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Extended Jacobi elliptic function solutions for general boussinesq systems
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In this research paper, we have utilized the Jacobi elliptic function expansion method to obtain the exact solutions of (1+1)- dimensional
Boussinesq System (GBQS). The most important difference that distinguishes this method from other methods is the parameters includec
in the auxiliary equatiof”’ (&) = /PF*(§) + QF2(€) + R. As far as the authors know, there is no other study in which such a variety

of solutions has been given. Depending®n( and R, nineteen the solitary wave and periodic wave solutions are obtained at their limit
conditions. In addition, 3D and contour plot graphics for the constructed waves are investigated with the computer package program by giving
special values to the parameters involved. The validity and reliability of the method is examined by its applications on a class of nonlinear
evolution equations of special interest in nonlinear mathematical physics. The results were acquired to verify that the recommended methoc
is applicable and reliable for the analytic treatment of a wide application of nonlinear phenomena.
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1. Introduction The outline of the present paper is as follows. In Sec. 2,

we have a brief description of the Jacobi elliptic function
We consider the following family of Boussinesq type systemsmethod for solving partial differential equations. In Sec. 3,
of water wave theory, model by Zhaegal. [1] and Cheret  \ye apply the Jacobi elliptic function method above men-

al. [2] tioned equation. Finally, some conclusions are given the lat-
est section.
Ut + Uy + Vg = C1Ugat,
ve + [(1+v)u,], = c2toaa, (1) 2. Jacobi's elliptic function method
whereuv is the elevation of a water wave ands the sur2face In this section, we would like to describe extended Jacobi
velocity of water alonge-direction ande; = —(1/2)(¢® —  gjliptic function method. Suppose a nonlinear partial differ-

(1/3)), c2 = (1/2)(1 - ¢*) and¢ is a depth of water = 0 gntial equation (NPDE) with independent variahieg and
is at the bottomg = 1 is on the surface), which have the dependent variable:
relationc; — co = 1/3. For the case; = 0, ¢; = —1/3,
Eq. (1) is the classical Boussinesq (cB) system is not linearly N (u, ug Ugy Uggs, -..) = 0. (2)
well posed in the Hadamard sense [3], it is important be- ) ) ) ]
cause it has an integrable Hamiltonian structure [4] and exactonsider the following travelling wave transformation
solitary-wave solutions [5-7]. . o

This Eq. (1) is also known as Nwogu’s Boussinesq (NB) u(@,t) = u(), §=z—d, )
model is useful for coastal and civil engineering to performwherec is an arbitrary constant to be determined later. By
the nonlinear water wave model in a harbour and coastal desubstituting 8) into (2), we have an ordinary differential
sign. Therefore many scientists studied mathematical propequation (ODE):
erties, such as bifurcation and travelling wave solutions, lie
symmetry analysis, single and multiple solitary wave solu- N(u, ' u”u™,.) = 0. (4)
tions and painleve analysis [8-16].

In recent years, many methods have been developed f
the exact solutions of nonlinear evolution equations such as n ;
the sub-equation method, the modified trial equation method, u(€) = Z a; F* (), ®)
the simplest equation method, the generalized Kudryashov =0
method, the symmetry analysis method and so on [17-22where F' satisfies the Eq/l2j and n is a positive integer
The main objective of this study is to investigate new travel-which can be evaluated by balancing the highest order partial
ing wave solutions for NB model by the Jacobi elliptic func- derivative term and nonlinear term in Eq®) br (4). F(&)
tion method. The effectiveness and efficiency of this methodsatisfies the following auxiliary equation:

are shown in literature with the various Jacobi elliptic func- ,
tion forms [23-27]. F'(§) = VPFY(¢) + QF*(§) + R, (6)

é_ret us consider the solutions in the form
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where P, @), and R are constants. The last equation henceAlso these functions satisfying the following formulas:
holds forF'(¢) :

F" =2PF? + QF,
F" = (6PF*+Q)F,
F" = 24P2F5 4 20PQF3 + (12PR + QQ)F

sn?6+en*€ =1, dn*6+m’sn?€ =1,
ns’¢ = 1+ cs’¢, ns’¢ =m? + m?ds*¢,
sc2é + 1 =nc?¢, misd’6 + 1 = nd?¢.

And addition derivative properties,

(7)
l¢ e
With the help of Maple, substitutingg) into (4) along sng = enddnd, g = —snidng,
with Eq. (7) and collecting the coefficients of the same power dn'€ = —m?snécné.

Fi(F") (j = 0,1, i = 0,1,2,...) and setting each of the

attained coefficients to be zero we have a set of over deteifhe Jacobian-elliptic functions degenerate into hyperbolic
mined algebraic equations. And after we solve this by Maplefunctions whenn — 1 as follows:

we find P, Q, R andc. Substituting the attained results into

Eq. 6), gives the exponential and periodic solutions. It is sn{ — tanh§,  {cng, dng} — sechg,
well-known that Eq./6) has families of Jacobi elliptic func- .
tion solutions as fgllo‘\fvs [28,29]: P {scg, sd} — sinh, - {dsg, esc} — eschs,
In this Tablesné, cné, dn& are respectively Jacobian el- {nc&, nd¢} — cosh&, ns& — cothé,
liptic sine function, Jacobian elliptic cosine function and the
Jacobian elliptic function and the other Jacobian functions {edg, deg} — 1. ®)
can be generated by these three kinds of functions, namely
nsé = ﬁ, nc€ = i, ndé = ng, sc€ = %,
csé = e, ds¢ = T sdf = 5%
Case P Q R F(¢)
1 m? —(1+m?) 1 sné
2 —m? 2m? —1 1—m? cné
3—-4 1 —(1+m? m? nsé
5 1 —(1+m?) m? dcg
6 1—m? 2 —m? 1 scé
7T—8 1 2 —m? 1—m? csé
_ 2
9-10 % ! 22m i ns€ £ csé
_m? 2 2
1 % (1+27m) <147m> net + so
m2Q2 _m2 _Q
12 F>0 @<0 @+ m2)?P m”( Hmz)
13 P<0 Q>0 M idn Q ¢
(m?2 — 2)2P 2-m2)P 2 —m?
14 1 m? + 2 1—2m? +m? dnEeng
sné
15 —% 6m —m? — 1 —2m3 + m* +m? ;”;Zggﬁ
16 4 —6m —m?—1 2m® + m* +m? :gﬁgﬁ
m
1 (1 —2m?) 1 sné
Ir-18 4 2 4 1+ cené
19 (1 —m?) (14+m?) (1 —m?) ené
4 2 4 14 sné
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The Jacobian-elliptic functions degenerate into trigonometricSolving the set of nonlinear algebraic equations by help of

functions whenn — 0 as follows:

{sn&, sd€} — sin&, {cn&, cdé} — cosé,
{ns€, ds€} — cscé,

{ncg, de€} — sec,
{dn&,nd&} — 1.

sc€ — tané,
csé — cot &,

9)

3. Generalized Boussinesq System (GBQS)

Suppose that the travelling wave solutions for EAd) @re of
the forms as follows:

u(x,t) :u(f)’ U(I,t) :U(g)a

wherec is a constant to be determined later #nid an arbi-
trary constant.

E=xz—ct, (10)

Ug + UUy + Vp = C1Ugqt,

v+ [(1+v)ul], = cotlzga. (11)

By substituting/L0) into (11), we have an ordinary differ-
ential equation (ODE):

—cu' +uu’ + v + cepu’” =0,

—cv' +u' +uv +ou’ — cou” = 0. (12)

where prime denotes differentiation with respect tdNow,
balancing the nonlinear termg” andv’u, we getm = 2.
Balancing the nonlinear termsg” anduv’, we getn = 2.
Hence, from/B), we might constitute

u(é) = ap + a1 F(€) + aa F(€)?,

v(€) = by + b1 F(€) + b F(£)?, (13)

in whichag, a1, az, bo b1 andb, are undetermined constants. v (z,t)=—

Substituting [13) and 6) into (12) and setting the coeffi-
cients of F/(§)F'(¢)) = 0, i = 0,1,2,3, j = 0,1

to zero yields the following set of algebraic equations for

ap, a1, az, bo b1,b2 ande:

2a§ + 24ccias P =0,
3aiag + 6¢cra P =0,
—2cas + a% + 2agas + 2by + 8ccias@ = 0,
—cay + agay + by + cc1a1Q =0,
4bsas — 24ca9 P = 0,
3bsa; + 3bras — 6¢sa1 P =0,

2a9 — 2¢cby + 2bsag
+2b1a1 + 2bgas — 8caas@ = 0,

—cby — coa1Q + a1 + brag + bpay = 0. (14)

Maple program, the following results are attained.

1 —2c¢%¢; + 8620% —Co
ag = —5 )
2 ccy
a1 =0, ay=—12cc, P,
b 1 —4c2c2 4 8caQc*ct + 3
074 2c3 ’
b1 = O, bg = GCQP, CcC=_¢C. (15)

Substituting these results intd3), we have the following so-
lution of Eq. (L6):

1 -2 2 8 2.2 _
() = —= 2t e a@-c: 12cc; PF(€)?,
2 ccy1
1 —4 2.2 8 2.2 2
v(€) =7 car 0522@0 A% | 6o, PR(€)2. (16)
1

With the means of table and from the above solutits),(one
might induce more general united Jacobian-elliptic function
solutions of Eq./12). Hereby, we attain the following exact
solutions.

In the limit case whemn — 1,we get the solitary wave
solutions of Eq./12). In the limit case whenmn — 0, we
acquire the traveling wave solutions of E2y.

Case lIfwetakeP : m?, Q : —(14+m?),thenF () = sné,
thus

1 —2c%c; +8c2c3Q — o

up = — 12cclPsn2§,
2 ccy
1—4 2.2 8 2.2 2
v =~ et 2C2QQC €t + 6y Psn€.
4 cc]

In the limit case whemn — 1, thenF'(§) = tanh ¢, and
we attain one of the solitary wave solutions of EtR2)(as

1 —2c%c;—16c¢%c2—c

2 ccy

2 _12¢e; tanh(z — ct)?,

1 —4c2c2—16cac2 3 +c3

+6¢y tanh(z — ct)?.
4 3

vy (z,t)=

Case 2.WhenP : —m?, Q : (2m? — 1) are chosen, then
F (&) = cng, therefore

1—-2 2 8 2.2 _
Uy = —— a1 +8c7ci@ — e — 12ccchn2§,
2 cc1
1 -4 2.2 8 2.2 2
Vg = — c’ci +86,Qc%ci + & + 6o Pen’e.

2.2
4 cecy

Consideringn — 1, thenF'(£) = sec h&, and one of the
solitary wave solutions of Eql1P) has been obtained as

1 —2c%¢; +8c%c2 — ¢

ug(w,t) = 5 2 4 12ccy sech (z — ct)?,
cCq
1—4 2.2 8 2.2 2
vo(z,t) = 1 et 20;0 cate 6cg sech (z — ct)?.
cc3
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FIGURE 1. The figures represent the single soliton solutionéz, t) andv: (x, t) with respectively 3-dimensional plots and contour plots
whenc = ¢1 = ¢z = 1 and(z,t) = [-5,5] x [-2,2].

/

FIGURE 2. The figures represent the shock wave soliton solutigs{s, t) andvs(z, t) with respectively 3-dimensional plots and contour
plots, whernc = ¢; = ¢; = 1 and(z,t) = [—5,5] x [-2,2].

1
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1 |/

| /
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Case 3.ChoosingP : 1, Q : —(1 +m?), it may be denoted Case 4. SupposingP : 1, Q : —(1 + m?) from table this

from tableF'(¢) = nsé, hence choices correspond t8(¢) = ns, hence
1-2 2 8 2.2 _ _ 9,2 2.2 _
Uz = —= cCer+8c7ciQ — o — 12¢¢, Pns®¢, Uz = _172ca +8¢q @ _ 12cc; Pns€,
2 ccq 2 ccp
1 —4c?c? + 8caQc?c2 + 3 5 1 —4c%c? + 8cQc?c? + c3
_1 - 1 2 c] + 5 2
vz = 1 23 + 6¢co Pns“E. vg = 1 22 + 6co Pns“€.
Asm — 1, thenF(¢) = coth &, and one of the solitary Form — 0 from (9), F(¢) = csc¢, and we acquire one
wave solutions of Eqi12) can be stated as of the periodic solutions of Eq1P) as
1 —2c%c;—16¢%c3—co 9 2 22
=_Z _ _ 1-2 _8 _
uz(x,t) 5 o 12¢cq coth(z — ct)?, wa(w, t) = -5 ¢ —8cte; — 12¢¢; cse(x — ct)?,
cCq
1 —16coc?c? — 4cc? + 2 9 2 2 2.2 .2
_1 _ 1 -4 — 8
vs(z,t) 1 23 +6¢o coth(z — ct)”. val,t) = . ¢ 0220 €1+ ¢ + 6y cse(z — ct)2.
1

i/

FIGURE 3. The figures represent the periodic wave solutien&e, t) andva(x, t) with respectively 3-dimensional plots and contour plots,
whenc = ¢; = ¢ = 1 and(z,t) = [-5,5] x [-2,2].
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Case 5. ConsideringP : 1, Q : —(1 + m?) from (9)

F(&) = dcg, hence 1 —2¢%¢1 + 822 — ¢y

ur(z,t) = — 12¢c; csc h(z — ct)?,
1 —2c2¢1 +8c2c3Q — 2 cc
us = -3 a1+ 8@ — o — 12¢cy Pdc?¢, |42 18 12 ) )
ccy —4c e + 8cactc] + 5 9
| 42E 4 8y QR 4 &2 vr(z,t) = 1 20 + 6¢g csch(x — ct)”.
vy = — L L E 602Pd02§.

e

2.2
“a Case 8.SettingP : 1,Q : (2 — m?), thenF(§) = cs€, due

If m — 0, thenF(¢) = secé&, and one of the periodic to this settings,

lutions of Eq./12) h n in
solutions of Eq.12) has been attained as 1 —2¢2¢, + 8220 — o3

ug = — 12¢¢1 Pes®¢,
1 —2c¢%¢; — 8020% — Co 9 8 2 ccy ! ¢
us(z,t) = —= — 12¢cq sec(z — ct)?,
2 1 1 —4c2c2 + 8coQc?c? + c3 9
1 —8cac?c? — 4c%c2 + 3 BT c2c? +6epPese.
vs(x,t) = ———2——1 L2 4 6cysec(z — ct)?. !

4 2c? .
Furthermore, form — 0 by using from ), F(§) =

Case 6.lfwegetP : 1—m?2, Q: 2—m?2, thenF(¢) = sc€,  cot, and we attain one of the traveling wave solutions of
therefore Eq. 12) as

71 —2c%c; +8c2c2Q — ¢y 1 —2c%c; + 16¢%¢2 — ¢

= —12¢¢y Psc? 1) = — — 12¢cy cot(z — ct)?,
Ug 3 o cc1 Psc?€, ug(x,t) 5 - 1 cot( )
1 —4c?c? + 8caQc%c? + c3 9 1 —4c%c} + 16cacc? + 3 9
v = 2 + 6cy Psc €. vg(x,t) = 1 20 + 6o cot(x — ct).

As long asm — 0, F(¢) = tan&, and we obtain one of Case 9.If we take P = (1/4),Q = (1 — 2m?/2) it may be

the traveling wave solutions of Edl2) as deducted from tablef'(£) = nsé + ¢s&, therefore
1 —2c%c; + 16¢%¢2 — ¢ 1-2¢2 2¢2Q —
ug(x,t) = —= ! L2 12ceitan(z —ct)?,  wg = —= cCat8ca@—c 12cc1 P (ns€ + ¢s€)?,
2 ccq 2 ccy
1 —4c*c + 16cac?cf + ¢3 2 1 —4c%c? + 8coQc*ct + 3 2
ve(x,t) = 1 20 + 6¢o tan(z — ct)”. v =7 20 + 6o P (ns€ £ es€)”.
Case 7. For choicesP : 1,Q : (2 — m?) from table, F In this case forn — 1, F((§) = coth{ & csc hE, and one

is obtained ag’(¢) = cs¢, in this way the solution may be of the solitary wave solutions of Ec12) can be shown as

expressed as
1 -2c%c; —4cPc? — ¢y

1-2 2 82 21 _ Ug(.’l},t):
ur = —3 cat8al@—c 12cc; Pes’€, 2 €
€ — 3cey (coth(x — ct) + csch(x — ct))?,
1—4 2.2 48 2.2 4 2
vy = = cocy c2Qc C1 T Co + 662P682£. 1 —4c2c2 — 4026262 + 2
1 vo(ayt) = A —deaced
’ 4 c2c?
Moreover, form — 1 from(8), F/(§) = csch&, and one 3 )
of the solitary wave solutions of EG12) can be found as + 562(00‘611(33 —ct) £ csch(x — ct))”.

o 2 B s 5 -4 -2 o 2

FIGURE 4. The figures represent the shock wave soliton solutias{s, t) andvy(z, t) with respectively 3-dimensional plots and contour
plots,c = ¢1 = ¢2 = 1 and(x,t) = [-5,5] x [-2,2].
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FIGURE 5. The figures represent the periodic wave solutiongz, t) andvio(x, t) with respectively 3-dimensional plots and contour plots,

whenc = ¢; = ¢ = 1 and(z,t) = [-5,5] x [-2,2].

Case 10 . RegardingP = 1/4, Q =
F(§) = ns& £ c¢s&, so

1 —2m?/2, then

1 —2c%¢; +8¢°c1Q —
U = —= c’er +8eiQ 2 19cc, P (ns€ + es€)?,
2 cc1
1_422 8 2.2 2
vio = § ¢t 2022QC Gt + 6¢2 P (ns€ + cs€)? .
2c2

In addition, form — 0, F(§) = csc€ + cot &, and the
periodic solution of Eq.12) can be obtained as

1—-2c%¢; + 4026% — Cy

U10(1'7t) = _2 ceq
— 3cey (esc(z — ct) + cot(z — ct))?,
40202 2.2, .2
4 cecy

w

+ Zeafesc(x — ct) £ cot(z — ct))?.

[\

Case 11. Assigning? = (1 —m?)/4,Q = (1+m?)/2,
thenF'(§) = nc€ £ sc€, hence

1 —2c%c; +8c2c2Q — o

Uy = —— —12¢c1 P (ns€ £ 085)2,
2 ccq
1 —4 2.2 8 2.2 2
v =g et 2022Qc ate 6co P (ns€ + es€)?.
23

In the limit case whem — 0, F'(§) = sec £tan &, and
the periodic solution of Eq/1Q) can be written as

1-2c%¢; + 4020% —Cy

(@, t) = 2 ccr
— 3cey sec((x — ct) + tan(z — ct))?,
142t + e’ + 3
vz, 1) = 4 2c?
1

+ ;CQ sec((z — ct) & tan(z — ct))?.

Case 12.1f we chooseP > 0, @ < 0 from table,F'(¢§) =

V=m2Q/(1 + m?)Psn (\/—Q/(l T m2)§> S0

1 —2c%c; +8c2c2Q — 2
U2 = — 5

2 ccy1
—m*Q —Q
—12cc; —————sn? —
661(1+m2)sn T2t
iy = 1 —4c%c? + 8coQc?c? + 3
4 cc?
~m?Q -Q
6y o ST .
+ 02(1+m2)5n T m?
In the limit case whenm — 1,F(§) =

VEm2Q) /([ + m?IP) tanh (/=Q/(T+m?)¢ ), and
the solitary wave solution of Eq1P) can be stated as
1—20201 +8c22Q — ¢y

2 ccy

ulg(l', t) = —

2
+ 61 tanh (3\/—262@ - ct)) ,

1_422 8 2 2 2
o, t) = & c“ci + 8cac*Qcy + ¢35

S

2.2
c’cy

2
— 3c2@ tanh (%\/—2Q(az - ct)) .
Case 13. For choicesP < 0, Q@ > 0then F(§) =
—Q/=m?)Pdn (\/Q[(2 = m?)¢) , hence

1 —2c%c; +8c2c2Q — o

s = _5 cCq
—Q 2 Q
—12cci ——%—d ——= ¢,
CCl(2—m2) " 2—m?
15 = 1 —4c2c2 4 8caQc*ct + 3
4 3

—Q 2 Q
+602(2_m2)dn 52 .
In the limit case whenm — 1, F(§) =

V=Q/(2 = m?P)sech (\/Q/(Z=m?)) , and we get

Rev. Mex. Fis69021401
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one of the solitary wave solutions of E4.2) as

1 —2c%c; + 8c2c2Q — ¢z

2 ccq

+12cc1Q sec h(1/Q(z — ct))?,
142} 4 8¢¢°Qc} + &3

4 22

— 6c2Q sec h(y/Q(z — ct))?.

’U,13(£L'7t) = —

’Ulg(l', t) =

Case 14. While P = 1, Q = m? + 2, then F(¢)
dn&en&/sn&, therefore

g — _1 —2c%¢; + 8C2C%Q —C 12601Pdn2§cn2£’
2 ccy sn2¢
o = 1 —4c2c2 4 8caQc*ct + 3 n 602Pdn250n2£.
4 c2c? sn?¢

In the limit case whemn — 0, F(§) = cos{/sin€, and
one of the traveling wave solutions of E42 can be evalu-
ated as

1 —2c%¢; + 16cgcf —C2

2 ccq

uya(z,t) = —

2
S —ct
+ 12ccy 70952 (z=c ),
sin“(x — ct)
1 —4c2c2 + 16¢2c%c2 + 3
4 c2c?

U14(Z‘, t) =

2
cos“(xz —ct
+ GCQ%.
sin“(x — ct)

Case 15. WhenP = —4/m, Q = 6m — m? — 1, then
F(€) = mdnéené/(msn?€ + 1), hence

1 —2c%c; + 8c2c2Q — ¢y
Uiy = — 5
2 ccy

As long asm — 1, F (&) = msech&sec h§/(mtanh ¢

tanh £ 4+ 1), and we get one of the solitary wave solutions of

Eq. (12) as
1-2c%¢; + 32020% .
t) = —=
u15(x’ ) 2 cCy
48001 sec h4 (.T/' _ Ct)
(tanhQ(;U — Ct) 4 1)2a
vis(,t) = 146G + 326,63 + &

4 c2c?
24cy sec h* (x — ct)
(tanh?(x — ct) +1)2

Case 16. SettingP = 4/m, Q : —6m — m? — 1, then
F(€) = mdnéené /(msn?€ — 1), s0

1 —2c%c; + 8c2c2Q — ¢z m2dn?&en?¢
U16= — = —12¢cc1 P—+——>5,
2 cey m2(sn2§ — 1)?
1 —4c2c2 + 8coQc?c? + c3 m2dn2&cn?
Vie=—— ! 22Q L 2 +602P—€ g .
4 c2c? m?(sn2¢ —1)2

Whenm — 1, F(§) = msec h€ sec h/(m tanh £ tanh £—
1), and we obtain one of the solitary wave solutions of
Eq. (12) as

1—2¢%¢c; — 6402(:% — Co

t) = —
et 2 ccy
48001 sec h4 (.’I; _ Ct)
(tanh2(x _ Ct) — 1)23
v16(z, t) = 146 — 64,63 + &

4 c2c?
24cy sec h* (x — ct)
(tanh?(z — ct) — 1)2

Case 17. If we getP = 1/4, Q = (1 —2m?)/2, then
F(&) = sn&/(1 £ ené), hence

1 —2c%c; +8c2c2Q — o sn2¢
=—- —12cciP————
wr 2 ceq et (14 cng)?’
o1y = 1—40%? + 8c2Qc%c2 + 3 ey P sn?¢ .
4 c2c? (1 £ cné)?

If m — 1, F(§) = tanh &/(1 &+ sec h&), and one of the
solitary wave solutions of Eql@) can be stated as

1 —2¢%c;—4c2c3—cy  3cey tanh®(z — ct)

t)=—
ur7(, 1) B ccy (1 £sech(z —ct))?’
1 422 —deoc?1c2 3eo tanh(r — ct
viz(x,t)=— ca c;c are SO

4 c2c? 2(1 +sech(x — ct))?

Case 18. SupposingP = 1/4,Q = (1 —2m?)/2, then
F(&) = sn&/(1 £ ené), therefore

1-2 2 8 2.2M 2
Ulg = —— o1 +8¢7ciQ — o - 12001P78n 3 ,
2 cey (1 +eng)?
v1g = 1_4020% +8c:0c%e] + 5 + 602P78n2£ .
4 c2c? (14 ¢né)?

Rev. Mex. Fis69021401



Form — 0, F(§) = sin&/(1 + cos €), and the travelling
wave solution of Eq.12) can be obtained as

1 —2c%c; +4c2c? — ¢y 3cepsin®(z — ct)

t) =— -
u1s(w, 1) 2 cey (1 + cos(z — ct))?’
1 —4c%c? + 4eac®cd + c3 3cgsin?(x — ct)
Uls(m,t) = — )
4 c2ct 2(1 + cos(z — ct))?’
Case 19.f we getP = (1 — m?)/4, Q = (1 +m?)/2, then

F(&) = cn&/(1 £ snf), hence

1-2 2 8 2.2 2
U119 = — = ce + oe le €2 - 12661PL,
2 cey (1+ sn&)?
1o = 1 —4c2c2 4 8caQc*ct + 3 ey en?¢ .
4 c2c? (1 & sn&)?

In the limit case whem — 0, F'(§) = cos&/(1 £ sin¢),
and the travelling wave solutions of E&2j can be attained
as

1 —2c%c1+4c2c2—cy  3cey cos?(x — ct)

t)=— - -

s (7, 1) 2 cey (1 £ sin(z — ct))?’
(1) 1 —4c?c3+4cac®ci+c3  3egcos?(z — ct)
vig(z,t)== .
A ETY 202 2(1 £ sin(z — ct))?

4. Discussions

SAIT SAN RABIA ALTUNAY

Figure 4, shows the physical structure of shock wave solution
with parametersg = ¢; Co 1. Figure 5, shows the
physical structure of periodic wave solution with parameters,
¢ = ¢; = ¢g = 1. Comparing with the results in [1, 2], we
obtained more comprehensive solutions. As our knowledge,
the results have not been previously reported. We expect that
the results will be used future studies. In future work, con-
servation laws, which have a very important role in physics,
can be obtained by group invariant analysis method. Also
complexton and interactive solutions can be considered by
various methods.

5. Conclusion

In this article we considered tt{¢+1)—dimensional Boussi-
nesq System which were encountered in real world applica-
tion problems such as coastal and civil engineering, harbour
and coastal design. Jacobi elliptic function method were ap-
plied to investigate the traveling wave solutions of the gov-
erning system. By means of this method we have constructed
exact solutions for nineteen cases. These solutions includ-
ing trigonometric and hyperbolic functions and original to
our knowledge. The hyperbolic solutions (including solitary
wave solution) and trigonometric-function solutions of Eq.
(12) can be attained in the limited case when the moduius

The dynamical behaviour of constructed solutions shows the-~ 1 andm — 0 respectively. All solutions were verified
different soliton type solutions. We obtained some impor-Maple package program by putting them back into the orig-

tant soliton solutions and profiles of the solutions is as fol-

inal equation. Taking the parameters with special values, we

lows: Figure 1, shows the physical structure of single soli-presented 3-D and contour graphs of the Jacobi elliptic func-

ton with parameters; = ¢; = ¢o = 1. Figure 2, exhibits

tion solutions of the underlying equation.(Figs.1-5) The algo-

the physical structure of shock wave soliton with parametersiithm is very applicative and influential to investigate many
¢ = c¢1 = ¢ = 1. Figure 3, represents the physical structuresolutions, therefore it might be also applied to many other

of periodic wave solution with parametetss= ¢, = ¢; =
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