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Proton wave function in a water molecule: breakdown of
degeneracy caused by interactions with the magnetic
field of a magnetic resonance imaging device
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The concept of a Magnetic Resonance Imaging (MRI) device is based on the emission of radio waves produced by the protons of the hydroger
atoms in water molecules when placed in a constant magnetic field after they interact with a pulsed radio frequency (RF) current. When the
RF field is turned on, the protons are brought to a spin excited state. When the RF field is turned off, the MRI sensors are able to detect
the energy released as the protons realign their spins with the magnetic field. In this work we provide a simple model to describe the basic
physical mechanism responsible for the operation of MRI devices. We model the water molecule in terms of a central force problem, where
the protons move around the (unstructured) doubly negatively charged oxygen atom. First, we employ an analytical treatment to obtain the
system’s wave function as well as its energy levels, which we show are degenerate. Next, the energy levels from the water molecule are
studied in the presence of a uniform external magnetic field. As a result, they get shifted and the degeneration is lifted. We provide numerical
results for a magnetic field strength commonly used in MRI devices.
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1. Introduction is used to reverse the orientation of the spin. When this RF is
turned off, the proton spin returns to their original orientation
Magnetic Resonance Imaging (MRI) is a powerful techniqueproducing radio waves that are detected by the MRI device
to obtain three dimensional images of the structure and comg produce the images [14]. The human body is of course
position of human body parts [1-3]. The technique is notmade out of different molecules and atoms and not only wa-
invasive, in the sense that it does not require the use of raer. Moreover, the water molecule contains also protons and
diation. It is constantly evolving as the procedure to obtaimeutrons within the oxygen nucleus as well as electrons, all
the images improves [4-7]. An alternative technique to obnf which are subject to interactions with the magnetic field. It
tain three dimensional images is the Computed Tomographyg therefore useful to describe why the most relevant interac-
(CT). This technique is however invasive as it requires usingjon of the MRI magnetic field is the one with the protons in
x-rays [8-10] that can cause damage to body tissues [11-13he hydrogen that makes up the water molecule. In this work
In addition of not being invasive, MRl is preferred over CT \ye use a simple model to describe the basis of the interac-
because it can produce clearer images, particularly for thgon between the MRI magnetic field and the protons in the
brain, the nerves, the muscles, the spinal cord, among oth@fater molecule. The work is organized as follows: In Sec. 2
body parts. we first explain the reason to consider the spin of the protons
The MRI main components are the magnet and the ram the water molecule to be the source of the main interac-
dio frequency coils (RFC) [14]. MRI works by employ- tjon for the MRI technique. In Sec. 3 we model the water
ing a strong magnetic field, usually in the range of 0.5-7 Tmolecule in terms of a central force problem and find the
namely, six orders of magnitude larger than the magnetic fieldo|ution of the Schidinger equation describing the protons
strength on the surface of the Earth. For this reason, patien{gave function in the absence of a magnetic field. In Sec. 4
must inform to MRI operators of any metallic implant they we introduce a constant magnetic field and find the break-
may have, as these can be affected by the strong magne@ewn of degeneration. In particular, we compute the shift of
field. A typical MRI procedure consists of laying down the the energy levels with respect to the case in the absence of the
patient within the device that contains the magnet. The magmagnetic field. We also compute the energy eigenvalues for
netic field, interacts with the protons in the hydrogen atomsypical field strengths employed in MIR devices. The inter-
that make up the water molecules, abundantly present in thgction of the proton’s spin with the magnetic field is not taken
human body. The interaction is through the proton spin thajnto account for these calculations, then, only the interaction

can be oriented either parallel or anti parallel with respect taf the proton’s angular momentum with the magnetic field is
the magnetic field direction. A RF field produced by the RFC
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considered, leaving the interaction with the spin for a future3. Model for the water molecule

work. We finally discuss our results and conclude in Sec. 5.

Finding analytical solutions of Sobdinger’s equation for a
system of many interacting particles (MIP) is nearly impossi-
ble. In most cases, this can be achieved only after resorting to
The human body is mainly composed of water. 80% of hu-SOMe simplifying assumptions. The case of a water m.olecule
man tissues consist of water molecules [15] which in turn ardS an €xample of a MIP system that has attracted considerable
made of two hydrogen and one oxygen atoms. Let us ﬁrs§ttent|o_n since long ago to find SO!UtIOﬂS using either suitable
consider the protons in the hydrogen atoms. This is the prin@PProximations [21-24] or numerical methods [25, 26].

cipal assumption used for the physics in the MRI [16-18]. A;aﬂrst apprQX|mat|or1, the water molecule is commonly
Under normal circumstances, the orientation of the proton§€scribed as having a di-polar structure, whereby the two
spins is arbitrary. When a human body is placed in a constarRfotons of the hydrogen atoms represent the positive side,
magnetic field, some proton spins in the water molecules be¥hereas the oxygen atom together with the two other elec-
come aligned whereas some others become anti-aligned wiffonS represent the negative side. Due to electrostatic re-
respect to the direction of the magnetic field. The latter correPulsion, these three components form a triangle [27]. It is
spond to excited energy states. If a RF is turned on, the effeéfnown that the distance, between the protons of the two

is to reverse the spin alignment with respect to the magnetifydrogen atoms is, roughly speaking, constant, namigety

field: parallel becomes anti-parallel and vice versa. Wher91.05 pm. On the same footing, the distangebetween

the RF is turned off and the proton spins return to the groundn® Protons and the oxygen nucleus is abut- 95.60 pm.
state, they release the excess energy in the form of electr@ne can then consider that the protons move as if they were a

2. Basic principles of the MRI technique

magnetic radiation. rigid body, with a fixed distance between them. The electrons
Recall that the proton’s Bohr magneton is given by of the two hydrogen atoms have a covalent bond with the
oxygen atom. Therefore, the oxygen atom can be regarded
LN, = eh _ 3.14 x 10~%V/T, (1) as being a negative, doubly charged system that provides a
T2my central force for the motion of the two protons while its in-
and that the proton’s Larmor frequency —a quantity which gelernal structurg can be ignored, for the.pur.pose of this.study.
pends of the magnetic field strenght is given by The problem is then reduced to considering the_motlon of
the two-proton system around a charged center with a charge
vy = 2#};:3’ 2 Q=2

wherey, =2.79uy, is the proton’s magnetic moment, that 3.1, Hamiltonian
depends on the sum of the magnetic moments of the quarks
that make up the proton [19]. The above means that=  The origin of the reference system is taken as the position of
42.595B MHz/T. Using a typical value for the field strength the charge that produces the central force (oxygen nucleus).
in a MRI device ofB = 7 T, one obtains that the protons emit As a first approximation the protons are considered as distin-
radiation with a frequency, = 297.21 MHz. In general, for  guishable. Since the distances between the protons and the
typical values of the field strength used in these devices, thisxygen nucleus are constant, the potential energy is also con-
radiation is in the radio wave part of the spectrum. stant, yielding a system’s Hamiltonian given by

The water molecule is also composed of electrons. Their

corresponding Larmor frequency is given by = 27.93B N . . ﬁ% .

GHz/T. UsingB = 7 T, one obtains that, = 195.53 GHz. Ho = Hy + Hy = omd2 Vi(do, dy)

In general, for the typical field strengths used in MRI devices, ’

v, isin the GHz range of the spectrum, namely in microwaves ﬁg N

(MW). The other nucleons (including those from the oxy- + Imd2 + Va(do, dp) | 3)

gen atom) could also be subject to magnetic resonance [20].
However, they are mostly spin-paired (their total spin is zero)nere 1 and 2 label the protons. The potential is given by
This means in particular that they are not subject to a signif-

icant interaction with the magnetic field. Since the RFC is V(dy,dy) = Vi(do, dy) + Va(do,d,)

tuned to detect signals in the radio part of the spectrum, the

MW radiation is signaled out. As a consequence, the mag- _ 1 (_ 2€2+€2> 1 (_2€2+€2)
netic field in MRI devices only detects transitions produced dmeg do 2d,) Ameg do  2d)
by the spin flip of protons in the water molecules. 2 2 2
. 1 2e 2e e

After having spelled out these general remarks, we now =1 B + T
proceed to study the proton wave function and energy levels Tco © ° P
when these are taken as being part of a water molecule. For 1 e?  4e? 4
simplicity we refer to these as the protons. " drey dfp o, )
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Substituting the values fat, andd,,, we obtainV’ = —23.4 eV.

3.2. Protons wave function

Putting together all the above considerations, thed8tiger's equation can be separated to be written as two equations, one
for each proton, such that

72

l2rlr/z1d2 +W ¥1(01,61) = e1p1 (61, P1), (5)
iz

ldeg + Va | ¥2(02, ¢2) = €21p2(b2, ¢2), (6)

whereﬁf is the orbital angular momentum operator for the protens,1, 2, given by
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FIGURE 1. Examples of probability distributions obtained from the corresponding wave functions of protons in the water molecule. The
dimensions are arbitrary.
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The total system’s energy is given y= ¢; + e2. SinceV’ < 0, thene; — V' > 0 for bothi = 1, 2. As a consequence, the
solutions of Eqs/4) and ) represent the eigenfunctions of the orbital angular momentum, which are the spherical harmonics,
namely,

!
1 P (cos b)),

Y1(01, ¢1) =Yim, (01, 1) = (1)"11\/(211 - 1) Eﬁi +23

47

2[2 + 1) (lQ — 777,1)

! o
= P (cos 02), ®)

(12 + mz).

¢2(92a¢2) =Yi,m, (927¢2) = (_1)m2\/<

whereP;;" (cos 6;) for i = 1,2, are the associated Legendre polynomials. Therefore, the total system’s eigenfunction is

\Ijll,ml;lg,mQ (917 ¢1; 029252) = }/l1m1 (917 ¢1)1/l2m2 (925 ¢2)a (9)
wherem; = —1l;,—l; + 1,...,1; — 1,1;; fori = 1,2. As an example, Fig. 1 shows four probability distribution obtained from
the corresponding proton wave functions in the water molecule. The energy of the system is given by

2 2
E ., =—=U(l1+1)+—=lb(ls+1)+ V. 10
1yl 2md§1(1+)+2md32(2+)+ (10)

We notice that for given values of andl, the degeneracy iQl; + 1) x (2i2 + 1).

3.3.  Wave function for identical protons

To finish the analysis of the wave function, as mentioned, the protons were treated as distinguishable. In order to formulate
the model considering the protons as indistinguishable, it is necessary to antisymmetrize the spatial part of the wave function,
namely,

1
\I/ll,ml;lg,mz (ela ¢1; 92¢)2) = ﬁ Yzyml (gla (;bl)}/lzmg (627 ¢2) + Ylg'mg (917 ¢1)Y21m1 (92a ¢)2):| . (11)
Since the proton spin is = 1/2, they can be either in a singlet or a triplet state. Since the total wave function must be
antisymmetric, when the spatial wave function is symmetric, the spin part must be antisymmetric (singlet) whereas if the spatial

wave function is antisymmetric, the spin part is symmetric (triplet).

4. Water molecule in a magnetic field

For this analysis, the interaction of the proton’s spin with the magnetic field is not considered, then, only the interaction of the
angular momentum with magnetic field is considered.

To introduce the effects of a magnetic fidB] we make the minimal substitution — p — ZA, whereA is the magnetic
potential andB = V x A. Therefore, the Hamiltonian for each proton becomes

2 Lo az)\? .

= (bi-2A): =12 (12)
2m c

resulting in the total system’s Hamiltonian

R 1 N2 1 N2
= (b1~ 2A) + (2~ 2A) 4V
2m c 2m c

2
— o~ 5 (A pr+pi-A)~ oL (A pa+pa-A)+ L A2 (13)
2mce 2mece me

whereH is the Hamiltonian withB = 0. Working in the Coulomb gaug® - A = 0, one obtains thap; - A — A - p; = 0.
Finally, using thatA = (1/2)B x # andL =  x p, the Hamiltonian is given by

2
A . q . q R 2
H=Hy—-—(B-L;)]-— (B-L —— A= 14
07 2me ( 1) 2mec ( 2) + mc? (14)
Since the magnetic field is directed along fhaxis, Eq. 4) reduces to
2 2

g4 7 4 7 q 2 2 q 2 2

H =Ho 2me (B L21) 2me (B LZQ) T Ime? (2% +9i) + A2 (23 +93) - (15)
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It is easy to note thakl, Hy, L., andL,, commute with each other. Therefore, the common set of eigenfunctions is given
by |limilome >= Uy, 1, .1..m,. Using this basis, one can compute the energy eigenvalues

2

A q
El],mulz,mz =< llm1l2m2|H|l1m1l2m2 >= Eh,lz — TrthMp — mghBMp + 7 < l1m1l2m2|(x% + y%)|l1mllgm2 >

4m
'S 2 2 R
+ T < limalama|(z5 + y3)|limilame >= W[ll(ll +1) +a(lo+1)]+V —mihBpu, — mohBp,
2 2
q q
+ e < llmllgmg‘(l‘% + y%)|llmllgm2 > +4m62 < llmllgm2|(x§ + y§)|l1m112m2 >, (16)

where,u,, = e/2mec. Definingw, = 1, B the energy can be written as

h2
El1,m1;l2,m2 = m[h(h + 1) + lg(lg + 1)] +V - mlfuup — mgﬁwp = Eh,lg — mlhwp — mghwp

2 2
q q
+ 7477102 < l1m1l2m2|(m% + yf)|l1mllgmg > +74m02 < l1m1l2m2|(m§ -+ y§)|llm1l2m2 > . (17)

The two last terms of Eq1{) can be written using spherical coordinate$+ y? = d2 — d2 cos® 0, fori = 1, 2; as:
< l1m1l2m2|(17? + yf)|l1m1l2m2 >= di(l* < llm112m2| COS2 91|l1m112m2 >) = di(l* < llml\ COS2 91|lvml >). (18)

Thecos? §; can be written in terms of the spherical harmonics/A$r /5 Y2 (6;, ¢;) + 1, then, we obtained an integral of
three spherical harmonics (Appendix A), whose result is in terms of the Wigrgymbol as:

o @+ DRE+DG) (11 2 1 1 2
< L] cos™ Biflsm; >_\/ 47 00 0/\m; m; 0)° (19)

where

Then, the value of Eq18) is,

2

l; l; 2
< l1m1l2m2|(ar? —|—yi2)|l1m1l2m2 >= dz (1 — g [ E (ml m 0) +1

fori =1, 2. Finally, Eq. L 7) becomes,

) ; (20)
2

h
7[[1 (ll + 1) + lg(lg + 1)} +V - mlﬁwp — mghwp = fall’l2 — mlﬁwp — mgﬁwp

E117’rn1;12,m2 = 2md?
2 2
o 2 2 /(L L2 q° 2 2 (1l 1 2
dl1- - — 1 dzl1—- = — 1 . (21
T e 0( 3|V 15 (ml my 0) 7" T ima® 3(Vi5 \mo me 0) T D

Notice that the degeneracy in the quantum numbersandms, obtained for theB # 0, is now lifted. As an example,
Fig. 2 shows the first two energy levels comparing the cases WwBher) and B # 0.
In a MRI study, the magnetic field strength can be anywhere in the range of 0.5 T and 7 T. Usi@d)Ei.i§ simple to
compute the proton energy levels for any magnetic field strength. As an example, we takeT. Table | shows the values
of the energy levels of the protons in the water molecule for the ground state and the first and second excited states. The value
of the last two terms are not written for the best appreciation of the Table, because they are very small -on the @rder of
As a comment, the values of the Wigrsgrsymbol are:

11 2 2 (1 1 2 11 2
(0 0 0)‘ 15’ (1 -1 0)‘(1 1 0)_0' (22)

We notice that the degeneracy in the quantum numigrandms is removed, as it is illustrated also in Fig. 2.
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(1,1;-1,-1)

— B simple model to describe the water molecule, we formulated
and analytically solved the Sotinger's equation. In this
(1,11, (1,1:1,1) S e . e model, since the protons are described as having a constant
(1,1;0_»1) (1,1;-1,0) 1,1;0,-1 = EL1-10 . .
1.1:4.1) (1,1:0,0) separation between them and with respect to the oxygen nu-
£ L A1) A1) Ey 0= Epyi cleus, they move as a rigid body around the oxygen nucleus,
L1 (1,1:0,7) (1,1;0,0 _ =Ey 1011 which is regarded as a double negatively charged source of a
(1.1:1,1) (1,1:1,0) [0 0110 Eyio1=Eirio central force. Notice that the result of this simple description
S . of the interaction between the magnetic field and the protons
— in the water molecule is similar to the Normal Zeeman effect
(S = 0), where a lifting of the degeneration is also induced
0.4:0.4) 0.4:0,-0) (1.0:-1.0) by the magnetic field. The similarity comes from the model
0.1:0.0) —— o 1= i o of the water molecule that we used, which is the analog to
Eo1 o0 (0,1:0,0) (1,0:0,0) the hydrogen atom system with two particles interacting in a
E Stoto . = L0100 = L1000 central potential. The wave function for the caseBof= 0 is
LO oo £Lor.0) 0104 _ a product of the spherical harmonics, and thus it is described
(1,0,0,0) ELO;IAO - EOAI:OAI
(1,0:1,0) o ’ by the four quantum numbets, I5, m; andmsy. We have
obtained the explicit energy degeneracy for all gquantum num-
(0,0:0,0) 0,00, _bers. This_ degeneracy is lifted _Wh_en the water molecule is
Eyg Ey .00 immersed in a constant magnetic field. However, the degen-
eracy persists with respect to the quantum numbeasdi,.
B=0 B#0 Comparing with the case of the Anomalous Zeeman effect,

it is expected that this last degeneracy is lifted when the spin

FIGURE 2. Left: FortheB = 0 case, the energy levels are degen- f poth protons is also accounted for. The interaction of the

erate in the quantum numbeislz, ma,m2. Right: FortheB £ 0y gnetic field with the total angular momentush+  + )

case, the degeneracy Wlth respect tq the quantum nu_mhemg is considering for a future work

is lifted. The system is however still degenerate with respect to . . . )

I1,l2. The notation(ls, ls; m1, ms) represents the quantum num- Wlth thls_analy3|s, we shov_v the energy levels for the pro-

bers associated to the wave funCtion .1, .ms . tons interacting with a magnetic field hoping these results can
be used to improve the techniques to obtain the image from a

MRI, having more precision.

TABLE |. Energy levels for the ground, first and second state of the

protons in the water molecule. Appendix A
State (1, 12;m1,m2) Energy (eV))
Ground (0,0:0,0) 23.4 The integral of three spherical harmonics is given in terms of
= : the Wigner3;-symbol, as:
(0,1;0,-1)=(1,0;-1,0) -23.39545379
First (0,1;0,0)=(0,1;0,0) -23.397727 o
(1,0:1,0)=(0,1;0,1) -23.39545421 / / Y"1 (0,0)Y,)2(0,8)Y,* (0, ¢) sin 0dOdg
(1,1;-1,-1) -23.39090758 00
Second (1,1;0,-1)=(1,1;-1,0) -23.39090779 B \/(2[1 +1)(20y + 1)(215 + 1)
(1,1;0,00=(1,1;-1,1)=(1,1;1,-1) -23.390908 - Ar
(1,12;0,1)=(2,1;1,0) -23.39090821 y I 1y Iy I I I
(1,1;1,2) -23.39090842 0 0 0/\mi ma mg)’

For this work the values of, = I; (thenm; = ms),

) . . ls = 2 andm3=0 are used.
5. Discussion and conclusions 3 s
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