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Light refraction in the earth’s atmosphere I.
Inferior mirages: analytic solution of ray paths
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Facultad de Ciencias Astronómicas y Geofı́sicas, Univesidad Nacional de La Plata,
Paseo del Bosque s/n, La Plata, Buenos Aires, Argentina;

Instituto de Astrof́ısica de La Plata,
Paseo del Bosque s/n, 1900 La Plata, Buenos Aires, Argentina.

Tel: (54) 221 4236593; Fax: (54) 221 4236591.
e-mail: acruzado@fcaglp.unlp.edu.ar; alicehaiadjamian@yahoo.com.ar

F. M. Carrasco Galleguillos
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We aim to reach an analytic expression that describes the path of light rays through the Earth’s atmosphere in the particular situation in which
an inferior mirage is occurring. To achieve our goal, we assume an exponential refractive index profile close to the ground, as suggested by
empirical and theoretical studies on the state of air when an inferior mirage is taking place. We consider a parallel-plane atmosphere and
assume that the laws of geometric optics apply. Since Fermat’s principle holds, we solve the Euler’s equation and, from the solution we
obtain an analytic expression that describes the ray paths in a plane perpendicular to the ground. Given that we focus on the particular case
of inferior mirages, we were able to find a very simple and easy-to-use expression to describe the ray paths, allowing us to extract additional
valuable information with minimal computational effort. We take advantage of it to impose a limit to the thickness of the air layer next to the
ground where appropriate conditions exist to bend the rays upwards, and produce an inferior mirage.
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1. Introduction

This is the first of a series of works in which we intend to
deal with different optical phenomena taking place in plane-
tary atmospheres. We will begin by addressing the study of
some phenomena related to light refraction that are known to
occur in the Earth’s atmosphere. The refraction of light in the
Earth’s atmosphere is a topic of great interest to astronomers,
geophysicists, and meteorologists. Refraction is an unavoid-
able issue whenever we are dealing with the propagation of
radiation through the terrestrial atmosphere, in relation to the
image formation of either astronomical or terrestrial sources,
or in relation to radio communication and radar systems. At
the first works we will focus on image formation.

Regarding the study of refraction for astronomical pur-
poses, more or less complete treatments appear in general or
spherical astronomy textbooks as old as Danjon (1959) [1].
Mahan (1962) [2], Garfinkel (1967) [3], and Yatsenko (1995)
[4], just to name a few, have published on astronomical re-
fraction. Many publications proposing new approaches and
formulas for the calculation of refraction, in particular near
the horizon, are found in the literature. A very valuable con-
tribution has been made by Young (2006) [5], who focuses
on the physics of refraction beyond formulas and numerical
calculations. Many authors have, also, studied in detail the
influence of refraction in observations of the sun (Corbardet
al., 2019 [6]).
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In the present paper we deal with image formation of ter-
restrial sources, particularly, inferior mirages. An inferior
mirage is an atmospheric optical phenomenon often seen on
summer days on highways and deserts. The soil surface is
heated by the sun causing a strong temperature gradient in
the air layers closest to the ground.

Several articles referring to the light ray paths through re-
fractive media are found in the literature. Evans and Rosen-
quist (1986) [7] and Evans (1990) [8] presented an original
formulation of the theory of light rays in variable refractive
index media. From the variational principle, they derived a
differential equation for a ray of light similar to Newton’s
law of motion for a particle in a conservative force field. In
the first of these papers they even solved this equation for the
particular case of inferior mirages assuming a linearly vary-
ing refractive index. Neneret al. (2003) [9] found, work-
ing in spherical coordinates, an expression describing the ray
paths with exact solution for linear and quadratic refractive
index profiles. In a later article (Fowkes & Nener, 2005 [10]),
they adopt a refractive index that varies exponentially near
the ground and linearly higher up, finding thus two solutions
to describe the paths of light rays, the inner and the outer
solution.

Many articles based on the ray tracing technique have,
also, been published. With this method, so widely used in
computer graphics, they created algorithms that allowed them
to simulate different optical phenomena (Bergeret al., 1990
[11], Musgrave, 1990 [12], Stam and Languenou, 1996 [13],
Gutierrezet al., 2006 [14]).

In this series, we aim to individually analyze each phe-
nomenon related to the refraction of light in the Earth’s at-
mosphere. This will allow us to make the appropriate con-
siderations in each particular case and thus achieve simpler
analytic expressions. Our objective in the present work is to
find such an expression describing the path followed by light
when an inferior mirage is taking place.

To develop our ideas, we consider a plane-parallel atmo-
sphere assuming that in each layer all the physical parameters
characterizing it remain constant. All investigations related to
atmospheric conditions that give rise to inferior mirages show
that the required temperature inversion occurs very close to
the ground. Personal experiences verify it. Only our feet are
able to feel the high temperatures of a surface heated by the
sun’s rays. The upward heat transport that takes place cre-
ates a temperature profile characterized by a sharp10−20◦C
drop in a few centimeters of air. When going from a sitting
to a standing position, we are not able to notice such a drop
in temperature. The departure of the air refractive index from
its normal conditions, that will cause the light rays to bend
upwards, occurs, then, very close to the ground. The paths
of light rays from objects in our environment can be consid-
ered straight lines for most of their travel. The distances trav-
eled by light within the layers of air that curve it upward are
too short to take into account the earth sphericity. We also
assume that the geometrical optics laws apply. A detailed
analysis of the validity ranges of this assumption are found

in Born & Wolf (1959) [15] and Jackson (1975) [16]. Since
light travels an optical path that is stationary with respect to
variations of that path, the Fermat’s principle is applied in
order to compute the path of light.

Our approach to the problem will be correct as long as we
are dealing with refractive media in which the refractive in-
dex,n, only varies with one coordinate, and the particular so-
lution we found will remain valid provided that the refractive
index varies with that coordinate in the exponential way that
we propose. The refractive index profile we propose is not,
however, a limitation, if what we want to study are inferior
mirages. As we will see later, the profile we have adopted for
n is the one suggested by both theoretical and experimental
research on the subject.

We organize this paper as follows: In Sec. 2 we address
the issue of heat transport in the microlayer. In Sec. 3 we
study the paths of light rays, dealing with mathematical de-
velopment that leads us to find the analytic expression we are
looking for in Sec. 3.1. Then, a description of the light ray
paths and an analysis of the expression obtained is presented
in Sec. 3.2. Finally, in Sec. 4 we briefly summarize our
results and reach our conclusions.

2. Heat transport

In this section, we aim to find a feasible refractive index pro-
file under the conditions in which mirages occur. Several
authors argue that the appropriate atmospheric conditions
to produce mirages occur very close to the ground (Stull,
1988 [17], Stam and Languenou, 1996 [13]). Solar radia-
tion heats the surface of the road raising its temperature well
above the air temperature, which causes upward heat trans-
port by molecular and turbulent processes through the mi-
crolayer. We do not intend to work out a detailed profile of
the parameters that describe the atmosphere, but just to find
the way in which, under given conditions, the air temperature
in the microlayer decreases with height. A rigorous treatment
of the energy balance taking into account downwards and up-
wards radiation is not justified, neither a detailed approach to
convection. The way we have dealt the heat transport through
the microlayer will be explained in the following paragraphs.

We write the heat flux across the microlayer,Q, as the
sum of two terms

Q = Qc + Qt, (1)

beingQc andQt the heat transported by molecular and tur-
bulent processes, respectively.

By setting the origin of the Cartesian coordinate system
on the ground and the y-coordinate axis perpendicular to it,
the heat transported by conduction can be written as

Qc = −κ
δT

δy
, (2)

beingκ the thermal conductivity of air. To take into account
the temperature dependence ofκ we use the expression of
Kannuluik and Carman (1951) [18],
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κ = 5.75× 10−5
(
1 + 0.00317T − 0.0000021T 2

)
, (3)

where[T ] =◦C and [κ]= Cal/◦C cm s.
Regarding convective transport, we made the following

assumptions: i) we only took into account turbulent flux,
since the vertical advective flux is negligible compared to the
turbulent one (Stull, 1988 [17]) and we are only interested
in upward heat flux, and ii) under the constraint of total heat
flux conservation, we express turbulent flux as a fractionf of
the molecular one, taking into account that conduction dom-
inates very close to the ground, decreasing with the height as
turbulence increases. Therefore Eq. (1) can be written as

Qδy = −(1 + f)κδT. (4)

Taking into account theκ dependence onT given by Eq. (3),
we integrate both members of the expression (4) and itera-
tively solve it to find the variation of temperature with height
from the ground. The total heat flux,Q, and the ground tem-
perature,T0, are parameters adopted at the beginning. Al-
thoughQ andT0 are not actually independent parameters of
each other, they are not unambiguously related; their relation-
ship depends on the kind of surface. Taking them as unrelated
parameters allows us to observe the influence of each one on
the results, not affecting our conclusions at all. We have done
calculations by makingf vary with height in different ways.
The wayf varies with height determines the height from the
ground at which the molecular and turbulent processes are
of the same magnitude. That height in turn determines how
quickly the temperature drops and, thus, theTf environment
temperature reached away from the ground. Working in this
way, we achieve results like those shown in Figs. 1, 2 and 3.

In Fig. 1, where the heat transported by molecular and
turbulent processes as functions of height are drawn, we
have managed to obtain a diagram similar to the one shown
in Fig. 7.1b) of Stull (1988) [17] assumingQ = 260 W/m2

FIGURE 1. Heat transport. A solid line shows the turbulent heat
flux, and a dashed line shows the molecular heat one. The total
flux, equivalent to200 W/m2, is also indicated.

FIGURE 2. Temperature profile. A solid line shows the atmo-
spheric temperature profile near the ground obtained from our cal-
culations, and a dashed line shows the fitted exponential function.

FIGURE 3. Refractive index profile. A solid line shows the re-
fractive index profile of the air close to the ground gotten from our
calculations, and a dashed line shows the fitted exponential func-
tion.

(equivalent to a kinematic heat fluxQ/ρCp = 0.2 Km/s as it
is expressed by Stull, 1988 [17]).

Although we are not particularly interested in the course
of the heat fluxes through the microlayer, this figure is useful
just to check that the way we have modeled the heat trans-
port mechanisms makes things go reasonably well. As can
be seen in the figure, the turbulent heat transport takes on
the same importance as the molecular one at2 mm from the
ground.

AssumingT0 = 60◦C, the temperature profile through
the microlayer, displayed with solid line in Fig. 2, is obtained.

Its sharp drop in the lowest millimeters of air is apparent.
It is also clear that the temperature as a function of height can
be adjusted with an exponential function like

T = Tf (1 + ε exp (−y/h0)), (5)

whereε = T0/Tf − 1 is obtained by settingy = 0 in Eq. (6),
andh0 is a positive constant to be determined in each par-
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ticular case. So, in terms ofT0 andTf the temperature as a
function of height can be written as

T = Tf + (T0 − Tf ) exp (−y/h0). (6)

The dashed curve displayed in Fig. 2 is obtained forh0 =
0.33 cm. Such a sudden exponential drop in temperature very
close to the ground in the context of mirages sighting has al-
ready been argued by several authors (Stull, 1988 [17], Stam
and Languenou, 1996 [13]).

To obtainn as a function of height we take into account
that it can be written so that

n− 1 = δ × 10−6D, (7)

whereδ is the refractivity for atmospheric pressureP = 76
cmHg and temperaturet = 0◦C, andD is the pressure and
temperature correction factor. Both,δ andD, are dimension-
less parameters.

To take into account theδ dependence on the wavelength
of light we have used the Ciddor (1996) [19] formula

n− 1 =
0.05792105

238.0185− λ−2
+

0.00167917
57.362− λ−2

, (8)

given fort = 15◦C, P = 76 cmHg, and 0% humidity, withλ
in microns.

The factorD can be writen as

D =
P

76
273

(t + 273)
, (9)

with P in cmHg andt in ◦C.
Assumingt = 15◦C andP = 76 cmHg for the calcula-

tion of D in Eq. (7) and equating to Eq. (8), δ can be calcu-
lated for anyλ value as

δ =
[

0.05792105
238.0185− λ−2

+
0.00167917

57.362− λ−2

]

× (15 + 273)
273

× 106. (10)

Then, n can be obtained for anyt and P values from
Eq. (7).

Then, by settingP = 76 cmHg, and adopting the temper-
ature profile shown in Fig. 2, we have obtained the refractive
index as a function of height forλ = 0.5 µm, as shown with
solid line in Fig. 3.

Given then dependence onT , it is clear that the varia-
tion with they-coordinate of the refractive index calculated
for a temperature profile given by Eq. (6), can be fitted with
a function like

n (y) = nf

[
1− α exp

(
− y

β

)]
, (11)

beingnf the n value far from the ground, where the tem-
perature has reached the environment valueTf . α andβ are
positive constants to be determined in each particular case,

that is, for each particular temperature profile. The best fit
to our calculations is obtained by settingnf = 1.00025,
α = 1.10865 × 10−5 andβ = 0.33 in Eq. (12), as we show
with the dashed line in Fig. 3. Sinceα = 1 − n0/nf is ob-
tained by settingy = 0 in Eq. (12), wheren0 is then value
on the surface,n can be written in terms ofn0 andnf as

n (y) = nf − (nf − n0) exp
(
− y

β

)
. (12)

Then, we can also use thenf andn0 values that we got from
the calculations and only look for theβ value that provides
the best fit. The setting varies slightly.

We have made calculations varyingQ, T0 and the way
f varies with height. Q was varied between 200 W/m2

and 500 W/m2 andT0 between 40◦C and 70◦C, as theoreti-
cal simulations and empirical measurements suggest (Garrat,
1991 [20], Heusinkveld, 2008 [21], Pfeiffer, 2021 [22]), al-
thoughT0 higher than 70◦C in unusual extreme conditions
could occur. As forf , it is worth noting that the thicker the at-
mosphere layer in which molecular processes take place, the
faster the temperature falls. Therefore, we have modeledf
in such a way to achieveTf values between 40◦C and 20◦C.
We have limited ourselves to theseTf values since, except
for very extreme conditions, the room temperature on days in
which an inferior mirage could be observed will fluctuate be-
tween these values. For theseTf values, the height from the
ground at which the molecular and turbulent processes are of
the same magnitude has varied between 1 and 7 mm.

We have been able to verify that, for those parameter
ranges,α varies between1.1× 10−5 and4× 10−5, β ranges
from 0.3 to 0.8 cm. Given the dependence on T ofn, and
taking into account the smallness ofδ × 10−6, it is clear that
β andh0 will always be very similar.

3. Path of light rays.

3.1. Search for an analytic expression.

Even though we are focused on the formation of inferior mi-
rages, the following approach to the issue is suitable as long
as we are dealing with a transparent medium in which the
refractive index varies only with one coordinate. For the pur-
pose of this paper, the assumption that the refractive index of
the atmosphere varies only with distance to the ground is a
very good approximation.

Given the symmetry of the problem, a two-dimensional
analysis in thex− y plane restricted to positivex andy val-
ues is appropriate. Therefore, we can write the time interval
it would take a ray of light to travel a differential path in the
first quadrant ofx− y plane as

dt =

√
(dx)2 + (dy)2

v
, (13)

Rev. Mex. Fis.68041301
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or, in terms of the refractive index,

dt =
n (y)

c

√
1 +

(
dx

dy

)2

dy. (14)

The time it takes the light to make its trip fromy0 to y is
obtained by means of the functional

T [f (y)] =

y∫

y0

n (y)
c

√
1 + x′2dy, (15)

wherex′ = dx/dy.
Since Fermat’s principle predicts that light travels an op-

tical path that is stationary with respect to variations of that
path, the solution must satisfy the Euler’s equation [16]

d

dy

(
∂L

∂x′

)
+

∂L

∂x
= 0,

with L (x, x′, y) =
n (y)

c

√
1 + x′2. (16)

Solving the derivatives in Euler’s equation we obtain

n (y)x′√
1 + x′2

= Cte. (17)

If we call y0 the minimum height from the ground that a
ray of light coming from some object reaches before continu-
ing its upward journey, and settingx = 0 there, the condition
x′ (y0) →∞ is fulfilled. Then

lim
y→y0

n (y)√(
1
x′

)2 + 1
= n (y0) , (18)

and

n (y)x′√
1 + x′2

= n (y0) . (19)

Squaring and rearranging the terms,

dx

dy
=

n (y0)√
n2 (y)− n2 (y0)

. (20)

We assume a refractive index profile as the one expressed
by Eq. (12) and use it to re-write the expression under the
square root. In doing that we take into account that, for
air temperature and pressure values near the ground such
as those discussed in the previous section,n ranges from
1.000274, forT = 20◦, to 1.000234, forT = 70◦. So, from
α = 1 − n0/nf it is straightforward to infer that the order
of magnitude ofα is 10−5 and we can neglect, then, terms
containingα2 to obtain

dx

dy
=

nf

(
1− α exp

(
−y0

β

))

nf

√
2α exp

(
− y0

2β

)√
1− exp

(
−y−y0

β

) . (21)

Integrating between0 andx and betweeny0 andy we get

x = γ

y∫

y0

dy√
1− exp

(
−y−y0

β

) , with

γ =
1− α exp

(
−y0

β

)

√
2α exp

(
− y0

2β

) . (22)

Solving the integral, we have finally been able to infer
the expression defining the path of the light rays in the first
quadrant ofx− y plane as

x=2βγ ln

(
1+

√
1− exp

(
−y−y0

β

))
+γ (y−y0) . (23)

For negativex values Eq. (23) defines the light path in the
second quadrant, just the mirror image of the one obtained for
the first.

3.2. Description and analysis.

Light rays leaving a point object start its way towards the
ground following different directions. Some rays reach the
ground being absorbed by it. Others are refracted upward
before reaching the ground. Whether one thing or the other
happens depends on the angle that the ray coming from the
object makes with the ground, which is assumed to be hor-
izontal. There is a limiting angle, which we will callθ, for
which the ray will barely touch the ground before continuing
its way up. If the rays leave the object forming angles larger
thanθ with the ground, they will be absorbed by the ground,
otherwise the rays will bend upward before reaching it. The
distance from the object at which a ray hits the ground or
reaches its minimum height also depends on that angle. This

FIGURE 4. Light ray paths. The height from the ground is dis-
played as a function of the distance to the object for some rays.
The object point from which the light comes and its virtual image
are also shown.

Rev. Mex. Fis.68041301
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FIGURE 5. Light ray paths close to V points. Enlarged image of
some light rays around V points (see text) and their asymptotes are
shown.

behavior of the rays is illustrated in Fig. 4, where the height
from the ground,y, as a function of the distance to the object,
d, is displayed.

Figure 4 was drawn up by means of Eq. (23), adopting
α = 1.10865 × 10−5 andβ = 0.33, the values that we used
in Sec. 2 to fit our calculations. We should note that Eq. (23)
was achieved by settingx = 0 at y = y0 for each ray. Then,
in order to refer everything to the same point, we have cal-
culated the shift of every ray with respect to each other by
imposing that they all pass through the same point object.
So, to be clear:x is 0 at the point of closest approach to the
ground of each ray;d is 0 at the point object. The virtual
image of a hypothetical point object located25 cm above the
ground is also shown in the figure.

Figure 5 shows an enlarged image of some light paths,
just to observe their behavior around the point(0, y0), which
will be called “V point” from now on. Straight dashed lines
represent the asymptotic approach of the light ray paths.
These straight lines are given by the equation

y =
1
γ

x− β ln 4 + y0, (24)

which is easily obtained from Eq. (23) taking into account
that the exponential tends to0 wheny takes very large val-
ues. As can be seen from the figure, the curves representing
the light ray paths approach very quickly to their asymptotes
as we move away from V point, being confused with them a
few millimeters further.

Before we go any further, we take advantage of Eq. (24)
to obtain an expression for the limiting angle, which we re-
ferred to above, that allows to distinguish the light rays ab-
sorbed by the ground from those refracted upwards. The an-
gle that the ray coming from the object makes with the ground
is just the angle that its asymptote makes. So, to find the lim-
iting angle we simply have to find the slope of the asymptote
to the ray that barely touch the ground for whichy0 = 0.
Then, by settingy0 = 0 in Eq. (24), and taking into account
thatα ¿ 1, θ is obtained as

θ = arctan (
√

2α) (25)

From Figs. 4 and 5 it appears that the light paths through
the atmosphere given by Eq. (23) are practically straight lines
from the object to very close to the point where they are
bent upward to eventually reach the observer’s eyes. In other
words, inferior mirages like the ones we are studying in the
present article are due to what happens aroundV points.

Equation (23), in addition to the description of the light
ray’s path, is a source of much relevant information. We
will use it below to learn about the height from the ground
at which the right conditions for an inferior mirage to occur
are met. Since everything happens around V points, we could
get our objective by estimating they0 values of the rays that
could reach the observer’s eyes. In order to do that, letting
y0 vary in Eq. (23) we have calculatedx for pickedy values.
The y values we have chosen to do the calculations, which
will be calledyob hereafter, are some feasible values of the
height from the ground at which the observer’s eyes could
be. To draw Fig. 6, the calculatedx values have then been re-
ferred to a hypothetical object point located ath = 1m from
the ground.

Each point of a given curve in Fig. 6 represents they0

value of the ray that reaches the observer’s eyes located at
the heightyob from the ground and at the distanced from the
object. In Fig. 7, they0 value is shown as a function of the
distance to the object for different values ofh, assuming the
observer’s eyes1m above the ground.

From Figs. 6 and 7 it is clear that rays with differenty0

values will reach the observer’s eyes depending on the dis-
tance to the object, which was varied between a minimum
and a maximum value. On the one hand, there is a minimum

FIGURE 6. Light rays from a point object reaching the observer’s
eyes. They0 value of the ray reaching the observer’s eyes, who is
at the distanced from the object, is shown for differentyob values.
The point object was assumed to be ath = 1 m above the ground.

Rev. Mex. Fis.68041301
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FIGURE 7. Light rays from different point objects reaching the ob-
server’s eyes. They0 value of the ray reaching the observer’s eyes,
who is at the distanced from the object, is shown for differenth
values. The observer’s eyes were assumed to be atyob = 1 m above
the ground.

distance to the object,dmin, that the observer should be to
witness a mirage, which can be calculated as

dmin =
h + yob

tan θ
=

h + yob√
2α

. (26)

Given thatα can be obtained from Eq. (12), as we pointed
out in Sec. 2, and taking into account the dependence of the
refractive index on the temperature,dmin can be written in
terms of the surface and the environment temperatures. So,
writing α in terms ofn0 and nf , and taking into account
Eqs. (7) and (9). Equation (26) can be written as a function
of the surface and the environment temperatures as

dmin =
h + yob√
2A(T0−Tf )
T0(Tf+A)

, (27)

whereA = δ × 10−6273.
Taking into account the range of variability of the pa-

rameters, we can easily do some calculations. The observer,
whose eyes are1m from the ground, should be at a distance
greater than671 m from a 5 m high palm tree to see the image
of its tip, and at a distance greater than113m to see its base.
Those values will change to1280 and 215 m, respectively,
for the smallestα values.

On the other hand, and just to impose an upper limit on
how far the observer could be to see a mirage, the calculated
distance was constrained to be smaller than the distance to
the horizon for the adoptedyob value. The ray with the max-
imum y0 value that the observers will be able to see is that
reaching their eyes when they are located at the distance of
the horizon from the object. This maximumy0 value, called
ym
0 from now on, is plotted in Fig. 8 as a function ofyob for

differenth values.
In typical situations of sighting of this type of mirages,

walking or driving along a paved road, the observer’s eyes
are not closer to the ground than 1 m. It is apparent from

FIGURE 8. Light rays with the maximumy0 value reaching the ob-
server’s eyes.ym

0 is displayed as a function ofyob for point objects
located at different height,h, above the ground.

Figs. 6, 7, and 8 that, for the adoptedα andβ values, the rays
that could reach the observer’s eyes are those characterized
with y0 values smaller than 2 cm. Actually, we can say that
rays withy0 so large hardly reach the observer’s eyes, since
these maximum values are reached for very long distances to
the object. Rarely is the ground surface flat and unobstructed
to allow the observer to simultaneously view the object and
its image at such great distances.

For differentα andβ values, that is, for different tempera-
ture profiles, obtained by varyingTf , T0, andQ, as explained
in Sec. 2,ym

0 may reach at the most5.5 cm for yob = 1 m.
This value is an upper limit which means that, regardless of
the distance from the object, observers whose eyes were1 m
from the ground would not be able to see a mirage, if it oc-
curred at a greater than5.5 cm height, that is, if all the light
rays coming from the object are bent upward in air layers
higher than5.5 cm. In any case, this type of mirages is the
result of what happens a few centimeters from the ground,
the layer of air that meteorologists call “the microlayer”.

4. Summary and conclusions

In this article we have found a simple analytic expression that
describes the path of light rays in a vertical plane on the oc-
casion of a inferior mirage, for an assumed refractive index
profile.

Using Cartesian coordinates, we have assumed that the
geometrical optics laws apply and have taken advantage of
the Fermat’s principle to reach that expression.

A simple and approximate modeling of the microlayer
has allowed us to justify, in Sec. 2, the expressionn(y) =
nf [1− α exp (−y/β)] assumed to represent the atmospheric
refractive index. Many authors have suggested a temperature
profile, on which the refractive index depends, such as that
obtained from our simple model.

Some articles on the subject propose, for some partic-
ular n profiles, analytic solutions to represent the light ray
paths. Even for a refractive index profile similar to the one
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we have used, approximate expressions are found in the lit-
erature. However, as far as we know, no analytic solution
as simple as ours has been proposed. Focusing on inferior
mirages only, rather than image formation in general, is what
has allowed us to make particular considerations that simplify
the problem and allow us to achieve such a simple expression.
Having such a simple analytic expression allows to obtain a
lot of valuable information, in addition to simply knowing the
ray paths. We only need to know the temperature profile in
the microlayer. Empirical data of the ground temperature and
the amount of heat emitted from the soil in sunny days, when
a mirage may take place, have allowed us to adjust the ranges
of variability of the parameters involved in the model, as we
mentioned in Sec.2.. In this way, we were able to set, for ex-
ample, limits on the thickness of the atmospheric layer where

the mirages usually seen on roads occur. Empirical temper-
ature data also allow us to estimate the minimum distance at
which the images can be seen, since we were able to express
it in terms of air temperature.

We plan to continue working in this line related to optical
phenomena in plasmas and gases such as planetary or stel-
lar atmospheres. In particular, in a future work we intend to
study superior mirages quite frequently seen in cold regions.
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