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On the existence of the Brillouin peaks in a simple dilute dissipative gas

A. Sandoval-Villalbazt't, A. R. Sagaceta-M&" and J. H. Mondragn-Siarez

Departamento deiSica y Materaticas, Universidad Iberoamericana,
Prolongacbn Paseo de la Reforma 880, Lomas de Santa Fe, 01219, Ciudaéxiedyl
*Deceased April 9,2021.
e-mails: falfredo.sandoval @ibero.mxalma.sagaceta@ibero.mxhumberto.mondragon@ibero.mx

Received 21 September 2021; accepted 1 October 2021

Light scattering due to the interaction of photons and acoustic waves present in a dilute inert gas is analyzed through the use of irreversible
thermodynamics. The dispersion relation, which governs the dynamics of the density fluctuation of the gas allows the establishment of
a simple criterion for the corresponding Rayleigh-Brillouin spectrum to be observed. The criterion here proposed allows a clear physical

interpretation and suggests generalizations for other interesting physical scenarios.
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1. Introduction These equations predict the existence of sound waves in

the fluid which propagate with speed characteristic sgeed
Density fluctuations in a dilute gas in local equilibrium causegiven by

light scattering due to Doppler interactions between the in-

coming photons and the acoustic modes of the fluid. This ef- kT

fect was first predicted by L. Brillouin [1] and described the- Cr = m’ )
oretically by Landau and Placzek [2]. The spectrum reflectsn Eq. (6) , m is the individual mass of the particles present
the dynamic behavior of density fluctuations and constitutesn the system] is the temperature andis the Boltzmann
an experimental test of linear irreversible thermodynamics. constant.

The Rayleigh-Brillouin scattering has been studied since  The interaction of light with the waves present in a dilute
the 1960s [3-5] for several gases, where the description ditatic fluid is rather difficult to measure [8, 9]. For a given
light in terms of electomagnetism was described by Rayleigpatial modek, the specific fluid-photon interaction depends
[6] and Brillouin explained the scattering process in terms ofon the density of the fluid. In this context, tBeillouin scat-
fluctuations. In this paper we use kinetic theory base on aeringis far more easy to be detected for high density systems
rough sphere interation model between rotations and translaather than dilute gases. On the other hand, low density flu-
tions light scattering, we study the linearized system of transids are frequent in astrophysical scenarios in which structures
port equations when the state variables are perturbed frommay be formed at very long wavelengths [10]. This motivates
their equilibrum values. That is, iX is a state variable one the analysis of the conditions for the existence of acoustic
considersXj as the equilibrium value andX the fluctuation:  waves in dilute fluids.

In the presence of dissipation, Eqs3)-(5) must include
X =Xo+0X (1)  transport coefficients that take into account viscosity and heat
(0,0, T) = (po, iio, Ty) + (8p, 6, T) 2) \(I:v(;r\llilgﬁtr:v:ﬁifzteesgae:ects may prevent the existence of sound

wheres) corresponds to the density fluctuations around the 1€ Purpose of the present work is to establish a neces-
equilibrium statep,, 6T the temperature fluctuations around sary condition that must be satisfied in order to guarantee the
T, andd¢ = V - (3@) the expansion rate of the gas. existence of complex roots in the dispersion relation corre-

In the Euler regime, the linearized system of transportSponding to the Iingariz_ed transport system. If only _real rqots
equations reads [7]: are pr_esent, no Brillouin doublet can bg observed in a given
experimental array. To accomplish this task the paper has

been divided as follows: In Sec. 2, the dispersion relation that

ot (0p) + po (86) = 0, (3) describes the dynamics of the fluctuations present in a simple

o ST 5p dissipative fluid is expressed in terms of only one dissipative

— (80) + CEV? () + C2V? () =0, (4) parameter, the relaxation time. In Sec. 3, the necessary

ot To ro condition for the existence of three real roots of the disper-
0 2 sion relation is established and a numerical example relevant
ot (07) + §TO (9¢) = 0. ) in low density physics is presented. Final remarks are in-
cluded in Sec. 4.
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2. Dispersion relation in the presence of dissi- The system11) governs the dynamics of the fluctuations of
pation the local thermodynamic variables of the gas. Real values for
sinthedispersion relationlet(A) = 0 are identified with ex-
The system of equations for a simple dilute gas consistingonentially decaying modes. The resulting expression reads:
of hard spheres are obtained introducing 2)irf the set of
transport equations for the Navier-Stokes regime (first order

8
3 2 2.2
. . . L ; —C7y
in gradients). When the flux is studied in the Euler regime, Tt

the dissipative fluxe$l and heat fluxf[Q] vanish. Then, for 5 wao Do 5 w4
the continuity equation, EQ3) remains invariant in the pres- + (3CTq 7.+ gCTq ) s+ gCTTTq =0. (12)
ence of dissipation, while for the momentum balance Ej. (
and the internal energy Ecb)(become [8]: In the next section, a simple geometrical analysis of the dis-
9 9 persion relation is applied in order to establish a necessary
%M)w% (V ((ST)jLv ((5,0)) :—iv - (), (7)  condition for the existence of two different complex roots,
t To Po Po which in turn correspond to the presence of acoustic waves
o(6T) 2 2m - in the gas.
=Ty (60) + ——V - Jig) = 0. 8
o Tl )+3kpov (] ®

In Egs. [7) - (8), 411 corresponds to the stress tensor fluc-3. Analysis of the dispersion relation
tuations and/|, corresponds to the heat flux. If kinetic the-

ory is applied within the BGK approximation [11], two €on- pefining Eq. ([2) as a function of, the resulting expression

stitutive equations can be established, namely reads
5H = —7755@ 8
f(s) =8+ 5Chn s
and . . 5
6Jig) = —kunV (6T, +3 (Cig*T? + C3.¢%) s + §C%nq4, (13)

whereo corresponds to the traceless symmetric part of the
velocity gradienty), is the shear viscosity ane;, the ther-  the first two derivatives of (s) read
mal conductivity of the gas.
The introduction of the constitutive equations in the set F/(s) =352+ Ec%q%rs + §C%q473 + §C%q27 (14)
(7) - (8) leads to 3 3 3

0(89) s (v? (6T) , V2 (3p)
ot To Po
o(5T) 2 , The inflection point of f(s) is always located at =
5 gTO (60) + Dy, V2 (6T) = 0, (10)  —(8/9)C2¢*r, ~ —CZq?r,. In the absence of dissipation,
f(s) is symmetric with respect of the inflection point, which
denotingr, the relaxation time of the gas, the transport co-in this case is located at the origin. A necessary condition for

1
' (s) =65+ 360%(]27,.. (15)

) —D, V2 (50) =0, (9)

efficients in Eqgs. 9)-(10) becomeD,, = C7.7. andDy, = the existence of three different roots fbfs) is
(5/3)C21,.. Moreover, if the Fourier-Laplace transform of
the fluctuatiorz is defined as: A = —45¢2C2 + 19CH¢* 72 > 0, (16)
60X (q,s) = / / ox(7,t)e' T et drdt, or
25 _ 4 (17)
0 e ¢ 19C2 72"

the system of transport equations can be algebraically ex- i
In the case of astrophysical systems such as globular clusters,

pressed as ~ ~ h )
A-5X(§,s) = 6X (,0), (11) den_sm_es are quite low and_ the_ temperatures are We_II beyond
the ionization values. In this kind of systems acoustic waves
where _ o may appear if the wavenumbeis low enough.
0X = (5p, 60, 5T> ) In Fig. 1, the blue line corresponds to the dispersion re-
and lation (Eq. @3)) for ¢ = 1071° 1/m, Cr = 10? m/s and
7, = 10° s. In this cas&rg7, = 10 and no acoustic waves
5 Po 02 ) are present for this mode. The red curve corresponds to the
A= - C;Oq s+ C21,q° - C;g" _ dispersion relation for the same value<af andr,., but with
2 2 g = 103 1/m. In this case two complex roots appear, cor-
0 2 s 5 Cr7rg . .
3 To "3 To responding to acoustic waves of very large wavelengths.
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sl and its first two derivatives:
/\ 3 f'(s) = 35 +2(Dy + Din)¢’s
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 I s
-2.x10°7 -1.5%x107 -1.x 167 -5.x 10; 3 5 5 o 4
[ - (3CTQ — DyDipq” — 47TGP0) , (19)
-2.x 022
I f"(s) = 65+ 2(Dy + Dyy)q>. (20)
-4.x10"22 L. 3 . _—
- Itis interesting to notice that theecessary and sufficient con-
L dition for the existence of three different real roots reduces to
-6.x 10722 the inequality:
f(sT)f(s7) <0,

FIGURE 1. Dispertion relation folCr = 10? m/s andr = 10° s.

The blue curve corresponds go= 10~'°1/m (three real negative where
roots, no acoustic waves) and the red curve te 10~** 1/m (one (Dy + D h)qz
real negative root and acoustic waves). st = 1% ¢

3
1
+ /5034 + (Dot Dun) g =3(Du Ding* +4mGpo) . (21)

4. Final Remarks

) ... The simplified expression for the discriminant of ER1)is
In Ref. [12], the authors computed the Rayleigh-Brillouin given by

spectrum for a relativistic simple fluid. In this paper, the same
methodology was used for the dispersion relation, where the
Rayleigh peak corresponds for the real root and the Brillouin
peaks are given by the conjugate roots of A&).(

It is very hard to find in the literature simple examples in Taking the value of the Jeans wavenumbera&ip,/C7
which a discussion of the existence of the roots precedes 1d4l. itis easily noticeable that
the pursue of the solutions of the dispersion equation for di-
lute mixtures. If dissipation is strong enough, it can prevent b(gs) = —48Gpo, (23)
the formation of acoustic waves. In fact, the ideas contained ) »
in this paper lead to the establishment of a cut-off wavelengti@nd no unstable modes appear at the ordinary critical wave-

that depends on the isothermal speed of sound in the gas. '€ngth. . _ .
The extension of this criterion in the case of a single self-  We consider that this algebraic approach to the analysis of

gravitating fluid can be analyzed through the dispersion relathe Brillouin peaks for dilute fluids is promising and useful
tion [13] : for students and researchers interested the subject.

b(q) = gC%(f (14 C3¢*72) — 4nGp < 0. (22)

f(s) =8>+ (D, + Dyp,)g?s*
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