′
)

Γ
(
1− α− α

2β − α
β ξ′

)


 −1

4
[

F
(i)αη

] 1
β

t
α
β




ξ′

Γ
(

1
α′ − 2

α′ η
′) Γ (η′) Γ

(
1− 1

α′ + 2
α′ η

′)

Γ
(

1
2 − η′

)
Γ (2η′)

×
(
λ

2
α′

)η′ Γ (−ξ′ − η′)
Γ

(
1
2 + ξ′ + η′

)






∞∫

0

( −1
4π2

) ∫

L4

Γ (−s− t′)
Γ

(
1
2 + s + t′

)
Γ

(
1− 1

2β − 1
β s

)
Γ

(
1
2β + 1

β s
)

Γ
(
1− α

2β − α
β s

)

×


 −x2

4
[

F
(−i)αη

] 1
β

t
α
β




s

ds


 x2η′+2ξ′+2t′dx





dξ′dt′dη′. (23)
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Now, if we use the Mellin transform theorem and substitutes → −η′ − t′ − ξ′ − (1/2) in Eq. (23), the energy eigenvalue is
obtained in terms of the Fox’s H-function of three variables as

Eα =
2iαηA2t−α−α

β

(α′)2 β2λ
2

α′
(

F
η

) 1
β

(
−4

[
F

(−i)α
η

] 1
β

t
α
β

) 1
2

×
∫

L1

∫

L2

∫

L3

Γ
(

1
α′ − 2

α′ t
′) Γ (t′) Γ

(
1− 1

α′ + 2
α′ t

′)

Γ
(

1
2 − t′

)
Γ (2t′)

Γ
(
1− 1

2β − 1
β ξ′

)
Γ

(
1
2β + 1

β ξ′
)

Γ
(
1− α− α

2β − α
β ξ′

)

×
Γ

(
1 + ξ′

β + t′
β + η′

β

)
Γ

(
− ξ′

β − t′
β − η′

β

)

Γ
(
1 + αξ′

β + αt′
β + ηα′

β

)
(
−4λ

2
α′

[
F

(−i)α
η

] 1
β

t
α
β

)t′

×
(
−4λ

2
α′

[
F

(−i)α
η

] 1
β

t
α
β

)η′

(−1)
αξ′
β dt′dξ′dη′

=
2iαηA2t−α−α

β

(α′)2 β2λ
2

α′
(

F
η

) 1
β

(
−4

[
F

(−i)α
η

] 1
β

t
α
β

) 1
2

H1,1:1,1;1,2;1,2
1,2:2,1;3,2;3,2




(−1)
α
β

−4λ
2

α′
(

F
(−i)αη

) 1
β

t
α
β

−4λ
2

α′
(

F
(−i)αη

) 1
β

t
α
β

∣∣∣∣∣∣∣∣∣
(
0; 1

β , 1
β , 1

β

)
:
(
1− 1

2β , 1
β

)
,
(
1− α− α

2β , α
β

)
; (1, 1) ,

(
1
α′ ,

2
α′

)
,
(

1
2 , 1

)
; (1, 1) ,

(
1
α′ ,

2
α′

)
,
(

1
2 , 1

)
(
0; 1

β , 1
β , 1

β

)
,
(
0; α

β , α
β , α

β

)
:
(
1− 1

2β , 1
β

)
;
(

1
α′ ,

2
α′

)
, (1, 2) ;

(
1
α′ ,

2
α′

)
, (1, 2)


 , (24)

which is valid under the following conditions

β > −1
4
,

1
2

< α′ <
4
3
, α + β < 2.

Thus, it is seen that the energy eigenvalue (24) is time dependent. Also for complex values of the parametersα andβ, the
energy eigenvalueE may be complex for an unstable system.

Now, let us investigate the energy eigenvalue (24) for the special casesα → 1, β → 1 andα′ → 1, that is

Eα
∣∣∣∣∣∣∣∣

α → 1
β → 1
α′ → 1

=
−2iη2A2t−2

λ2Fπ

(
4Ft

iη

) 1
2

∫

L1

∫

L2

∫

L3

Γ (−ξ′ − η′ − t′) Γ
(

ξ′ +
3
2

)

× Γ (t′) Γ (1− t′) Γ (η′) Γ (1− η′) (−1)ξ′
(

λ2Ft

iη

)t′ (
λ2Ft

iη

)η′

dξ′dt′dη′ = . . .

=
−4 (η)

3
2 A2(t)−

3
2 (i)

1
2

λ2π (F )
1
2

∞∑
n=0

i

n!
H0,1:1,1;1,1

1,0:1,1;1,1

[
iη

λ2Ft

iη
λ2Ft

∣∣∣∣∣

(− 1
2 − n

)
: (0, 1) ; (0, 1)

− : (0, 1) ; (0, 1)

]

=
−4 (η)

3
2 A2(t)−

3
2 (i)

1
2

λ2π (F )
1
2

∞∑
n=0

i

n!
H2,1

1,2

[
λ2Ft

iη

∣∣∣∣∣
(1, 1)

(
3
2 + n, 1

)
, (2, 1)

]
. (25)

In the above relation, we have used identities of the Fox’s H-function of two variables given in Refs. [38–40]. We also need to
use the expansion of the Fox’s H-function at small and large times. For small values oft → 0, using the Fox’s H-function [40],
the energy is obtained asE = −A2Fλ = −mv2

0/2~2, which is in accordance with the energy eigenvalue of the ordinary
Schr̈odinger equation. On the other hand, the energy eigenvalue tends to zero ast →∞.

5. Conclusions

In this paper, we have studied the Caputo space-time fractional Schrödinger equation for the delta potential. To solve this
equation, we have used the joint Laplace transform on the spatial coordinate and the Fourier transform on the time coordinate;
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then we have obtained an assumption by trial and error, so that the problem can be solved analytically. In other words, assuming
that the initial wave function is the Mittag-Leffler function, then the wave function and the energy eigenvalues can be obtained
in terms of the Fox’s H-function of two and three variables, respectively. On the other hand, assuming other functions as the
initial wave function, solving the corresponding equation is difficult and it must be solved numerically. We also investigated
the wave function for particular values of the fractional parametersα → 1 andβ → 1 and obtained the results of the standard
Schr̈odinger equation with the delta potential. Moreover, we studied the behavior of the particle presence probability. In Fig. 1,
for the case of non-fractional time derivative (α = 1), it was observed that by increasing the spatial fractional parameterβ, the
probability of the presence decreases which is consistent with the result given in Ref. [36]. In Fig. 2, we have demonstrated the
dependence of probability on the time while it was not the case in the standard Schrödinger equation. We have also shown that
the probability of presence is decreased as time increases such that the probability is decreased in the central points (x = 0) and
at points farther from the center, the probability of presence is increased. It was also observed that by decreasing the fractional
state (α ≈ 1 andβ ≈ 1), the dependence of the probability of presence on time disappears. In the end, we investigated the
energy eigenvalue for the special casesα → 1, β → 1 andα′ → 1; then, we checked the approximate behavior of energy
eigenvalue at small and large times. It was observed that while for large times, the energy of the system dissipates, for small
times, the energy is in accordance with that of the standard Schrödinger equation for the delta potential.

Appendix

A. The Fox’s H-function

According to Refs. [38,41], the Fox’s H-function of several variables is defined as

H
m,n:[mr,nr]
p,q,[pr,qr]




x
...
y

∣∣∣∣∣∣∣

(
aj ;α1

j , α
r
j

)
1,p

:
{(

c1
j , γ

1
j

)
1,pr

}
(
bj ;β1

j , βr
j

)
1,q

:
{(

d1
j , δ

1
j

)
1,qr

}

 =

1
(2πi)r

∫

L1

. . .

∫

Lr

φ (ξ1, . . . , ξr)
r∏

i=1

θi (ξi)xξi

i dξi, (A.1)

where

φ (ξ1, . . . , ξr) =

∏n
j=1 Γ

(
1− aj +

∑r
i=1 α

(i)
j ξi

)∏m
j=1 Γ

(
bj −

∑r
i=1 β

(i)
j ξi

)

∏p
j=n+1 Γ

(
aj −

∑r
i=1 α

(i)
j ξi

) ∏q
j=m+1 Γ

(
1− bj +

∑r
i=1 β

(i)
j ξi

) , (A.2)

θi(ξi) =

∏ni

j=1 Γ
(
1− c

(i)
j + γ

(i)
j ξi

) ∏mi

j=1 Γ
(
d
(i)
j − δ

(i)
j ξi

)

∏pi

j=ni+1 Γ
(
c
(i)
j − γ

(i)
j ξi

) ∏qi

j=mi+1 Γ
(
1− d

(i)
j + δ

(i)
j ξi

) . (A.3)

An empty product is always interpreted as unity. Herem,n, p, q,mi, ni, pi, qi, i = 1, . . . , r are non-negative integers such
that0 ≤ n ≤ p, 0 ≤ m ≤ q, q ≥ 0, 0 ≤ mi ≤ qi and0 ≤ ni ≤ pi; the parametersα(i)

j , β
(i)
j , γ

(i)
j , δ

(i)
j are all positive. For

∀i = 1, . . . , r;x1, . . . xr are complex variables andLr is a suitable contour of the Mellin-Barnes type running from−i∞ to
+i∞, in complexξi-plane.

For the Fox’s H-function of two variables, by consideringr = 2,m = 0 in Eq. A.1, we have

H [x, y] = H

[
x
y

]
= H0,n1:m2,n2;m3,n3

p1,q1:p2,q2;p3,q3

[
x
y

∣∣∣∣
(ai; αi, Ai)1,p1

: (ci, γi)1,p2
; (ei, Ei)1,p3

(bj ;βj , Bj)1,q1
: (dj , δj)1,q2

; (fj , Fj)1,q3

]

= − 1
4π2

∫

L1

∫

L2

φ1 ( ξ, η) θ2 (ξ) θ3 (η)xξyηdξdη, (A.4)

where

φ1 (ξ, η) =

∏n1
j=1 Γ (1− aj + αjξ + Ajη)∏p1

j=n1+1 Γ (aj − αjξ −Ajη)
∏q1

j=1 Γ (1− bj + βjξ + Bjη)
, (A.5)

θ2 (ξ) =

∏n2
j=1 Γ (1− cj + γjξ)

∏m2
j=1 Γ (dj − δjξ)∏p2

j=n2+1 Γ (cj − γjξ)
∏q2

j=m2+1 Γ (1− dj + δjξ)
, (A.6)

θ3 (η) =

∏n3
j=1 Γ (1− ej + Ejη)

∏m3
j=1 Γ (fj − Fjη)∏p3

j=n3+1 Γ (ej − Ejη)
∏q3

j=m3+1 Γ (1− fj + Fjη)
. (A.7)
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Also for the Fox’s H-function of one variable we have

H[x] = Hm,n
p,q

[
x

∣∣∣∣∣
(aj , αj)1,p

(bj , βj)1,q

]
= Hm,n

p,q

[
x

∣∣∣∣∣
(a1, α1) , . . . , (ap, αq)

(b1, β1) , . . . , (bq, βq)

]

=
1

2πi

∫

L

θ(s)xsds =
1

2πi

∫

L

∏m
j=1 Γ (bj − βjs)

∏n
j=1 Γ (1− aj + αjs)∏q

j=m+1 Γ (1− bj + βjs)
∏q3

j=m3+1 Γ (aj − αjs)
. (A.8)

B. Some Useful Relations and an Integral of the Fox’s H-function

Some useful properties of the Fox’s H-function are listed below [36].
Property 1: Transformation of Fox’s H-function with argumentx to one with argument1/x.

Hm,n
p,q

[
x

∣∣∣∣∣
(ap, Ap)

(bq, Bq)

]
= Hn,m

q,p

[
1
x

∣∣∣∣∣
(1− bq, Bq)

(1− ap, Ap)

]
. (B.1)

Property 2: Ifσ ∈ C then we can write

xσHm,n
p,q

[
x

∣∣∣∣∣
(ap, Ap)

(bq, Bq)

]
= Hm,n

p,q

[
x

∣∣∣∣∣
(ap + σAp, Ap)

(bq + σBq, Bq)

]
. (B.2)

Property 3: Cosine transform of Fox’s H-function

∞∫

0

xp−1 cos(ax)Hm,n
p,q

[
bxσ

∣∣∣∣∣
(ap, Ap)

(bq, Bq)

]
dx =

2p−1
√

π

aρ
Hm,n+1

p+2,q

[
b

(
2
a

)σ
∣∣∣∣∣

(
2−ρ
2 , σ

2

)
, (ap, Ap) ,

(
1−ρ
2 , σ

2

)

(bq, Bq)

]
, (B.3)

wherea,∆, σ > 0, ρ, b ∈ C; | arg b| < (1/2)π∆;

R(ρ) + σ min
1≤j≤m

ג
Bג

> 0; R(ρ) + σ max
1≤j≤n

[
aj − 1

Aj

]
< 1, (B.4)

and

∆ =
n∑

j=1

Aj −
p∑

j=n+1

Aj +
m∑

j=1

Bj −
q∑

j=m+1

Bj . (B.5)
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