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distribution as a function of different laser beam profiles

T. B. Miladinovit
University of Kragujevac, Institute for Information Technologies, Department of Sciences,
Jovana Cvijea bb, 34000 Kragujevac, Serbia,
e-mail: tanja.miladinovic@uni.kg.ac.rs

N. Danilovic
University of Kragujevac, Faculty of Science, Department of Physics,
Radoja Domanowia 12, 34000 Kragujevac, Serbia.

M. Z. Jeremt
University Clinical Center Kragujevac, Department of Nuclear Medicine,
Zmaj Jovina 30, 34000 Kragujevac, Serbia.

Received 6 October 2021; accepted 17 November 2021

In this paper, we discussed the probability distribution of exponential and non-exponential tunneling ionization of atoms, taking into account
that the tunneling is not instantaneous, but requires a very short time interval. We also investigated how different laser beam profiles affected
the probability distribution. These physical situations were analyzed for the valence electron of a potassium atom exposed to a strong lase
field in a wide range of intensitied @*? — 10'® W/cm?). We used the ADK theory formalism to compute probability distributions. The
results demonstrate that the probability distribution in the non-exponential mode has a significantly lower value than in the exponential
mode, calculated under the same conditions. We showed that various laser beam profiles on these probability distributions produce differen
tunneling time intervals.
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1. Introduction oped models and theories. Just a few of them will be men-
tioned. Starting from the Scbdinger equation for a hydro-
Today it is possible to get laser pulses of high intensities evegen atom in a uniform electric field, Landau and Lifshitz de-
to relativistic orders, with their duration lasting less than atermined the ionization probability (per unit of time) [11]. In
femtosecond. That is why studying the tunneling ionization1965. Keldysh wrote a paper whose essence was to express
process, which occurs when a laser interacts with matter, igte as a sum of multiphoton processes, given as a total ion-
much easier. This analysis was impossible before the 1980#&ation rate [12]. He derived a relatively complex formula,
Experimental confirmation of the existence of this process [1put using the functionzy = w,/2m.1I,,/(eF), it can be di-
opened a completely new chapter in quantum physics. It ervided into two independent equations related to two types of
abled the approach to many important scientific issues from #@nization, tunnel and multiphoton. This function is called
totally different perspective, such as radioactive decay [2, 3]the Keldysh parameter, where; F' and I, interpret the fre-
the scanning tunneling microscope (STM) that gives infor-quency of the external field, laser-field strength and ioniza-
mation about surface topography [4, 5]; in the area of publidion potential, respectively,andm, are the charge and mass
health and safety, as an innovative concept for nanostructur@f the electron, respectively. Itis generally accepted that ion-
based gas ionization sensors [6-8]; a technique called "turization processes can be separated by the Keldysh parame-
neling ionization with a perturbation for the time-domain ob- ter, in the following way: when the Keldysh parameter has a
servation of an electric field” (TIPTOE) was developed. Us-valuey < 1, ionization occurs in the tunnel mode, while in
ing TIPTOE, the temporal profile of an input pulse can bethe case ofy > 1, in the multiphoton mode. The first ex-
determined by modulation of the ionization yield using anperiments satisfied Keldysh’s parameter condition. Later ex-
appropriate reconstruction algorithm [9, 10]. periments showed that these limits do not have to be strictly
In a well-defined combination of strong intensity and gadhered to [13, 14]. Theories that directly rely on Keldysh'’s
correspondingly low frequency of the laser field, in the in-theory are PPT (Perelomov, Popov and Terentev) [15] and
frared or optical domain, electron tunneling occurs through &'PK (Ammosov, Delone and Krainov) [16]. These theo-
potential barrier, which is impenetrable in classical mechanfi€S have adapted and improved Keldish's theory and can be
ics. The laser electric field suppresses the Coulomb potenti@PPlied on hydrogen atoms and extended to more complex
and thus forms a barrier through which the electron can tun@0ms and molecular systems. In ADK theory the regions, in
nel. To describe the tunneling process, scientists have develthich the ionized electron interacts with the parent ion and
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with the electric field, can be separated. The electron bountaser systems can operate with near-Gaussian beams or non-
in the atom moves under the influence of the atomic forces(aussian beams. The most commonly used models of laser
and the external field does not influence its motion and vicdbbeam shaped profiles, in physics as well as in other branches
versa. The ionized electron moves only under the influencef sciences, are Gaussian [29,30], Super-Gaussian (SG) (flat-
of the external field, in which the energy of one photon istop beams where a beam exhibits a nearly constant irradiance
smaller than the ionization potential < I, and the field over its beam width) [31], Hermite-Gaussian (HG) (rectan-
strength is smaller compared to the strength of the atomigular) [32—34], cylindrical and are called Laguerre-Gaussian
field F < F,, F, = 5.14 x 10° V/cm. Under these con- (LG) [35, 36], as well as Lorentzian [37]. Experimentally
ditions, the atom is treated quantum mechanically while thet is possible to achieve a transition from a spot-like pro-
electromagnetic field is classical. However, in both casedfjle of the laser beam to a doughnut shape, and vice versa
there are deviations from the given rules. In the case of af38-40]. The processes that take place under the influence
electromagnetic field, the term photon is used, while in theof the laser field must be discussed theoretically by includ-
case of atoms, a quasi-classical approximation is uised, ing different spatial distributions of the laser beam, from fun-
states with a large quantum numberare observed. Am- damental modes (Lorentzian and Gaussian) to higher-order
mosov, Delone and Krainov in their paper replaced the quanbeam modes (SG, HG, LG). This paper report results ob-
tum numbers, [ by their effective valuegs* = Z/\/ﬁ and tained by calculating and estimating the effects of different
I* = n§ — 1, whereZ is a charge of the ionized atom, while laser beam profiles on ionization probability distributions in
ng is the smallest value of the effective quantum number  a wide range of laser intensities for the specific wavelength
The resulting formula given by the ADK theory describesin the infrared domain, when the electron tunneling time is
the tunnelling process in which an unstable system decay® the range of = (1 — 800) as. Potassium was chosen
according to the exponential law. The probability of sur-as the target atom exposed in a linearly polarized laser field.
vival of such a system decreases exponentially with time This model is applicable in a non-relativistic regime, for laser
This method of calculating the tunnel ionization rate has beintensities less that0'® W /cm?. It could be extended to a
come accepted and W|de|y used, but tunne”ng can also [j’@'atiViStiC regime for much hlgher intensities, with the inclu-
ana|yzed in a non-exponentia| mode []_7' ]_8] To mentiorsion of required relativistic corrections, but this would be out
briefly, in the 1920s, the law of decay in the exponentialof the scope of this paper. Research in the fields of ultrahigh
form was established [19, 20]. In the 1950s Khalfin [21] as-laser intensities exceeding® W /cm? would allow study-
sumed the existence of decay, which can be described byiBg multiple tunneling ionization of heavy atoms [41, 42].
non-exponential law, and his assumptions were proved ex- The structure of our paper is the following. After the in-
perimentally [22, 23]. Time dependence of non-exponentiatroduction, the theoretical background is presented in Sec. 2,
decay is in the form—3/2, but Nicolaides and Beck [24] sug- followed by a presentation of the results and discussion
gested in their paper that this dependence could-be!.  (Sec. 3) where the probability distribution in exponential
For non-exponential decay in a many-particle system thadnd non-exponential modes was calculated. In Sec. 4 we
takes place over a longer period. This dependence is alggave our conclusions. A complete description of the sys-
possible in the formt—, where the quantityV is propor- tems of probability equations, as well as all the parameters
tional to the number of particles and depends on the quameeded for their implementation, are given in atomic units
tum Bose-Einstein or Fermi-Dirac statistics of these parti<(|e] =m, =h=1).
cles. There are several approaches how to determine the tun-
neling time. One of them is Keldysh’s [12], in which tun-
neling through a barrier is instantaneous and doesn't tak .
a finite time. Buttiker and Landauer considered time to be~- Theoretical background
imaginary because it is thought that a breakdown of a wave
function is below the barrier [25]. One of the concepts isAn unstable system has multiple ways of decaying: sponta-
that the tunneling time is viewed as an average value, ndteous decay, tunneling alpha decay of atomic nuclei, single-
as a quantity that is strictly determined. Using this way ofphoton ionization of atoms, etc. The basic formulas used to
approaching the problem, the Feynman path integral (FPIjlescribe each of the decay processes are [43].
was obtained [26, 27], which can be presented as a process

of averaging using the tunneling time of probability ampli- a(t) = (S|e™*Ht|S), (1)
tude. The development of science enables us to solve this )
dilemma experimentally. Now it is possible to determine the P(t) = lat)]”, @)

real tunneling time using attoclock measurements in a wider

range of laser field intensities [28]. For a more detailed analwhere|S) is the state vectod is the Hamiltonian of an un-
ysis of the tunnel ionization process and calculation of thestable system, whila(t) andP(t) is the decay survival prob-
ionization probability distribution of ejected electrons, it's ability amplitude and the survival probability, respectively.
important to take into account the spatial distribution of aThe unstable state) is not an eigenstate of the Hamiltonian
laser beam profile when optimizing the experimental setupH, and the energy distribution of this state can be defined as:
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by applying the residual theorem E) (and after several

o0 mathematical transformations the Breit-Wigner probability
a(t) = / ds(E)e*iEtdE, () amplitude can be obtained:
where the energy normalization condition holds: aél)(t) = —il'(¢e) { / F(ef;de
) . 5 +i(E—e)
/ ds(FE)dE = 1. (4) oo
—iEt
In order to discuss the probability distribution of expo- T2 THEe)

nential and non-exponential tunneling ionization of atoms ex-
posed to an intense laser field, it is necessary to define ﬂl?ro
probability amplitude for both of these mechanisms.

A suitable simple pole af = ¢ — i(I'(¢)/2) in Eq. (9)
vides:

2.1. Exponential decay a(()l)(t):*i/6*i(67i(F(6)/z)td(€*i(F(G)/Q), (10)

— 00

The energy distribution of an ejected electron of the exponen- N _
tial decay, with respect to mean electron energg given by which leads to the formula for the probability amplitude of

the Breit-Wigner distribution [44]: the initial state:
I'(E . T'(e)
e 21(()“) ®) af () = e (11)
(E—e)?+ 4 )

_ _ _ o _ The decay width' = 1/7 is the inverse of a lifetime,
wherel'(E) is the decay width. A detailed derivation of this which is the initial decay rate, and can be measured by fitting

equation can be found in Ref. [45]. The first step in derivingthe counting rate of decay products to the exponential law:
the probability amplitude is to apply the Fourier transform

using a complex integral: 40 o peTt, (12)
7 ) ot wheredN (t) is the number of decay products registered in
f)= | z;F(w)e " dw. (6)  the detector during the time interv&l. In the case of the tun-
“o0 neling ionization of an atom in a strong low-frequency laser

FunctionF'(w) has two simple poles at = e4i(I'(¢) /2). field the widthI'( E’) can be represented by the equation [18]:
The integral at polev = ¢ + i(I'(¢)/2) diverges and cor- 3 (1
respond to an unphysical state; therefore we account only I(E) =4 W\}@ exp (‘%) ’ (13)
for the contribution from the simple pole located @t = _ o
e — i(I'(€)/2) in order to obtain an exponentially decaying Where E' is the kinetic energy and has values greater than

state. zero,E > 0 [15]. The probability amplitude is interpreted as
By the residue theorem: the possibility of the appearance of a particle (in our case an
oo electron) at the momemtwhen it's mean kinetic energy is
_ The probability amplitudes are complex numbers. The corre-
/F(w)dw / Flw)dw sponding probability is proportional to the modulus squared
arc - of the probability amplitude, which, unlike the amplitude, is
= 27iRes,—c—i(r(e)/2) F (w). (7)  apositive real number. The square of the module of Eg).
ives:
The first integral tends to zero, g
Péiz)onentialz exp[-T'(E)t], (14)

/ F(w)dw — 0.

where the mean electron ener@ly = e corresponds to the
arc

_ . average kinetic energy of the ejected electron that oscillates
The notation arc means arc length and represents the distangeie electric field and it is equal to the ponderomotive po-

between two points along a section of a curve. B)c@nbe  (ontial. The ponderomotive potential for a linearly polarized

written in the following form: laser field has the form = U, = F?/(4w?) [46,47]. Using
. Q(¥) the expression for mean electron energgnd substituting
ds(E) = 54(@) 2+(E 2 expression Eq1Q3) into Eq. {L4) probability is defined as:
2 —€
1 2
Péx?)onentia(Fv t)=exp (_ [A C€Xp {_%_ 532 }} t) , (15)
=5 g ®)
2 \ D(e) . T(e) . ’ .
3 ti(E—e) 3 U= where isA = 4,/3v/(rw+/21L,).
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2.2. Non-exponential decay The Gaussian (G) beam profile was the first we paid attention

o ) _to. The electric field for this beam profile can be expressed
To get a basic insight into the mechanism of non-exponentiags [30, 31]:

ionization of the tunnel, it is required to calculate the appro-
priate probability amplitude as a function of time. Starting _ B [L}
from Egs. [5) and ) the following is obtained [48]: Fg = Fyexp o] | (23)
@) 1 7 e wherer? is the distance from the centre of the bearfy) =
ag’(t) = ﬂ/ (ot )2+F(7w)2 dz. (16) wo/ 1+ (2/20)? is the Gaussian widthy, is the Gaussian
o 1 beam waistz is the Rayleigh length. A Gaussian-shaped

Choosing a negative imaginary axis is useful for Cak:u_laser beam does not necessarily have to be parabolic; it also
lating a long time limit. The analysis will remain unchanged ¢&" Pe @ flat-top bearne. higher-order Gaussian (Super-
when using this integration contour, as long as the contouf?2Ussian). A Super Gaussian (SG) electric field is given
closes the physically relevant poles near the positive real axig’.y [52]:
After implementing the replacemenpt = zt, the equation

n
above becomes: Fsq = Foexp (— [ﬁ} ) ; (24)
2) L Vi eV (—y/t) n represents the order/index of the Super-Gaussian beam, and
ag (1) = ﬁ/ /et )2+F(—y/t)2 dy. A7) its value isn > 2. The casen = 2 corresponds to the basic
(! € f

0 Gaussian profile. It is shown that the Super-Gaussian beam
of the higher index and smaller beam width can produce
much stronger radiation compared to the Gaussian beam [52].
By differentiating the fundamental Gaussian mode, higher-

order beams like Hermite-Gaussian and Laguerre-Gaussian

Knowing that att — oo the non-exponential decay is
determined by small values @& — 0, the denominator in
Eq. (17) becomes equal t&':

) . with complex arguments can be obtained. These calculations
a(() )(t) =5ty /eﬂyl“(—y/t)dy. (18)  can be generalized to deriving a whole family of Hermite-
0 Gaussian (HG) and Laguerre-Gaussian (LG) modes, includ-

- - . , ing also those with real arguments [53, 54]. Field intensity
This time limit determines the behavior of near zero, thatyiciibutions of higher-order HG mode laser beams and the
I(=y/t) = I(0) [48,49]: amplitude of the electric field are given in literature [55, 56].
) For this research the Hermite-Gaussian beam of the first order

(2) 4y _
ay (1) = —grezy- (19) was used:

In accordance with Eq183), the non-exponential decay 1 3
. . . F (Z) — _wo 8x 8z +2
width is obtained: HG wz)?V Bw)? T w(z)?

0(0) =4, /S e (). (20) X exp <; _ L()r) _ (25)

This derivation leads to a finite expression for probability ~ The Hermite-Gaussian mode is closely related to the

in a non-exponential mode: Laguerre-Gaussian mode, and some research requires con-
9 version of the HG into the LG mode and vice versa. The way
Ph(,iﬁ_exponemialz (—%) 3, (21)  this can be performed is given in literature [57]. The behavior
of tunneling probabilities under the influence of a LG(0,1)*
P,\(,ia_exponemiaQF, t) = (Aexp [~ 5%] )2 %. (22)  spiral phase mode was also analyzed. The electric field for

a linearly polarized laser light with this beam profile is given
In the tunnel ionization regime, the total probability can py [5g]:

be viewed as a function dP(F,t), which maps values into
real numbers over the range of [0,1]. A detailed theoretical o2 2
analysis of the ionization probability gives us an advantage in Frase) = FO\/:?‘J/XP (_7%) cos ¢, (26)
better understanding of the experimental data. Experimental
determination of absolute ionization probabilities is compli-wherer,(¢) = ae*«? is the polar equationg and k, are
cated because ionization of atoms in strong laser fields desonstants, whiles is the azimuthal angle. More about LG
pends on various experimental setups: target density, excitditeams can be seen in Refs. [59—61]. In experiments, high
state fraction, incoming photon flux, detector efficiency andaser intensities are involved. It has been shown that the trans-
relative spatial alignment of the target and laser pulse [50,51)verse intensity profile is not always described well by a Gaus-
Therefore, we tested the influence of different beam profilesian distribution [62,63] and that Lorentzian’s (L) distribution
on exponential and non-exponential probability distributionswould be more appropriate [40,64,65]. A Lorentzian electric
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field distribution function was propounded in work of Shealy a.u.), beam waist afy = 4 mm (7.559 x 107 a.u.) [70, 71]

et al.[66]: and photon energy = 0.05696 a.u. It should be empha-

B P sized that the beam waist can be in a wide range of values,

Fo=—"+7- @7 from micrometerg3 — 60) pm to millimeters(15 — 30) mm.
”(Wz)) Higher-order beam modes correspond to the narrower beam

waist andvg has to be adapted. The target to which this beam

% directed is the potassium atom with the ionization poten-

tunneling time is much shorter than predicted by theorle%al of valence electron of, = 4.3406 eV (0.1595 a.u.). The
[67,68]. The presented laser beam profiles in Combinai/alue of the Keldysh pargmeterfi,s: 0.1, which is in the

tion WiFh controlled light pulses lasting attosecor@@‘_lss.), .__range of values given by the conditionk 1 that defines the
made it possible to observe what happens during |on|zat|or1_jomain of tunnel ionization

iding th ibility of tail lysis of th . . .
providing the possibility of & detailed analysis of the process To calculate the probability for a Laguerre-Gaussian

] ] beam shape, it was necessary to define the values of the pa-
3. Results and discussion rameters that appear in E®6). r,(¢) = ack+? is the loga-

: . rithmic function whenr,, has a value ilum range, parameter
The behavior of an atom located in the external electro-

o : _ a is equal toa = 0.57 (1.08 x 10* a.u.). ¢ is azimuthal
magnetic field, directed along the axis, can be conve- angle lies in interva[—180°,180°]. Angle # defines spiral
niently investigated in parabolic coordinate$: = r + z,

X X eometryd € [—90°,90°]. Using this angle, the const
n=r—z, ¢ = arctan(y/z), whereg is the azimuthal angle, g we ] g g ab

i ‘ can be determinedk, = tan# which for6 = 22.5° and
¢ € [0,2a], £, € [0,00). Conversely in Cartesian C0Or-  _ 450 gk — 0.414 andk, = 1.0, respectively. As said

dinatesz = V&ncos¢, y = VEnsing, z = (€ =1)/2,  apove higher-order beams produce a much smaller focused

— 2 2 2 — . . . .
ro= et ty?+2? o r = ({4 n)/2. Therefore, all g4 ihan 4 conventional beam and the diameter is fixed to the
the quantities given in Cartesian coordinates, in the equationgyy e 3,m (5.7 x 10* a.u) [72]

above, were converted into parabolic coordinates before the
analysis started.

The potential barrier through which the electron tunnels3.1. Exponential mode
is along then coordinate in the direction — —oo, where
the  coordinate has higher values. The exit point is deter-The exponential probability distribution is given Ed.5{
mined byn..;;: = 1/F in the rangel < 1 < 7n..:¢ [11,69].  when a field strength of a laser pulse is approximately equal
The laser field strength for linearly polarized light in atomic to the root of the field intensity and without a defined spa-
units is approximately equal te 5.4 x 10~?v/I, and within tial distribution (F ~ +/T), hereinafter referred to as basic.
a broad intensity rangél0'? — 10'°) W/cn?, exponential The behavior of the probability distribution is observed in
and non-exponential tunneling was observed. These intera wide range of laser field intensity and tunneling time in-
sities correspond to the valuesmptoordinates in the range terval (I — 800) as, which is sufficiently long enough for
6 — 185 a.u.. The investigation was performed when the exitan ionization event to occur (as confirmed in experiments
point wasn = 10. It is possible that the tunnel exit point [28, 73]). It should be emphasized that the Figures given
is located in this region for the laser intensity~ 3 x 1014 in the text are computed for laser intensity in the interval
Wi/cn?. Calculations were done for an intense infrared Ti:(10'2 — 5 x 10'%) W/cm?. However, in the laser intensity
sapphire laser pulse with wavelength= 800 nm (15117.2

Experiments in the attosecond domain indicated that th

-

o [aul]

h\
o
w
=1
(1)
Basic
o

/ 14
a) [W/Cmg] 4.x10 ¥ b)

FIGURE 1. Exponential probability distributio#) . _for the tunneling time range= (1 — 800) asi.e. t = (0.041 — 33.073) a.u. (a) in
the interval of laser intensities= (10** — 5 x 10'*)W/cm?, (b) I = (10** — 1.5 x 10*®) W/cm?.

1.5%10" °

Rev. Mex. Fis68 040401



6 T. B. MILADINOVI C, N. DANILOVIC AND M. Z. JEREMIC

Lo intensity, the probability decreases, which corresponds to the
physical picture that the electron requires real time to tunnel
0.8 through the barrier, in fact, as the interaction time with the
_ electron shortens, the probability that the electron will com-
= &6 pletely tunnel through the barrier becomes greater [74]. The
:; probability reaches a maximum at a precisely defined laser
<504 intensity and then decreases monotonically, which is the ef-
. fect of atom stabilization in the superintense field [75].
s By including Egs. 23), (24), and Eq. 27) in Eq. (15)
TN e e we obtained probability distributiong’”, PLY., P&V From
. T 6'“0"1'4' "1“015“‘1;;10‘15 Fig. 3a) and 3b) one can see that these probabilities be-
I [W/em?] have in the same manner. At the fixed laser intensity, the

probabilities decrease as the tunneling time increases in the
FIGURE 2. Exponential probability distributiof..,, for the laser ~ whole range of the observed time. For the higher-order
intensity rangel = (10** — 1.5 x 10'®) W/cm?. Each proba-  laser beam, Hermite-Gaussian (HG) and Laguerre-Gaussian
bility curve corresponds to an integer value of attoseconds of tun-(LG) the influence of pulse shape on the probabilitﬂégg;,

neling timet; = 1 as (solid line),t2 = 50 as (large dashed line), (1) (dot and dashed line), obtained b :

; . , y a combina-
ts = 100 as (medium dashed line), = 200 as (small dashed . LG(SP . .
line), t5 — 400 as (tiny dashed line)ts — 600 as (dotted ling), ~ UoN Of Ed. (5 with Eqgs. ©5) and ©6), respectively, are

t- = 800 as (dot-dashed line). clearly noticeable (Fi(%. 3a and 3b). At a fixed laser intgnsity
4.2 x 10 W/em? P/ has an approximately three times
range of (02 — 10'3) W/cn? the probability is negligible, lower value tharPSCi(Sp)- The probabilityP};; is possible

so in Figs. 1-10 we showed the probability distribution for when the tunneling time is in the range of= (1 —150) as
the laser intensity range of @* — 10°) W/cn?.

Pé;iic 2D curves, plotted into a 3D coordinate system,
provide the opportunity to quite clearly notice the depen- O 5 B0S o omis s i S i i i S o S
dence of the exponential probability distribution on the tun-
neling time for the specific values of the laser field intensities: 0.
(0.8 x 103, 1.4 x 104, 2.0 x 104, 2.6 x 104, 3.2 x 104, =
3.8 x 10, 4.4 x 10') W/cn? (Fig. 1a). At the field intensity 506
of ~ 10'* W/cm?, no matter how long the tunneling time is,
the distribution of the electron ionization probability changes 04

very little, while with increasing field intensity, the maximum

P[i) [ﬂ

probabilities are more pronounced. It can be assumed thatar
electron in a very short time interval receives an amount of
energy sufficient to pass through a potential barrier so that W s 30
the tunneling time with increasing intensity becomes shorter. a)

Dependences of the ionization process for any values
of tunneling time in an extended range of intensities= i.d
(1012 — 1.5 x 10'%) W/cn? can be estimated from the 3D '
surface (Fig. 1b). In very intensive fields, the exponential
probability distribution of the tunneling time reaches a max- = o
imum fort ~ 1 as. As the laser field intensity increases, <
the range of values of the tunneling time narrows. The prob- & %# S
ability distribution Pé;;ic as a function of laser field inten- T S
sity for the fixed integer value of attosecond tunneling time 92
is shown in Fig. 2. The probability sharply increases with
the increase of laser intensity for all observed tunneling time ~ 0.0[— "---. : .

0 5 10 15 20 25 30

values, then reaches a maximum at the same field intensity b)
0.2x10'* W/cm? and then with a further increase of intensity

decreﬁlses_sllghtlyr:n ?lﬁerenr: Wayst.) Tbhle'} Io(;lger the eXpECtegIGURE 3. Exponential probability distribution as a function of
tunneling time is, the faster the probability decreases. the tunneling time.Pél), P%l) (beam ordem — 4), Pél)' (solid

For the tunneling 1tgme ofas (0.041 a.u.), amaximum jiney p(). (dotted Iine),PLIZSP)(dashed line). Tunneling time

- . 1
probability value iSPae = 1 or Péalic ~ 1foralmostall s in range oft = (1 — 800) as with corresponding value in
the field intensities ranges. With the tunneling time increaseitomic unitst = (0.041 — 33.073)a.u. laser intensity is fixed a) at
up to several hundred attoseconds and with increasing lasér= 4.2 x 10'* W/cm?, b) atl = 1.5 x 10'®> W/cm?.

t [a.u.]
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I
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o
|

i

I

i
e
I
1

1

i

1

i

i

0.0t
0

I [W/em?]

FIGURE 4. Exponential probability distributions. P, PSGE

(beam orden, = 4), P;" (solid line), Pj/; (dotted line),P{ . s p,

(dashed line) vs laser intensity in rande = (10'* — 3 x

10'%) W/cm? for fixed value of tunneling timg = 100 as
(4.13 a.u.).
e !
2.x10™ 2
4.x10™
1
_ 08
3 06
o 04
02
0
10
20
a) Hau) 30
o)
3.x10" il

5. x10™

- 075

wemlau]

I3

FIGURE 5. Exponential probability distributions?", ng;

(1)
PLG(SP)
intensity rangd = (10'* —5 x 10'*) W /cm? and tunneling time

t = (1—800) as.

2D curves plotted into the 3D coordinate system for the

((0.041—6.201) a.u.). ForPég(SP) the probability of tunnel-
ing is the maximum no matter how long the tunneling time
lasts (Fig. 3a). At a stronger field intensity bf5 x 105
Wi/cn? |, it is observed that probabilities for all beam profiles
decrease with increasing tunneling time (Fig. 3b)). Pé%
the tunneling time narrowed in an interval &b5(— 80) as
((1.43 —3.03) a.u.) whiIePég(SP) decreases but the tunnel-
ing time is still in a wide range.

For the tunneling time = 100 as the probability dis-

tribution P 4, ;. (solid line) is the highest a.3 x 10'*

Wicm? (Fig. 4). Pﬁ}é andPég(SP) reached a maximum at

I = 0.1 x 10** W/cn? and then theP}, probability de-
creased and at the intensity valugx 10** W/cm? asymptot-
ically tends to zero. Thé’éle(sp) probability slightly begins

to decrease at the intensityl5 x 10'* W/cm? and asymp-
totically tended to zero at higher intensities10'6 W/cn?.
Simultaneous dependence probability distributions of laser
field intensity and tunneling time, are shown in the 3D co-
ordinate system (Fig. 5).

Tunneling time duration intervals differ from profile to
profile of the laser beam (Fig. 5). The shortest time interval
gives the HG beam profile ariag(); shows the fastest asymp-
totical tend to zero in the region of the longer tunneling time
interval.

3.2. Non-exponential mode

In order to get a basic insight into the tunnel ionization pro-
cess in a non-exponential regime, calculations analogous to
the previous analysis were performed. For inception, the non-
exponential probability distribution (Eq22)) for the basic
form of laser field distribution was calculated. In contrast
to the exponential mode, the maximum probability distribu-
tion reached much lower values at higher laser intensities.
In Fig. 6a the ionization probability distributioﬁ’é&liC 2D
curves plotted into a 3D coordinate system is obtained as a
function of the tunneling timet (= (1—800) as) and concrete
values of laser intensitiesd.() x 1014, 7.0 x 10™, 9.0 x 104,

1.3 x 10%5, 1.5 x 10'%, 1.75 x 10'%, 2.0 x 10'®) W/cn?.

It can clearly be seen that the position of the peak does not
change, but reached maximum values decrease with increas-
ing field values. The tunneling time interval narrows from

t = (1 — 500) as to instantaneous tunneling at higher laser
intensities. The laser field is stronger so the potential barrier
is suppressed and the electron needs a shorter time to pass
through. Using the 3D surface plotting method, in a wide
range of laser field intensity and full interval of tunneling
time, a more complete picture of the ionization probability
Péiiic behavior is obtained. A steep drop with a long plateau
was observed (Fig. 6b).

Assuming how long the tunneling time can last, the prob-
ability distribution dependence on the intensity of the laser
field was analyzed Fig. 7. As the tunneling time increases,
the non-exponential probability distribution decreases. The
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FIGURE 6. Non-exponential probability distributioﬁ’gm, as a function of tunneling time in the intervial= (1 — 800) as and laser
intensity range: aJ = (10'® — 2 x 10'%) W/cm?, b) I = (10'% — 6 x 10'%) W/cm?.

maxima shift to the left, towards lower intensities, which cor-

0.010 responds to a larger barrier width.

08 We have computed the probability distributions by com-
5 bining Egs. (23-27), with Eq. [22) and present them in
< 0,006 Fig. 8. Itis shown thaPh(,iL_exponemia,is completely indepen-
%50004 dent of most laser beam profiles. For a fixed laser intensity

‘ 1.2 x 10'® W/cn?, all probability distributions overlapped

0.002 perfectly excepPIEIQ();. TheP}I% probability distribution has

0,000 s e a five times lower value and a much narrower time interval

in which tunneling is possibIePg), Pézc% andPéQ) non-
exponential probability distributions reached maximums at a
stronger field intensity, compared to the exponential mode,
15 4 " ;

FIGURE 7. Non-exponential probability distributioﬁé?- , for the 0'9‘.5 x 10 V\.//sz. (Fig. 9). The. posmo_ns of maximums

) ) 14 15 sic, define the exit point of the barrier, so it can be seen that
laser intensity rangé = (8 x 10"* — 6 x 10'°) W/cm?. Each hi int will be shifted using LG and HG | b
probability curve corresponds to an integer value of attoseconds oF, IS point wi e_s Ied using an 15aser eam pro-

files. The resulting peaks appear3at x 10> W/cm? and

tunneling time. t; = 1las (solid line),t2 = 50as (large dashed 1 : S ! @)
line), t5 = 100 as (medium dashed lineY, = 200 as (small 1.6 x 10'* W/cm? intensities of the laser field foPLG(SP)
andP,%, respectively (Fig. 9).

dashed line)ts = 400 as (tiny dashed line){s = 600 as (dotted
line), t7 = 800 as (dot-dashed line). Variations of the non-exponential probability distribution
for the corresponding laser beam profiles, computed follow-

ing the numerical procedure outlined above, are shown in
Fig. 10. In a broad range of tunneling timP(Q), Pl(f),

1.x 1015 2.%x 1015 3.x 1015 4.x10'% 5.x 1015 6.x 101
I[W/em?]

0.010
0.008 0.010
5
= 0.006 0.008
8 — :
Q~4 : .
0.004 3 0.006] :
i

0.002 0.004 ] :

0.000 0.002]

0.000 '
0 1.x10" 2.x 101 3.x10'% 4.x10" 5.x10° 6.x10!?

I [W/em?]

FIGURE 8. Non-exponential probability distributiorin), Pézc)

(beam orden = 4), P> (solid line), P, (dotted line),P >

Lo(5P) FIGURE 9. Non-exponential probabilit)P(Q), Pé?, (beam order

(dashed line) as a function of tunneling time in rangetof=
(1 — 800) as for fixed value of laser intensity af = 1.2 x
10" W/cm?.

n = 4), P;? (solid line), P{7; (dotted line), P;?. <, (dashed
line) vs laser intensity in range= (8 x 10'* -6 x 10*%) W /cm?
for fixed value of tunneling timé =1 as (0.0413411 a.u.).
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FIGURE 10. Non-exponential probability distribution8’?, P,(fc),, Pg‘g(sp) 2D curves plotted into a 3D coordinate system for intensity
rangel = (10" — 2 x 10'®) W/cm? and tunneling time = (1 — 800) as.

tial distributions on the ionization probability distribution in
both modes. Several laser beam profiles were used: fun-
damental Gaussian and Lorentzian (low-order beams) and
Super-Gaussian, Laguerre-Gaussian and Hermite-Gaussian
(high-order beams). It was found that application of Gaus-
sian, Lorentzian and Super-Gaussian beam profiles does not
affect the exponential probability distribution. Moreover, ap-
propriate probabilities matched perfectly and gave the same
tunneling time interval on any laser intensity in the ob-
served range. In the case of Laguerre-Gaussian and Hermite-
Gaussian beam profiles, the tunneling time interval is com-
pletely different. The probability distribution for the LG pro-
FIGURE 11. Non-exponential probability distribution8’”’ (red),  file has a maximum in a large range of tunneling times. On
P£'2<SP> (orange),P7, (light orange) vs tunneling time in the in-  the other hand, the HG probability, for the same parame-
tervalt = (1 — 800) as and photon energy = (0.0000456 — ters, has lower values while the tunneling time is in a much
0.0651) a.u. which corresponds to the entire infrared spectra narrower range. Calculations in the non-exponential mode
A = (700 le)_g -1 107%) m. Laser intensity is fixed at  ghowed that the probability distributions reached a hundred
I'=13x10" W/cm®. times lower maximum values at much higher laser intensi-
p%(sp) probabilities behave similarly, reach a maximum ties than in the exponential mode. In the non-exponential
and then decrease with a long asymmetric tail appearingnode, all beam profiles give a broad interval of tunneling
Along with an increase of tunneling time, the position of thetime, except in the Hermite-Gaussian case where this inter-
probability peaks changes. With increasing laser intensityval is constricted. In the region of the infrared spectrum,
the maximum values of probabilities become smaller, and aiherew < 0.04 a.u.@4 < 1.138 um), non-exponential prob-
certain field intensities, they are so small that they approacBbility distributions are approximately equal to zero. Non-
zero. exponential ionization becomes possible only at higher fre-
The analysis is extended into the region of the entire infuencies. The results presented above indicate that the differ-
frared spectrum. Figure 11 presents the results of comparisgHiCe between probabilities, computed for lower and higher-
of the non-exponential probability distribution Surfa@g ,  order beam field distributions, could be associated with spa-
p@ Pgé for a fixed laser intensity.3 x 1015 W/cn?. tial propagation characteristics of the higher-order beam. The

LG(sP) L . i i a i
Itis observed that the tunnel ionization in the non-exponentiafPatial beam pattern of the higher-order modes is preserved

domain for these laser beam shapes becomes possible in tﬂgring propaga_ti_on to increase the slope of the spatial electric
regionw > 0.04 a.u. which corresponds o> 1.138 um. ield at any position along the path.
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