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In this work, the improved Hulth́en plus Hellmann potentials model in the presence of temperature-dependent confined Coulomb potential
IHHPTd model is adopted as the quark-antiquark interaction potential for studying the mass spectra of heavy mesons in the three-dimensional
nonrelativistic quantum mechanics noncommutative phase space (3DNRQm-NCSP) symmetries. In addition, we found another application
for this potential through its description for hydrogen atoms He+, Li+2 and Be+. We solved the deformed Schrödinger equation analytically
using the generalized Bopp’s shift method and standard perturbation theory. The new energy eigenvaluesE

(u,d)hy
nc−n and (Ehlm

n−g, Ehlm
n−mand

Ehlm
n−l ) for hydrogen atoms and heavy mesons such as charmoniumcc and bottomoniumcb and corresponding deformed Hamiltonian oper-

atorsHnc
hhp(r, Θ, θ, λ, λ, σ, σ, ε) andHnc

hhp(r, Θ, θ, λ, λ, σ, σ, gs) were obtained, respectively. The present results are applied for calculating
the new mass of heavy mesons. Four special cases were considered when some of the improved potential parameters were set to zero,
resulting into improved Hellmann potential, improved Yukawa potential, improved Coulomb potential, and improved Hulthén potential, in
(3DNRQm-NCSP) symmetries. The limiting cases are analyzed forΘ, σ andχ −→ 0 are compared with those of literature.
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1. Introduction

Although a century has passed since the Schrödinger equa-
tion (SE), it is still an effective tool for physicists and
chemists. In fact, it is a nonrelativistic (NR) equation that
has a field of validity at low energies. It applies to many
quantum mechanics problems in general, like quantum infor-
mation theory, thermodynamic and thermochemical studies
of diatomic and polyatomic molecule systems, and it plays
a very vital role in the study of quarkonium systems (QS),
among other systems. The Cornell potential (CP) is consid-
ered typical in the study of QS. Ikhdair obtained bound states
(BS) of a spinless particle placed in scalar and vector CP un-
der the influence of external magnetic and Aharonov-Bohm
flux fields using the wave function Ansatz method for any
arbitrary l-state with principaln and magneticm quantum
numbers [1]. The solutions of SE with many potential models
or combined potentials such as Hua potential, Möbius square
plus Kratzer potential, M̈obius square plus Mie type poten-
tial, and Morse potential have been solved by applying var-
ious techniques, including the asymptotic iteration method,
Nikiforov-Uvarov method (NUM), Laplace transforms, su-
persymmetric quantum mechanics, and a series expansion,
in addition to other methods. Inyanget al. obtained ana-
lytical solutions of theN -dimensional SE for the Varshni-
Hulthén potential within the framework of the NUM by us-
ing the Greene-Aldrich approximation scheme (GAS) to the

centrifugal barrier and obtained the numerical energy eigen-
values and the corresponding normalized eigenfunctions [2].
William et al. obtained BS solutions of the radial SE by the
superposition of Hulth́en and Hellmann potentials within the
framework of the NUM for arbitraryl-state with the GAS
for the centrifugal term, in addition to the corresponding
normalized wave functions and computed the numerical en-
ergy eigenvalues of different quantum states [3]. Edetet al.
obtained an approximate solution of the SE in arbitrary di-
mensions for the generalized shifted Hulthén potential model
within NUM and computed the BS energy eigenvalues and
obtained the corresponding eigenfunctions [4]. The authors
of Ref. [5] studied the Hellmann potential in the presence
of external magnetic and Aharonov-Bohm flux fields within
the framework of the SE and obtained the energy equation
and wave function of the system in closed form. Edet and
et al. obtained the BS approximate solution of the SE for
the q-deformed Hulth́en plus generalized inverse quadratic
Yukawa potential in D-dimensions with the help of the NUM
and the corresponding eigenfunctions are expressed in Ja-
cobi polynomials [6]. Edetet al. obtained the approximate
analytical solutions of the relativistic Schrödinger equation
(RSE) with Hellmann-Kratzer potential and calculated the
energy eigenvalue and the corresponding wave function and
compact form using the NUM [7]. Al-Jamel and Widyan
studied the spin-averaged mass spectra of heavy quarkonia
(cc andbb) in a Coulomb plus quadratic potential using the
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NRSE and obtained the energy eigenvalues and eigenfunc-
tions in compact forms for anyl-value using the NUM [8].
Abu-Shady calculated quarkonia mesonbc and cs meson
masses for theN -dimensional relativistic Schrödinger equa-
tion (ND-RSE) under CP plus harmonic oscillator potential
and obtained the energy eigenvalues and the corresponding
wave functions in the ND-space using the NUM [9]. The
authors of Ref. [10] have proposed an NR model that in-
cludes both Hulth́en V (r) = −A0 exp(−αr)

1−exp(−αr) and Hellmann

V (r) = −A1
r + A2 exp(−αr)

r potentials and obtained BS solu-
tions of the RSE within the framework of the NUM for arbi-
trary l-state with the GAS for the centrifugal term. Very re-
cently, Akpacet al. adopted a Hulth́en plus Hellmann poten-
tials temperature-dependent (TD) model (HHPTd, in short)
as the quark-antiquark interaction potential for studying the
mass spectra of heavy mesons; the authors made it to be
TD by replacing the screening parameter with a Debye mass
and solving the RSE analytically using the series expansion
method and obtained the energy eigenvalues and calculating
the mass spectra of heavy mesons such as harmoniumcc and
bottomoniumbb [11]:

Vhhp (r) = − A0 exp (−αr)
1− exp (−αr)

− A1

r
+

A2 exp (−αr)
r

=⇒

Vhhp (r, T ) = −A0 exp (−mD (T ) r)
1− exp (−αr)

− A1

r

+
A2 exp (−mD (T ) r)

r
, (1)

whereA1, A2 and A0 are the potential strength,α is the
screening parameter that controls the shape of the poten-
tial and mD (T ) is the Debye mass which is TD potential
Vhhp (r, T ) TD is obtained fromVhhp (r) by replacing the
screening parameterα with Debye massmD (T ) that is TD
and vanishes when the temperature is zero. In the same con-
text regarding temperature, Inyanget al. adopted Hulth́en
plus Hellmann potentials, which rendered TD by replacing
the screening parameter with a Debye mass, as the quark-
antiquark interaction potential for studying the thermody-
namic properties and the mass spectra of heavy mesons [12].

Motivation

Relativistic and NR quantum mechanics have achieved great
successes in terms of the convergence of theoretical treat-
ments with experimental measurements. However, some in-
dications show that there are many problems that quantum
mechanics known in the literature has not been able to solve,
for example, the problem of non-renormalizable electroweak
interactions, the problem of quantization of gravity, and addi-
tion the problems in string theory. The idea of noncommuta-
tivity resulting from properties of deformation of space-space
(Heisenberg in 1930 is the first to suggest the idea and then it

was developed by Snyder in 1947) was one of the major solu-
tions to these problems. As a result of all these motivational
data, it is logical to consider the topographical properties of
the noncommutativity space-space and phase-phase have a
clear effect on the various physical properties of relativistic
and nonrelativistic quantum systems [13–18].

A lot of research has been devoted to study the properties
of quarkonium in the noncommutative space phase (NCSP)
in the framework of the two cases: the nonrelativistic NR and
relativistic, based on the three fundamental equations related
to the Yukawa potentials such as modified Klien-Gordon
equation (KGE) with modified scalar-vector Yukawa poten-
tial [19] and the relativistic interactions in one-electron atoms
with modified Yukawa potential for spin-1/2 particles [20].
Moreover, we have treated the nonrelativistic behavior of
hydrogen-like and neutral atoms subjected to the generalized
perturbed Yukawa potential with a centrifugal barrier [21].
We are studying the modified unequal mixture scalar vector
Hulthén-Yukawa potentials model as a quark-antiquark in-
teraction and neutral atoms with relativistic treatment using
the approximation of the centrifugal term and Bopp’s Shift
method [22]. We have investigated the approximate solu-
tions of DKG and DSE under the modified more general ex-
ponential screened Coulomb potential plus Yukawa potential
in NCQM symmetries [23]. We have constructed a theoret-
ical model of the DKG equation with generalized modified
screened Coulomb plus inversely quadratic Yukawa potential
in RNCQM symmetries [24]. We have obtained solutions of
the KG equation for the modified central complex potential in
the symmetries of noncommutative quantum mechanics [25].
We are studying spectra of heavy quarkonia with modified
CP in the framework of modified SE [26]. We have obtained
the new NR atomic energy spectrum of energy-dependent
potential for heavy quarkonium in noncommutative spaces
and phases symmetries [27]. In 2019, we constructed a new
model for Heavy-Light Mesons (HLM) in the extended NR
quark model under a new modified potential containing Cor-
nell, Gaussian, and inverse square terms in the symmetries
of NCQM [28]. We investigated a new asymptotic study to
the 3D-RSE under modified quark-antiquark interaction po-
tential [29]. We have calculated the new relativistic atomic
mass spectra of quarks (u, d and s) for the extended modi-
fied CP at nano and Planck scales [30]. In addition, we have
built a new model for HLM in the symmetries of the extended
NR quark model [31]. Furthermore, we have investigated the
NR-BS solution at finite temperature using the sum of a mod-
ified CP plus inverse quadratic potential in the framework of
the DSE [32]. Motivated by the previous works in ordinary
quantum mechanics and NCSP, we hope to investigate the
Hulthén plus Hellmann potentials in the 3D-NR quantum me-
chanics noncommutative phase space 3DNRQM-NCSP sym-
metries to obtain new applications on the microscopic scale
and contribute to the knowledge of elementary particles at the
nanoscale. The NR energy levels under the improved Hulthén
plus Hellmann potentials model temperature-dependent have
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not been obtained yet in the 3DNRQM-NCSP symmetries, we propose a new version of the improved Hulthén plus Hellmann
potentials model temperature-dependent (IHHPTd model)V hhp

nc (r, T ) and a corresponding Hamiltonian operatorHhhp
nc (r, p, T )

in the presence of TD confined Coulomb potential in the 3DNRQM-NCSP symmetries as follows:




V hhp
nc (r, T ) = Vhhp (r, T ) +




l(l+1)
r4 − β2

− β0
2r3 − β1

2r


LΘ

Hhhp
nc (r, p, T ) = Hhhp (r, p, T ) + Lθ

2µ +
(
l(l + 1)r−4 − 2β0r

−3 − 2β1r
−1 + β2

)
LΘ

. (2)

The two couplingsLΘ andLθ are equal toLxΘ12 + LyΘ23 + LzΘ13 andLx θ12 + Ly θ23 + Lz θ13, respectively, and
they appear automatically from the influence of noncommutativity NC effect space-spaceΘ (Θ12, Θ23,Θ13) on the potential
Vhhp (r, T ) and NC effect phase-phaseθ

(
θ12, θ23, θ13

)
on the kinetic termp2

2µ with the angular momentum operatorL
(Lx, Ly, Lz), andΘτυ = θτυ//2, (−β2, β1, β0 andα3) are the new potential parameters defined in Sec. 2,r is the distance
between the two particles whileHhhp (r, p, T ) is the usual Hamiltonian operator of the HHPTd in NRQM symmetries. In
the present work, we modify the HHPTd modelV hhp

nc (r) by adding new terms (l(l + 1)r−4LΘ, −β0
2 r−3LΘ, −β1

2r LΘ and
(β2LΘ + Lθ

2µ )) due to the topological properties of the self-quantum influence of space-space and phase-phase including the
effect of the centrifugal terml(l + 1)r−2 which appears in the first additive part. The study of quarkonia systems with the
HHPTd model at finite temperature in 3DNRQM-NCSP symmetries is an essential tool for understanding the status of the
matter formed in the heavy-ion collisions as in Ref. [33], on the other hand, it is a continuation of our previous efforts in
this context as in Ref. [32] and which falls within the context of the investigation of the properties of the quarkonium system
under the influence of the sum of modified Cornell plus inverse quadratic potential at finite temperature in 3DNRQM-NCSP
symmetries. To the best of our knowledge, this new study of DSE withV hhp

nc (r, T ) was not done before by any researcher.
The structure of 3DNRQM-NCSP symmetries based on NC canonical commutations relations in (Schrödinger, Heisenberg
and interactions) pictures (SP, HP and IP), respectively, as follows (throughout this article, the natural unitsc = ~ = 1 will be
applied) (see,e.g., [34–41]):

[xnc
τ
∗,pnc

υ ] = [xnc
τ (t) ∗,pnc

υ (t)] = [xnc
τI (t) ∗,pnc

υI (t)] = i~effδτυ,

[xnc
τ
∗,xnc

υ ] = [xnc
τ (t) ∗,xnc

υ (t)] = [xnc
τI (t) ∗,xnc

υI (t)] = iθτυ,

[pnc
τ
∗,pnc

υ ] = [pnc
τ (t) ∗,pnc

υ (t)] = [pnc
τI (t) ∗,pnc

υI (t)] = iθτυ, (3)

where}eff = }
(
1 + Tr

(
θθ/4

))
and} are the effective Planck constant and the usual reduced Planck constant, respectively.

However, the unified operatorsΥnc
τH (t) = (xnc

τ ∨ pnc
τ ) (t) andΥnc

τI (t) = (xnc
τI ∨ pnc

τI) (t) in (HP and IP, respectively) depend
on the corresponding operatorΥnc

τS = xnc
τ ∨ pnc

τ in SP with the following projection relations:

(
ΥτH (t)
ΥτI (t)

)
=

(
exp(iHhhp

~ T )Υnc
τs exp(−i

Hhhp

~ T )
exp(iHhhp

o

~ T )Υnc
τs exp(−i

Hhhp
o

~ T )

)
, (4.1)

=⇒
(

Υnc
τH (t)

Υnc
τI (t)

)
=


 exp(iHhhp

nc

~eff
T ) ∗Υnc

τs ∗ exp(−i
Hhhp

nc

~eff
T )

exp(iHhhp
onc

~eff
T ) ∗Υnc

τs ∗ exp(−i
Hhhp

onc

~eff
T )


 . (4.2)

HereT = t− t0, Υτs = xτ ∨ pτ , ΥτH (t) = (xτ ∨ pτ ) (t) andΥnc
τH (t) = (xnc

τi ∨ pnc
τi ) (t) are the usual three representa-

tions of SP, HP and IP in NRQM, while the new dynamics of studied systemsdΥnc
τH(t)
dt describe from the new following motion

equations in 3DNRQM-NCSP symmetries:

dΥτH (t)
dt

= − i

~
[ΥτH (t) ,Hhhp] =⇒ dΥnc

τH (t)
dt

= − i

~eff

[
Υnc

τH (t) ∗,Hhhp
nc

]
. (5)

HereHhhp

(
Hhhp

o

)
andHhhp

nc

(
Hhhp

onc

)
denote the ordinary and generalized quantum Hamiltonian (free) operators for the of

IHHPTd model in the NRQM and 3DNRQM-NCSP, respectively. The two infinitesimal parameters
(
θτυ, θ

τυ
)

= ετυ
(
θ, θ

)

(compared to the energy) are the elements of two antisymmetric real matrices with dimensions of (length)2 and (momentum)2,
respectively whileεµν just an antisymmetric number, for exampleε12 = −ε21 = 1, ε11 = ε22 = ε33 = 0. Furthermore,
the star notation∗, denote to the star product, which is generalized between two arbitrary functions(fg) (x, p) of the form
(fg) (xnc, pnc) ≡ (f ∗ g) (x, p) in 3D-NCSP symmetries (see,e.g., [42–51]:

Rev. Mex. Fis.68050702



4 ABDELMADJID MAIRECHE

(f ∗ g) (x, p) = (fg) (x, p)− i

2

(
θτυ ∂f

∂xτ

∂g

∂xυ
+ θ

τυ ∂f

∂pτ

∂g

∂pυ

)
+ O

(
θ2, θ

2
)

, (6)

This allows the construction of two scales of space and phase cells with elementary volumesτ3
ncs = θ3/2 and τ3

ncp =

θ
3/2

respectively. On the other hand, Eq. (6) allows us to satisfy the postulated algebra in Eq. (3). The second and the
third terms in the above equation are the effects of (space-space) and (phase-phase) noncommutativity properties, respectively.
This paper aims to present approximate solutions of the deformed Schrödinger equation (DSE) with the improved Hulthén plus
Hellmann potentials temperature-dependent (IHHPTd, in short) model in 3DNRQM-NCSP symmetries using the generalized
Bopp’s shift method (GBSM), in addition to the standard perturbation theory (SPT).

The organization of the present work is given as follows: in the next section, we briefly review the SE with the HHPTd
model. We divided the third section into subsections, the first one reserved to the physical and mathematical model for the
HHPTd model in 3D-NCSP by applying the GBSM, in the next subsection, we generate the new spin-orbit Hamiltonian
operator for the hydrogenic atoms (HAs) and the HLM under the IHHPTd model and by applying SPT we find the corrected
spectrum ofnth excited levels in the framework of the global group 3D-NCSP and then, we derive the modified magnetic and
rotational spectra for the IHHPTd model, which produced with the effect of both perturbed HamiltoniansHhhp

z andHhhp−rot
pert

due to the topological properties of phase space. In the fourth section, we resume the global spectrum and corresponding NC
Hamiltonian operator for the IHHPTd model and corresponding energy levels of the HAs (He+, Li+2 and Be+) and the HLM
such as charmoniumcc and bottomoniumbb and we calculate the new mass spectra of (cc, bb) in 3D-NCSP symmetries, we will
also treat some special cases that demonstrate the correctness of our results. Finally, the paper ends with concluding remarks
in Sec. 5.

2. Background and preparation

2.1. Overview of the eigenfunctions and the energy eigenvalues for HHPTd in NRQM

In this section, we shall recall here the SE for the HHPTd model, which is an important short-range potential that behaves like
a Coulomb potential for small values and decreases exponentially for large values presented in Eq. (1). For small values of
(−r/β2) the HHPTd model takes the form [11,12]:

Vhhp (r, T ) = −β0

r
+ β1r − β2r

2 + β3, (7)

with β0 = A2 − A1 − (A0/mD (T )), β1 = (A2m
2
D (T )/2) − A0(mD (T )/12), β2 = (A2m

3
D (T )/6) andβ3 = (A0/2) −

A2mD (T ). If we consider a nonrelativistic virtual particle of reduced massµ in a central potential likeVhhp (r, T ), the
quantum evolution of this particle governed with the SE in the spherical coordinates(r, θ, ϕ) as follows:

Hhhp (p, x)Ψ (−→r ) = Ehhp
nl Ψ(−→r ) =⇒ d2Rnl (r)

dr2
+ 2µ

(
Ehhp

nl − V hhp
eff (r, T )

)
Rnl (r) = 0 . (8)

The operatorHhhp (p, x) is just the ordinary Hamiltonian operator in NRQM,Ψ(r, θ, ϕ, t) = (Rnl (r)/r)Y m
l (θ, ϕ) e−(i/~)Ehhp

nl t,
Y m

l (θ, ϕ) are the spherical harmonic functions,V hhp
eff (r, T ) = −(β0/r)+β1r−β2r

2+β3+(l[l + 1]/r2) is effective potential,

Ehhp
nl are the eigenvalues of the Hulthén plus Hellmann potentials model in the presence of TD whilen andl are the radial and

orbital angular momentum quantum numbers. The wave function and the energy spectrum of Eq. (8) for HHPTd model (7) are
respectively given by [11,12]:

Ψnlm (r, θ, ϕ, t) =
Nnl

r
r

α
2√εnl exp (−√εnlr)L

(α/
√

εnl)
n (2

√
εnlr)Y m

l (θ, ϕ) exp
(
− i

~
Ehhp

nl t

)
. (9)

Hereα = (6µβ1/δ2) + 2µβ0 − (16µβ2/δ3), −εnl = 2µ (Enl − β3) + (12µβ2/δ2) − (6µβ1/δ) andδ = 1/r0 while r0 is a
characteristic radius of the meson. The energyEhhp

nl of the potential in Eq. (7) is given by [11,12]:

Ehhp
nl = A0

(
1
2
− mD (T )

4δ

)
+ A2mD (T )− 2A0m

2
D (T )

(
3mD (T )

2δ
−m2

D (T )− 1
)
− 1

8µ

×
2µ

[
A2 −A1 + A0

mD(T )

]
+ µmD(T )

δ2

[
3A2mD (T )− A0

2

]− 8µA2m3
D(T )

3δ3

n + 1
2 +

√(
l + 1

2

)2 + µA2m3
D(T )

δ3

(
1− mD(T )

δ

)
− µA0mD(T )

6δ3

. (10)
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3. Solution of the DSE with the NR-IHHPTd model

3.1. Review of the concepts of GBSM

In this subsection, we devote this part to studying the nonrelativistic improved Hulthén plus Hellmann potentials model
temperature-dependent in the presence of TD confined Coulomb potentialV hhp

nc (r, T ), in 3DNRQM-NCSP symmetries. To
perform this task the physical form of the deformed Schrödinger equation DSE, it is necessary to replace the ordinary three-
dimensional Hamiltonian operatorsHhhp (p, x), ordinary energyEhhp

nl and corresponding complex wave functionΨ(−→r ) in
the symmetries of NRQM by three-dimensional Hamiltonian operatorsHhhp

nc (pnc, xnc), new unknown valuesEhhp
nc of energy

and corresponding new complex wave functionΨ(−→rnc), respectively, in 3DNRQM-NCSP symmetries. In addition, we need
to replace the ordinary product with the star product(∗), this allows us to construct the DSE in (NC-3D: RSP) symmetries as
(see,e.g., [52–56]):

Hhhp
nc (pnc, xnc)Ψ (−→rnc) = Ehhp

nc Ψ(−→rnc) ⇒ Hhhp (p, x) ∗Ψ(−→r ) = Ehhp
nl Ψ(−→r ) , (11.1)

allowing us to obtain the modified radial part of the SE as follows:
(

d2

dr2
+ 2µ

[
Ehhp

nl − V hhp
eff {r, T}

])
∗Rnl (r) = 0 . (11.2)

Among the possible paths to find the solutions to Eqs. (19) and (20), we make use of the Connex method or Seiberg and
Witten map. It is known to specialists that the star product can be translated into the ordinary product known in the litera-
ture using what is called Bopp’s shift method. Bopp was the first to consider pseudo-differential operators obtained from a
symbol by the quantization rules(x, p) → (x̂ = x− (i/2)∂p, p̂ = p + (i/2)∂x) instead of the ordinary correspondence(x, p)
→ (x̂ = x, p̂ = p + (i/2)∂x), respectively. It is known to specialists that BSM has been applied effectively and has succeeded
in simplifying the known four fundamental equations: the NRDSE [67–70], the relativistic deformed Klein-Gordon equation
RDKGE [60–68], the relativistic deformed Dirac equation RDDE [20, 41, 69], and the deformed relativistic Duffin-Kemmer-
Petiau equation (DRDKPE) [70] with the notion of star product to the NRSE, RKGE, RDE and RDKPE with the notion of or-
dinary product, respectively. Thus, BSM is based on reducing second-order linear differential equations of DNRSE, DRKGE,
DRDE, and DRDKPE with star product to second-order linear differential equations of NRSE, RKGE, RDE, and RDKPE
without star products with simultaneous translation in the 3D-NCSP. The CNCCRs with star product in Eqs. (3) become new
CNCCRs without the notion of the star product as follows (see,e.g., [59–61]):





[xnc
τ , pnc

υ ] = [xnc
τ (t) , pnc

υ (t)] = [xnc
τI (t) , pnc

υI (t)] = i~effδτυ

[xnc
τ , xnc

υ ] = [xnc
τ (t) , xnc

υ (t)] = [xnc
τI (t) , xnc

υI (t)] = iθτυ

[pnc
τ , pnc

υ ] = [pnc
τ (t) , pnc

υ (t)] = [pnc
τI (t) , pnc

υI (t)] = iθτυ

. (12)

The generalized positions and momentum coordinates(xnc
τ , pnc

τ ) in 3DNRQM-NCSP depend on the corresponding usual
generalized positions and momentum coordinates(xτ , pτ ) in NRQM by the following, respectively (see,e.g., [57–59]):

(
xτ

pτ

)
−→

(
xnc

τ

pnc
τ

)
=




xτ −
3∑

υ=1

θτυ

2 pυ

pτ +
3∑

υ=1

θτυ

2 xυ


 . (13)

The above equation allows us to obtain the two operatorsr2
nc andp2

nc in 3DNRQM-NCSP symmetries [52–55]:
(

r2

p2

)
−→

(
r2
nc

p2
nc

)
=

(
r2 − LΘ
p2 + Lθ

)
. (14)

Thus, the reduced radial part of the SE (without star product) can be written as:
(

d2

dr2
+ 2µ

[
Enl − V hhp

eff (rnc, T )
])

Rnl (r) = 0 . (15)

The Hamiltonian operatorHhhp
nc for the improved Hulth́en plus Hellmann potentials model temperature-dependent can be

expressed as:

Hhhp
nc = H

(
xnc

τ = xτ − θτυ

2
pυ, pnc

τ = pτ +
θτυ

2
xυ

)
. (16)
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Now, we want to find the new effective potential of IHHPTdV hhp
eff−nc (r, T ) in 3DNRQM-NCSP symmetries:

V hhp
eff (r, T ) −→ V hhp

eff−nc (r) = V hhp
nc (rnc) + l(l + 1)r−2

nc . (17.1)

The new IHHPTd in the presence of temperature-dependent confined Coulomb potentialV hhp
nc (r, T ) and the new centrifugal

term l(l + 1)r−2
nc in 3DNRQM-NCSP symmetries:

{
V hhp

nc (rnc, T ) = − β0
rnc

+ β1rnc − β2r
2
nc + β3

l(l + 1)r−2
nc = l(l + 1)r2 + l(l + 1)r−4LΘ + O

(
Θ2

) . (17.2)

After straightforward calculations, we can obtain the important terms−β0/rnc, β1rnc and−β2r
2 which will be used to

determine the IHHPTd in the presence of TD confined Coulomb potentialV hhp
nc (r, T ) in 3DNRQM-NCSP symmetries as:




− β0
rnc

β1rnc

−β2r
2
nc


 =




−β0
r

β1r
−β2r

2


−




β0
2r3

β1LΘ
2r
−β2


LΘ + I3×1O

(
Θ2

)
. (18)

By making the substitution above Eqs. (18) and (17.2) into Eq. (16) and (17.1), we find the global our working Hamiltonian
operatorHhhp

nc and the new effective potential of IHHPTdV hhp
eff−nc (r) in 3DNRQM-NCSP symmetries:





Hhhp
nc = Hhhp + ( l(l+1)

r4 − β0
2r3 − β1

2r + β2)LΘ + Lθ
2µ + O

(
Θ2, θ

2
)

V hhp
eff−nc (r, T ) = V hhp

eff (r, T ) + ( l(l+1)
r4 − β0

2r3 − β1
2r + β2)LΘ + O

(
Θ2

) , (19)

where the operatorHhhp (p, x) is just the ordinary Hamiltonian operator in usual nonrelativistic quantum mechanics:

Hhhp =
p2

2µ
− β0

r
+ β1r − β2r

2 + β3 , (20)

while the rest five terms are proportional with two infinitesimal parameters (Θ and θ) and then we can be considered as
perturbations termsHhhp

pert andV hhp
pert (r, T ) in 3DNRQM-NCSP symmetries as:





Hhhp
pert =

(
l(l + 1)r−4 − 2β0r

−3 − 2β1r
−1 + β2

)
LΘ + Lθ

2µ + O
(
θ
2
,Θ2

)

V hhp
pert (r, T ) =

(
l(l + 1)r−4 − 2β0r

−3 − 2β1r
−1 + β2

)
LΘ + O

(
Θ2

) . (21)

It is clear that the operatorHhhp (p, x) is just the Hamiltonian operator for HAs such as He+, Li+2 and Be+ and HLM in
ordinary quantum mechanics while the generated partHhhp

pert appears as a result of the deformation of the 3D-NCSP. In the
following, we can disregard the second term inHhhp

pert because we are interested in the corrections of first-orderΘ andθ.

3.2. New spin-orbit Hamiltonian operator for HAs and HLM under the IHHPTd model

In this subsection, we want to derive the physical form of the induced perturbed HamiltonianHhhp
pert (pnc, xnc) due to space-

phase noncommutativity effects. To achieve this goal, we replaceLΘ both andLθ with the useful physical forms (εΘLS or
gsΘLS) and (εθLS or gsθLS), respectively (see,e.g., [51–55]):

LΘ 7→
(

ε
gs

)
ΘLS andLθ 7→

(
ε
gs

)
θLS , (22.1)

allowing us to construct the induced perturbed spin-orbit Hamiltonian operator as followsHhhp
so :

Hhhp
so =

[(
l(l + 1)r−4 − 2β0r

−3 − 2β1r
−1 + β2

)
Θ +

θ

2µ

]
LS

{
ε : HAs
gs: HLM

. (22.2)

HereΘ =
(
Θ2

12 + Θ2
23 + Θ2

13

)1/2
, θ =

(
θ
2

12 + θ
2

23 + θ
2

13

)1/2

, LS is just the scalar productLxSx+LySy+LzSz, ε ≈ 1/137
is the atomic fine structure constant and,gs is the strong coupling constant, andS denotes the spin of the hydrogenic atoms
such as (He+, Li+2 and Be+) or the heavy-light mesons. Thus, the spin-orbit interactionsHhhp

so appear automatically as a
result of the deformation of the space phase. Now, physically, we can rewrite the quantum spin-orbitLS coupling as follows:

J = L + S =⇒ 2LS = G2 with G2 = J2 − L2 − S2 . (23)
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HereJ is the total momentum of the hydrogenic atoms He+, Li+2 and Be+ and HLM. Substituting this equation into Eq. (22)
yields:

Hhhp
so = ε

([
l{l + 1}r−4 − 2β0r

−3 − 2β1r
−1 + β2

]
Θ +

θ

2µ

)
G2

{
ε : HAs
gs: HLM

. (24)

Our recent study can apply in two principal cases: The first case considersA1 = Ze2, Z ande are the atomic number and
the charge of the electron, the term (−A1/r ) becomes an attractive Coulomb potential, thus, we can consider the Hamil-
tonian described hydrogenic atoms such as (He+, Li+2 and Be+) under the influence of external fields described by other
terms (−[A0 exp (−mD (T ) r)/1− exp (−αr)]+ [A2 exp (−mD (T ) r)/r]) in ordinary quantum mechanics and its extension
to 3DNRQM-NCSP, which allows us to get the eigenvaluesj of the total angular momentum operatorJ from the interval
|l − 1/2| ≤ j ≤ |l + 1/2|. Because the operator G2 has two eigenvalues, we can obtain two values of energy, as follows

k (j, l, s) = j(j + 1)− l(l + 1)− s(s + 1) =
{

k+(j = l − 1/2, l, s) : Spin up
k− (j = l − 1/2, l, s) : Spin down

. (25)

A second way of determining a diagonal matrixHhhp
so of order (3 × 3) with diagonal elements

(
Hhhp

so

)
11

,
(
Hhhp

so

)
22

and(
Hhhp

so

)
33

= 0 as:

(
Hhhp

so

)
11

= εk+

([
l{l + 1}r−4 − 2β0r

−3 − 2β1r
−1 + β2

]
Θ +

θ

2µ

)
if j = l + 1/2,

(
Hhhp

so

)
22

= εk−

([
l{l + 1}r−4 − 2β0r

−3 − 2β1r
−1 + β2

]
Θ +

θ

2µ

)
if j = l − 1/2 . (26)

The non-null diagonal elements
(
Hhhp

so

)
11

and
(
Hhhp

so

)
22

of the perturbed Hamiltonian operatorHhhp
pert can be influenced by

the energy valuesEnl by creating three new values∆Eu−hhp
n−so = 〈Ψ| (Hhhp

so

)
11
|Ψ〉 and ∆Ed−hhp

n−so = 〈Ψ| (Hhhp
so

)
22
|Ψ〉

corresponding the polarizations up(j = l + 1/2) and down(l − 1/2) that can expressed as:




∆Eu−hhp
n−so = εk+ 〈Ψ|

([
l{l + 1}r−4 − 2β0r

−3 − 2β1r
−1 + β2

]
Θ + θ

2µ

)
|Ψ〉

∆Ed−hhp
n−so = εk− 〈Ψ|

([
l{l + 1}r−4 − 2β0r

−3 − 2β1r
−1 + β2

]
Θ + θ

2µ

)
|Ψ〉

. (27)

The second case is for the heavy-light mesons (HLM), for example: scalar, vector, pseudoscalar, and pseudovector for (B, Bs

, D andDs) mesons, or the heavy quarkonioum systems, such as charmonioumcc and bottomonioumbb, which quarks and
antiquarks of the same system (QQ), the eigenvalues of the spin-orbit coupling operatorLS arek (j, l, s) = j(j + 1)− l(l +
1)− s(s + 1) correspondingj = l + 1 (spin great),j = l (spin middle) andj = l− 1 (spin little), respectively. Then, one can
form a diagonal matrix for modified nonrelativistic quark-antiquark potential with diagonal element, and in 3DNRQM-NCSP
symmetries:





(
Hhhp

so

)
11

= gsk1

([
l(l + 1)r−4 − 2β0r

−3 − 2β1r
−1 + β2

]
Θ + θ

2µ

)
for j = l + 1

(
Hhhp

so

)
22

= gsk2

([
l(l + 1)r−4 − 2β0r

−3 − 2β1r
−1 + β2

]
Θ + θ

2µ

)
for j = l

(
Hhhp

so

)
33

= gsk3

([
l(l + 1)r−4 − 2β0r

−3 − 2β1r
−1 + β2

]
Θ + θ

2µ

)
for j = l − 1

. (28)

Here 2 (k1, k2, k3) ≡ (l,−2,−2l − 2). The non-null diagonal elements
(
Hhhp

so

)
11

,
(
Hhhp

so

)
22

and
(
Hhhp

so

)
33

of the per-
turbed Hamiltonian operatorHhhp

pert can be influenced to the energy valuesEnl by creating three new values∆Ehhp
n−g =

〈Ψ| (Hhhp
so

)
11
|Ψ〉, ∆Ehhp

n−m = 〈Ψ| (Hhhp
so

)
22
|Ψ〉 and∆Ehhp

n−l = 〈Ψ| (Hhhp
so

)
33
|Ψ〉 as:





∆Ehhp
n−g = gsk1 〈Ψ|

([
l(l + 1)r−4 − 2β0r

−3 − 2β1r
−1 + β2

]
Θ + θ

2µ

)
|Ψ〉

∆Ehhp
n−m = gsk2 〈Ψ|

([
l(l + 1)r−4 − 2β0r

−3 − 2β1r
−1 + β2

]
Θ + θ

2µ

)
|Ψ〉

∆Ehhp
n−l = gsk3 〈Ψ|

([
l(l + 1)r−4 − 2β0r

−3 − 2β1r
−1 + β2

]
Θ + θ

2µ

)
|Ψ〉

. (29)
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After straightforward calculations, the radial functionsRnl (r) satisfy the following differential equation in 3D-NCSP for
hydrogenic atoms He+, Li+2 and Be+ and HLM systems under the improved Hulthén plus Hellmann potentials model:

d2Rnl (r)
dr2

+ 2µ
(
Ehhp

nl − V hhp
eff−nc (r, T )

)
Rnl (r) = 0 (30)

with

V hhp
eff−nc (r, T ) = V hhp

eff (r) +
({

ε for HAs
gs for HLM

)([
l{l + 1}r−4 − 2β0r

−3 − 2β1r
−1 + β2

]
Θ +

θ

2µ

)
LS , (31)

hereV hhp
eff−nc (r, T ) is the new generalized effective potential in 3D-NCSP symmetries. We have seen previously that the

induced spin-orbitHhhp
so is infinitesimal compared to the principal Hamiltonian operatorHhhp (p, x) in NRQM for HAs and

HLM, such as charmonioumcc and bottomonioumbb under the improved Hulth́en plus Hellmann potentials model, this allows
us to apply standard perturbation theory to determine the nonrelativistic energy correctionsEhhp

so at the first order of two
infinitesimal parametersΘ andθ due to noncommutativity space-space and phase-phase properties.

3.3. BS Solution for the spin-orbit operator for HAs and HLM systems under the IHHPTd model

The Hulth́en plus Hellmann potentials model is extended by including new radial termsl(l + 1)r−4, β0r
−3 andβ1r

−1 to
become an improved Hulthén plus Hellmann potentials model temperature-dependent in 3DNRQM-NCSP symmetries. The
additive partHhhp

pert (Eq. (19)) of the new Hamiltonian operatorHhhp
nc is also proportional to the infinitesimal vectorsΘ and

θ. This allows us to consider the additive partHhhp
pert as a perturbation potential compared with the main potentialHhhp (p, x)

(Eq. (20)) in the symmetries of 3DNRQM-NCSP, that is, the inequalityHhhp
pert ¿ Hhhp has to become satisfied. That is, all

the physical justifications for applying the time-independent perturbation theory become satisfied. This allows us to give a
complete prescription for determining the energy level of the generalizednth excited states. Now, we use perturbation theory
and in the case of relativistic 3DNRQM-NCSP, we find the expectation values of the radial terms1/r4, 1/r3 and1/r taking
into account the wave function which we have seen previously in Eq. (9). Thus, we obtain

〈nlm| r−4 |nlm〉 = N2
nl

+∞∫

0

r
α√
εnl

−1−1 exp (−2
√

εnlr)
(

L
(α/

√
εnl)

n [2
√

εnlr]
)2

dr, (32.1)

〈nlm| r−3 |nlm〉 = N2
nl

+∞∫

0

r
α√
εnl

−1 exp (−2
√

εnlr)
(

L
(α/

√
εnl)

n [2
√

εnlr]
)2

dr, (32.2)

〈nlm| r−1 |nlm〉 = N2
nl

+∞∫

0

r
α√
εnl

+2−1 exp (−2
√

εnlr)
(

L
(α/

√
εnl)

n [2
√

εnlr]
)2

dr . (32.3)

where we have used the property of the spherical harmonics given by

∫∫
Y m

l (θ, ϕ) Y m′
l′ (θ, ϕ) dΩ = δll′δmm′

with dΩ = sin (θ) dθdϕ. To ease the notation, we will provide useful abbreviations〈nlm|D |nlm〉 ≡ 〈D〉(nlm). Comparing
Eqs. (32) with the integral of the form [71,72]:

+∞∫

0

tν−1 exp (−pt)Lλ
m (pt) Lβ

n (pt) dt =
p−νΓ (ν) Γ (n− ν + β + 1) Γ (m + λ + 1)

n!m!Γ (1− ν + β) Γ (λ + 1)

× 3F2 (−m, ν, ν − β;−n + ν − β, λ + 1; 1) (33)

WhereRe (ν)〉0, Re (p)〉0, m ∈ N Λ n ∈ N and 3F2 (−m, ν, ν − β;−n + ν, λ + 1; 1) is obtained from the generalized
hypergeometric function3F2 (α1, ..., αp; β1, ..., βq, z) andΓ (ν) being the Gamma function. After some manipulation, we can
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obtain the explicit results:

〈nlm| r−4 |nlm〉 = N2
nl

(n + 1)
(
n + α√

εnl

) (
2
√

εnl

)−(
α√
εnl

−1
)

Γ
(

α√
εnl

− 1
)

Γ
(
n + α√

εnl

)

α√
εnl

n!Γ
(

α√
εnl

) X1 , (34.1)

〈nlm| r−3 |nlm〉 = N2
nl

(
n + α√

εnl

)√
εnl

(
2
√

εnl

)− α√
εnl Γ

(
n + α√

εnl

)

n!α
X2 , (34.2)

and

〈nlm| r−1 |nlm〉 = 0 , (34.3)

with X1and X2 are equal 3F2

(−n, [α/
√

εnl]− 1,−1;−n− 1, [α/
√

εnl] + 1; 1
)

and 3F2(−n, [α/
√

εnl], 0;−n, [α/
√

εnl]
+1; 1), respectively. We have replacedΓ (2) andΓ (1) with a value of 1 in the denominators of both Eqs. (34.1) and (34.2),
respectively, and1/Γ (−1) with zero in Eq. (34.3). Furthermore, we have used the propertiesΓ (n + 1) = nΓ (n) = n!. The
main goal of this subsection is to determine the corrected energy spectrum∆Eu−hhp

n−so (k+, n, mD (T ) , A1, A2, A0, j, l, s) ≡
∆Eu−hhp

n−so and∆Ed−hhp
n−so (k−, n,mD (T ) , A1, A2, A0, j, l, s) ≡ ∆Ed−hhp

n−so which come fromHhhp
so (pnc, xnc) corresponding

to j = l ± 1/2 at the first order of two parametersΘ andθ for hydrogenic atoms He+, Li+2 and Be+ for (n, l ) states by
applying standard perturbation theory and through the structure constants which specified the dimensionality of the improved
Hulthén plus Hellmann potentials model:

(
∆Eu−hhp

n−so

∆Ed−hhp
n−so

)
= ε

(
z (n,mD (T ) , A1, A2, A0) Θ +

θ

2µ

)(
k+for j = l + 1/2
k−for j = l − 1/2

)
, (35)

with

z (n,mD (T ) , A1, A2, A0) = l(l + 1)〈r−4〉(nlm) −
β0

2
〈r−3〉(nlm) −

β1

2
〈r−1〉(nlm) + β2 . (36)

For the HLM, such as charmonioumcc and bottomonioumbb, which quarks and antiquarks of the same system (QQ), the

eigenvalues of the spin-orbit coupling, we obtain the following results, for thenth excited states
(
∆Ehhp

n−g,∆Ehhp
n−m, ∆Ehhp

n−l

)
,

respectively:




∆Ehhp
n−g

∆Ehhp
n−m

∆Ehhp
n−l


 =




gsk1 (l)
(
z (n,mD (T ) , A1, A2, A0)Θ + θ

2µ

)
if j = l + 1

gsk2 (l)
(
z (n,mD (T ) , A1, A2, A0)Θ + θ

2µ

)
if j = l

gsk3 (l)
(
z (n,mD (T ) , A1, A2, A0)Θ + θ

2µ

)
if j = l − 1


 . (37)

4. BS solution for MZE for the IHHPTd model

In this subsection, having obtained the energy spectrum (∆Eu−hhp
n−so and∆Ed−hhp

n−so ) fromHhhp
so (pnc, xnc) corresponding toj =

l+1/2 andj = l−1/2 at the first order of two parametersΘ andθ for the hydrogenic atoms for (n, l ) states and the degenerated
energy (∆Ehhp

n−g, ∆Ehhp
n−m, ∆Ehhp

n−l) of the heavy quarkonioum systems, such as charmonioumcc and bottomonioumbb. Now,
it is possible to obtain the second self proper symmetry for the improved Hulthén plus Hellmann potentials model in the
presence of temperature-dependent confined Coulomb potential. This physical phenomenon is induced automatically from the
influence of an external uniform magnetic fieldℵ, if we make the following two simultaneous transformations,

(
Θ
θ

)
−→ ℵ

(
λ

λ

)
. (38)

Hereλ andλ are just two infinitesimal real proportional constants, for the purpose to simplify calculations without compro-
mising the physics content we choose the magnetic field parallel to thez axis. Then, we make the replacement

([
l{l + 1}r−4 − 2β0r

−3 − 2β1r
−1 + β2

]
Θ +

θ

2µ

)
L (39)

→
([

l{l + 1}r−4 − 2β0r
−3 − 2β1r

−1 + β2

]
λ +

λ

2µ

)
ℵLz (40)

Rev. Mex. Fis.68050702



10 ABDELMADJID MAIRECHE

This allowed us to derive the modified magnetic Hamiltonian operatorHhhp
z

(
r, λ, λ

)
for the HAs He+, Li+2 and Be+ and

the HLM cc andbb under the improved Hulth́en plus Hellmann potentials model in the presence of temperature-dependent
confined Coulomb potential in global 3DNRQM-NCSP symmetries as:

Hhhp
z

(
r, λ, λ

)
=

([
l{l + 1}r−4 − 2β0r

−3 − 2β1r
−1 + β2

]
λ +

λ

2µ

)
Hz

modε for HAs , (41)

and

Hhhp
z

(
r, λ, λ

)
=

([
l{l + 1}r−4 − 2β0r

−3 − 2β1r
−1 + β2

]
λ +

λ

2µ

)
Hz

modgs for HLM . (42)

Here Hz
mod = ℵJ − Hz denotes the modified Zeeman effect (MZE) in nonrelativistic NCQM, whileHz = −−→ℵ−→S is

just the usual Zeeman effect. To obtain the exact NC magnetic modifications of energy for the ground state, the first ex-
cited state andnth excited states of the hydrogenic atoms He+, Li+2 and Be+ and the heavy quarkonioum systems un-
der the improved Hulth́en plus Hellmann potentials model temperature-dependent∆Ehy−hhp

n−mg (n,mD (T ) , A1, A2, A0) and
∆Ehlm−hhp

n−mag (n,mD (T ) , A1, A2, A0), we just replace (k+ or k (l))and(Θ, θ) in the Eqs.(35) and Eqs.(37) by the following
parametersm and(λ, λ)ℵ, respectively:

(
∆Ehy−hhp

n−mag (n,mD (T ) , A1, A2, A0)
Ehlm−hhp

n−mag (n,mD (T ) , A1, A2, A0)

)
= ℵ

(
z (n,mD (T ) , A1, A2, A0) λ +

λ

2µ

)
m

(
ε

gs

)
. (43)

It is known that the discreet magnetic numberm takes the possible values
(−l, +l

)
, which allows us to fix (2l + 1 ) values. It

should be noted that the results obtained
(
∆Ehy−hhp

n−mag , ∆Ehlm−hhp
n−mag

)
in Eq. (43) can be found directly by applying the formula

〈Ψ|Hhhp
z

(
r, λ, λ

) |Ψ〉 that takes the following explicit relation:

∆Ehy−hhp
n−mag = εN2

nlℵm

+∞∫

0

r
α√
εnl exp (−2

√
εnlr)

(
L

[α/
√

εnl]
n [2

√
εnlr]

)2

×
([

l(l + 1)
r4

− β0

2r3
− β1

2r
+ β2

]
λ +

λ

2µ

)
dr , (44)

∆Ehlm−hhp
n−mag = gsN

2
nlℵm

+∞∫

0

r
α√
εnl exp (−2

√
εnlr)

(
L

[α/
√

εnl]
n [2

√
εnlr]

)2

×
([

l(l + 1)
r4

− β0

2r3
− β1

2r
+ β2

]
λ +

λ

2µ

)
dr . (45)

Now, for our purposes, we are interested in finding a new important symmetry for the improved Hulthén plus Hellmann poten-
tials model at zero temperature in DSE symmetries. This physical phenomenon is induced automatically from the influence of
a perturbed effective potentialHhhp

pert which we have seen in Eq. (21). We discover these important physical phenomena when
our studied system consists of a non-interacting Fermi gas and it is formed from all the particles in their gaseous state (He+,
Li+2 and Be+) undergoing rotation with angular velocityΩ if we make the following two simultaneous transformations to
ensure that the previous calculations are not repeated:

(
Θ → σΩ
θ → σΩ

)
⇒

(
LΘ → σLΩ
Lθ → σLΩ

)
, (46)

Hereσ andσ are just infinitesimal real proportional constants. We can express the effective potentialHhhp
pert which induced the

rotational movements of the hydrogenic atoms He+, Li+2 and Be+ and the HLM (cc andbb) as follows:

Hhhp
pert =

([
l(l + 1)

r4
− β0

2r3
− β1

2r
+ β2

]
σ +

σ

2µ

)
LΩ

{
ε : HAs

gs : HLM
. (47)

To simplify the calculations without compromising physical content, we choose the rotational velocityΩ parallel to the (z)
axis. Then,

S(σ, σ, r)LΩ =S(σ, σ, r)ΩLz , (48)
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with

S(σ, σ, r) =
(

l(l + 1)
r4

− β0

2r3
− β1

2r
+ β2

)
σ +

σ

2µ
. (49)

All of this data allows for the discovery of the new corrected energy∆Ef−rot
hhp (n,mD (T ) , A1, A2, A0, σ, σ,m) due to the

perturbed Fermi gas effectV hhp−rot
pert (r) which is generated automatically by the influence of the improved Hulthén plus

Hellmann potentials model temperature-dependent for thenth excited state in DSE symmetries as follows:

∆Ef−rot
hhp (n,mD (T ) , A1, A2, A0, σ, σ, m) =

(
S (n,mD (T ) , A1, A2, A0) σ +

σ

2µ

)
Ωm

{
ε: for HAs
gs: for HLM

. (50)

It is worth mentioning that the authors of Refs. [73] studied rotating isotropic and anisotropic harmonically confined ultra-cold
Fermi gases in two and three-dimensional spaces at zero temperature, but in this study, the rotational term was added to the
Hamiltonian operator, in contrast to our case, where this rotation termS(σ, σ, r)LΩ automatically appears due to the large
symmetries resulting from the deformation of space-phase.

5. Global results and discussion

In the previous subsections, we obtained the solution of the deformed Schrödinger equation for the improved Hulthén plus
Hellmann potentials model, which is described by the Hamiltonian operator as given in Eq. (19) by using the GBSM and SPT.
The energy eigenvalues are calculated with help of 3D-NCSP symmetries. The modified eigenenergies for then-th excited
states of the HAs (He+, Li+2 and Be+) under the improved Hulth́en plus Hellmann potentials model temperature-dependent
E

(u,d)hy
nc−n (n,mD (T ) , A1, A2, A0, j, l,m, s) ≡ E

(u,d)hy
nc−n with spin-1/2 and the degenerated energy (Ehlm

n−g(n,mD (T ) , A1, A2,
A0, j, l, m, s) ≡ Ehlm

n−g, Ehlm
n−m (n,mD (T ) , A1, A2, A0, j, l, m, s) ≡ Ehlm

n−m, Ehlm
n−l (n, mD (T ) , A1, A2, A0, j, l, m, s) ≡

Ehlm
n−l ) of the heavy quarkonioum systems, such as charmonioumcc and bottomonioumbb are obtained in this paper based

on our original results presented on the Eqs. (35), (37), (43) and (50), in addition to the ordinary energy for Hulthén plus
Hellmann potentials model which presented in Eq. (10) take the form:
Case 1.For the HAs (He+, Li+2 and Be+), we have:

E
(u,d)hy
nc−n

{
Eu hy

nc−n

Ed hy
nc−n

= Ehhp
nl +

(
z (n,mD (T ) , A1, A2, A0) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
εm

+εN2
nl

(
z (n,mD (T ) , A1, A2, A0)Θ +

θ

2µ

){
k+ for j = l + 1/2
k− for j = l − 1/2 . (51)

For the HLM, such as charmonioumcc and bottomonioumbb:

Ehlm
n−g = Ehhp

nl + gs

(
z (n,mD (T ) , A1, A2, A0) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
m

+ gsk1 (l)
(
z (n,mD (T ) , A1, A2, A0)Θ +

θ

2µ

)
if j = l + 1 , (52.1)

Ehlm
n−m = Ehhp

nl + gs

(
z (n,mD (T ) , A1, A2, A0) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
m

+ gsk2 (l)
(
z (n,mD (T ) , A1, A2, A0)Θ +

θ

2µ

)
if j = l , (52.2)

and

Ehlm
n−l = Ehhp

nl + gs

(
z (n,mD (T ) , A1, A2, A0) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
m

+ gsk3 (l)
(
z (n,mD (T ) , A1, A2, A0)Θ +

θ

2µ

)
if j = l − 1 . (52.3)
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Thus, the total energyE(u,d)hy
nc−n and (Ehlm

n−g, Ehlm
n−m, Ehlm

n−l ) for the HAs and the HLM, respectively, under the improved Hulthén
plus Hellmann potentials model temperature-dependent 3DNRQM-NCSP symmetries, is the sum of the ordinary part of energy
Ehhp

nl and the three corrections of energy that are produced automatically with the effect of perturbed spin-orbit effect, MZE
and perturbed Fermi rotational effect. This is one of the main objectives of our research. Finally, we end this section by
introducing the important result of this work as:
Case 1.For the HAs:(

Hhhp + ε

[
g(r)λ +

λ

2µ

]
Hz

mod + ε

[
g(r) (σLΩ + ΘLS) +

θLS + σLΩ
2µ

])
Rnl (r)

r
Y m

l (θ, ϕ)

=
{

Eu,hy
nc−n for j = l + 1/2

E−β2,hy
nc−n for j = l − 1/2

(
Rnl (r)

r
Y m

l [θ, ϕ]
)

, (53)

with

g(r) =
l(l + 1)

r4
− β0

2r3
− β1

2r
+ β2 . (54)

Case 1.For the HLM (cc andbb), we have:
(

Hhhp + gs

[
g(r)λ +

λ

2µ

]
Hz

mod + gs

[
g(r) [σLΩ + ΘLS] + θLS+σLΩ

2µ

]) Rnl (r)
r

Y m
l (θ, ϕ)

=





Ehlm
n−g if j = l + 1
Ehlm

n−m if j = l
Ehlm

n−l if j = l − 1

(
Rnl (r)

r
Y m

l [θ, ϕ]
)

. (55)

This is one of the main motivations for the topic of this work. It is clear, that the obtained eigenvalues of energies are real,
which allows us to consider the NC diagonal HamiltonianHnc

hhp

(
r,Θ, θ, λ, λ, σ, σ

)
as a Hermitian operator. In addition, and

regarding the previously obtained results (20), (24), (42) and (47), the global Hamiltonian operator, at first order in and with
the improved Hulth́en plus Hellmann potentials model temperature-dependent for hydrogenic atoms for (n, l) states takes the
form as:

Hnc
hhp

(
r,Θ, θ, λ, λ, σ, σ

)
= Hhhp +

(
g(r)λ +

λ

2µ

)
Hz

mod

{
ε :HAs

gs: HLM

+

(
g(r) (σLΩ + ΘLS) +

θLS + σLΩ
2µ

) {
ε :HAs

gs: HLM
. (56)

This is the equation for Has and the HLM, such as charmonioumcc and bottomonioumbb under the influence of the improved
Hulthén plus Hellmann potentials temperature-dependent model interactions. It should be pointed out that this treatment
considers only the first-order terms in eitherΘ or θ. Clearly, the first two parts of Eq. (55) presents the Hamiltonian operator
in the ordinary QM for the Hulth́en plus Hellmann potentials model, the third part is the MZ operators while the last part is
the combined two effects correspond the spin-orbit and the rotational Fermi operator for the improved Hulthén plus Hellmann
potentials model, which are induced automatically by the NC properties of space and phase. It is evident to consider the atomic
quantum numberm can take (2l + 1) values and we have also two values forj = l + 1/2 andj = l− 1/2 corresponding to up
and down polarities for the HAs. For the HLM, such as charmonioumcc and bottomonioumbb, we have also three values for
j = l ± 1 andj = l. Thus, every state in the ordinary NRQM symmetries of energy for the improved Hulthén plus Hellmann
potentials model temperature-dependent will be3(2l+1) a sub-state in 3DNRQM-NCSP symmetries. Thus, the total complete
degeneracy of obtained energy level of the improved Hulthén plus Hellmann potentials model TD is obtained as a sum of all
allowed valuesl. Total degeneracy is thus,

n−1∑

l=1

2(2l + 1) = 2n2

︸ ︷︷ ︸
Ordinary NRQM symmetries

→ 2

(
n−1∑

l=1

2(2l + 1)

)
= 4n2

︸ ︷︷ ︸

: HAs , (57)

and
n−1∑

l=1

2(2l + 1) = 2n2

︸ ︷︷ ︸
Ordinary NRQM symmetries

→ 3

(
n−1∑

l=1

2(2l + 1)

)
= 6n2

︸ ︷︷ ︸
: HLM . (58)
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5.1. New mass spectra of HLM

This section is devoted to deriving the mass spectra ofQQ (Q = c, b) charmonium and bottomonium,in the improved Hulthén
plus Hellmann potentials model. It is well known that the spin of charmonium and bottomonium equal two values (0 or 1),
because it consists of quark and anti-quark. For spin-1, we have three values ofj (j1 = l + 1, j2 = l, j3 = l − 1), which allows
us corresponding three values(k1, k2, k3) = (1/2) (l,−2,−2l − 2) and thus, we obtain three values of energy:

Ehlm
n−g = Ehhp

nl + gs

(
z (n,mD (T ) , A1, A2, A0) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
m

+ gsl

(
z (n,mD (T ) , A1, A2, A0)Θ +

θ

2µ

)
if j = l + 1, (59.1)

Ehlm
n−m = Ehhp

nl + gs

(
z (n,mD (T ) , A1, A2, A0) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
m

− gs

(
z (n,mD (T ) , A1, A2, A0)Θ +

θ

2µ

)
if j = l, (59.2)

and

Ehlm
n−l = Ehhp

nl + gs

(
z (n,mD (T ) , A1, A2, A0) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
m

− gs (l + 1)
(
z (n,mD (T ) , A1, A2, A0)Θ +

θ

2µ

)
if j = l − 1 . (59.3)

In the symmetries of usual NRQM, the mass spectraQQ (Q = c, b) obtained by applying the following formula [74,75]:

Mhhp = 2mQ + Ehhp
nl . (60)

Here,mQ are the bare quark masses. Thus, the modified massMhhp
nc (s = 1) with spin-1 ofQQ (Q = A2, A0) charmonium

and bottomonium, becomes

Mhhp
nc (s = 1) = 2mQ +

1
3

(
Ehlm

n−g + Ehlm
n−m + Ehlm

n−l

)
. (61)

The value(1/3)
(
Ehlm

n−g + Ehlm
n−m + Ehlm

n−l

)
physically represents the non-polarized energy (energy independent of spin). After

a simple calculation we obtain theδM :

δM (s = 1) = gs

(
z (n,mD (T ) , A1, A2, A0) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
m

− 2
3
gs

(
z (n,mD (T ) , A1, A2, A0) Θ +

θ

2µ

)
, (62)

with δM (s = 1) ≡ Mhhp
nc (s = 1)−Mhhp, Mhhp is the mass spectra of the heavy quarkonium system [11]:

Mhhp = 2m + A0

(
1
2
− mD (T )

4δ

)
+ A2mD (T )

(
3mD (T )

2δ
−m2

D (T )− 1
)

− 1
8µ




2µ
[
A2 −A1 + A0

mD(T )

]
+ µmD(T )

δ2

[
3mD (T )− A0

2

]− 8µA2m3
D(T )

3δ3

n + 1
2 +

√(
l + 1

2

)2 + µA2m2
D(T )

δ3

(
1− mD(T )

δ

)
− µA0mD(T )

6δ3




2

. (63)

This is the noncommutativity contribution for the mass spectra ofQQ charmonium and bottomonium under an improved
Hulthén plus Hellmann potentials model. For spin-0, we have only one value of( j = l) , allows us the valuesk = 0 and thus,
we obtain the energy:

Ehlm
n−g = Enl+ + gs

(
z (n, mD (T ) , A1, A2, A0) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
m. (64)
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Thus, the modified massMhhp
nc (s = 0) with spin-0 ofQQ, becomes

δM (s = 0) ≡ Mhhp
nc (s = 0)−Mhhp = gs

(
z (n,mD (T ) , A1, A2, A0) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
m. (65)

5.2. Special case

Considering that the studied IHHPTd potential, in the presence of a temperature-dependent confined Coulomb potential in our
paper is composed of four important potentials in terms of physical and chemical applications, we will address four special
cases.

First: When we setA0 = A1 = 0, the potentialVhhp (r, T ) of the HHPTd model in Eq. (7) reduces to the Yukawa potential
in the presence of a temperature dependence as follows:

Vhhp (r, T ) = −β0

r
+ β1r − β2r

2 + β3 7−→ Vyp (r, T ) = −βyp
0

r
+ βyp

1 r − βyp
2 r2 + βyp

3 , (66)

with βyp
0 = A2, βyp

1 = A2m
2
D (T )/2, βyp

2 = A2m
3
D (T )/6 andβyp

3 = −A2mD (T ). The new global perturbed Hamiltonian
operatorHyp

pert and the new effective perturbed potential of the improved Yukawa potentialV yp
pert (r, T ) in 3DNRQM-NCSP

symmetries:

Hyp
pert = (

l(l + 1)
r4

− βyp
0

2r3
− βyp

1

2r
+ βyp

2 )LΘ +
Lθ

2µ
+ O

(
Θ2, θ

2
)

, (67)

and

V yp
pert (r, T ) = (

l(l + 1)
r4

− βyp
0

2r3
− βyp

1

2r
+ βyp

2 )LΘ + O
(
Θ2

)
. (68)

The new energy of HAs, under the improved Yukawa potentialV yp
pert (r, T ) will be reduced to the following form:

E
(u,d)hy
nc−n = Eyp

nl +
(
zyp (n,mD (T ) , A2) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
εm

+ εN2
nl

(
zyp (n,mD (T ) , A2)Θ +

θ

2µ

){
k+ for j = l + 1/2
k− for j = l − 1/2 (69)

with zyp (n,mD (T ) , A1, A2) = l(l + 1)〈1/r4〉(nlm) − (βyp
0 /2)〈1/r3〉(nlm) − (βyp

1 /2)〈1/r〉(nlm) + βyp
2 andEyp

nl is given
by [11]:

Eyp
nl = A2mD (T )− 1

8µ

2µA2 + 3µA2m2
D(T )

δ2 − 8µA2m3
D(T )

3δ3

n + 1
2 +

√(
l + 1

2

)2 + µA2m3
D(T )

δ3

(
1− mD(T )

δ

) . (70)

The new of energy of HLM (cc andbb) for the improved Yukawa potential in the presence of a temperature dependence in the
3DNRQM-NCSP symmetries obtained from Eq. (52.1), (52.2) and (52.3) is

Ehlm
n−g = Eyp

nl + gs

(
zyp (n,mD (T ) , A2) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
m

+ gsk1 (l)
(
zyp (n,mD (T ) , A2) Θ +

θ

2µ

)
if j = l + 1 , (71.1)

Ehlm
n−m = Eyp

nl + gs

(
zyp (n,mD (T ) , A2) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
m

+ gsk2 (l)
(
zyp (n,mD (T ) , A2) Θ +

θ

2µ

)
if j = l, (71.2)

and

Ehlm
n−l = Eyp

nl + gs

(
zyp (n,mD (T ) , A2) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
m

+gsk3 (l)
(
zyp (n, mD (T ) , A2)Θ +

θ

2µ

)
if j = l − 1 . (71.3)
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Second:When we setA1 = A2 = 0, the potentialVhhp (r, T ) of the HHPTd model in Eq. (7) reduces to the Hulthén potential
in the presence of a temperature dependence as

Vhhp (r, T ) = −β0

r
+ β1r − β2r

2 + β3 7−→ Vhp (r, T ) = −βhp
0

r
+ βhp

1 r + βhp
3 , (72)

with βhp
0 = −A0/mD (T ), βhp

1 = −A0(mD (T )/12), βhp
2 = 0 andβhp

3 = A0/2. The new global perturbed Hamiltonian
operatorHyp

pert and the new effective perturbed potential of the improved Hellmann potentialV yp
pert (r, T ) in 3DNRQM-NCSP

symmetries:




Hhp
pert =

(
l(l+1)

r4 − βhp
0

2r3 − βhp
1
2r

)
LΘ + Lθ

2µ + O
(
Θ2, θ

2
)

V hp
pert (r, T ) =

(
l(l+1)

r4 − βhp
0

2r3 − βhp
1
2r

)
LΘ + O

(
Θ2

) . (73)

The new energy of the HAs such as He+, Li+2 and Be+,

E
(u,d)hy
nc−n = Ehp

nl +
(
zhp (n,mD (T ) , A2) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
εm

+ εN2
nl

(
zhp (n,mD (T ) , A2) Θ +

θ

2µ

){
k+ for j = l + 1/2
k− for j = l − 1/2 , (74)

with zhp (n, mD (T ) , A1, A2) = l(l + 1)〈1/r4〉(nlm) − (βhp
0 /2)〈1/r3〉(nlm) − (βhp

1 /2)〈1/r〉(nlm) andEhp
nl is given by [11]:

Ehp
nl = A0

(
1
2
− mD (T )

4δ

)
− 2A0m

2
D (T )

(
3mD (T )

2δ
−m2

D (T )− 1
)

− 1
8µ

2µ A0
mD(T ) − µmD(T )A0

2δ2

n + 1
2 +

√(
l + 1

2

)2
(
1− mD(T )

δ

)
− µA0mD(T )

6δ3

. (75)

The new of energy of HLM (cc andbb) for the improved Hulth́en potential in the presence of a temperature dependence in the
3DNRQM-NCSP symmetries obtained from Eq. (52.1), (52.2) and (52.3) is

Ehlm
n−g = Ehp

nl + gs

(
zhp (n,mD (T ) , A0) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
m

+ gsk1 (l)
(
zhp (n,mD (T ) , A0)Θ +

θ

2µ

)
if j = l + 1 , (76.1)

Ehlm
n−m = Ehp

nl + gs

(
zhp (n, mD (T ) , A0) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
m

+ gsk2 (l)
(
zhp (n,mD (T ) , A0)Θ +

θ

2µ

)
if j = l (76.2)

and

Ehlm
n−l = Ehp

nl + gs

(
zhp (n,mD (T ) , A0) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
m

+ gsk3 (l)
(
zhp (n,mD (T ) , A0)Θ +

θ

2µ

)
if j = l − 1 . (76.3)

Third: When we setA0 = 0, the potentialVhhp (r, T ) of the HHPTd model in Eq. (7) reduces to the Hellmann potential in the
presence of temperature dependence as

Vhhp (r, T ) = −β0

r
+ β1r − β2r

2 + β3 7−→ Vhp (r, T ) = −βhlp
0

r
+ βhlp

1 r − βhlp
2 r2 + βhlp

3 , (77)
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with βhlp
0 = A2 − A1, βhlp

1 = A2m
2
D (T )/2, βhlp

2 = A2m
3
D (T )/6 andβhlp

3 = −A2mD (T ). The new global perturbed
Hamiltonian operatorHyp

pert and the new effective perturbed potential of the improved Hellmann potentialV hlp
pert (r, T ) in

3DNRQM-NCSP symmetries:




Hhlp
pert =

(
l(l+1)

r4 − βhlp
0
r + βhlp

1 r − βhlp
2 r2

)
LΘ + Lθ

2µ + O
(
Θ2, θ

2
)

V hlp
pert (r, T ) =

(
l(l+1)

r4 − βhlp
0
r + βhlp

1 r − βhlp
2 r2

)
LΘ + O

(
Θ2

) . (78)

The new energy of HAs,

E
(u,d)hy
nc−n = Ehlp

nl +
(
zhlp (n,mD (T ) , A1, A2) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
εm

+εN2
nl

(
zhlp (n,mD (T ) , A1, A2)Θ +

θ

2µ

){
k+ for j = l + 1/2
k− for j = l − 1/2 (79)

with zhlp (n,mD (T ) , A1, A2) = l(l + 1)〈 1
r4 〉(nlm) − βhlp

0
2 〈 1

r3 〉(nlm) − βhlp
1
2 〈 1r 〉(nlm) + βhlp

2 andEhlp
nl is given by [11]:

Ehlp
nl = A2mD (T )− 1

8µ

2µ [A2 −A1] + 3µm2
D(T )

δ2 − 8µA2m3
D(T )

3δ3

n + 1
2 +

√(
l + 1

2

)2 + µA2m3
D(T )

δ3

(
1− mD(T )

δ

) (80)

The new of energy of the HLM (cc andbb) for the improved Hellmann potential in the presence of a temperature dependence
in the 3DNRQM-NCSP symmetries obtained from Eq. (52.1), (52.2) and (52.3) is

Ehlm
n−g = Ehlp

nl + gs

(
zhlp (n,mD (T ) , A1, A2) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
m

+ gsk1 (l)
(
zhlp (n,mD (T ) , A1, A2)Θ +

θ

2µ

)
if j = l + 1 , (81.1)

Ehlm
n−m = Ehlp

nl + gs

(
zhlp (n,mD (T ) , A1, A2) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
m

+ gsk2 (l)
(
zhlp (n,mD (T ) , A1, A2)Θ +

θ

2µ

)
if j = l, (81.2)

and

Ehlm
n−l = Ehlp

nl + gs

(
zhlp (n,mD (T ) , A1, A2) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
m

+ gsk3 (l)
(
zhlp (n,mD (T ) , A1, A2)Θ +

θ

2µ

)
if j = l − 1 . (81.3)

Forth: When we setA0 = A2 = mD (T ) = 0, the potentialVhhp (r, T ) of the HHPTd model in Eq. (7) reduced to the
Coulomb potential in the presence of a temperature dependence as

Vhhp (r, T ) = −β0

r
+ β1r − β2r

2 + β3 7−→ Vhp (r, T ) = −βcp
0

r
, (82)

with βcp
0 = −A1, βcp

1 = 0, βcp
2 = 0 andβcp

3 = 0. The new global perturbed Hamiltonian operatorHyp
pert and the new effective

perturbed potential of the improved Hellmann potentialV hlp
pert (r, T ) in 3DNRQM-NCSP symmetries:





Hcp
pert =

(
l(l+1)

r4 − βcp
0
r

)
LΘ + Lθ

2µ + O
(
Θ2, θ

2
)

V cp
pert (r, T ) =

(
l(l+1)

r4 − βcp
0
r

)
LΘ + O

(
Θ2

) . (83)

The new energy of the HAs,

E
(u,d)hy
nc−n = Ecp

nl +
(
zcp (n, mD (T ) , A1) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
εm

+ εN2
nl

(
zcp (n,mD (T ) , A1)Θ +

θ

2µ

) {
k+ for j = l + 1/2
k− for j = l − 1/2 , (84)
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with zcp (n,mD (T ) , A1) = l(l + 1)〈1/r4〉(nlm) − (βcp
0 /2)〈1/r3〉(nlm) andEcp

nl is given by [11]:

Ecp
nl = − 1

8µ

−2µA1

n + 1
2 +

√(
l + 1

2

)2
. (85)

The new of energy of HLM (cc andbb) for the improved Coulomb potential in the presence of a temperatura dependence in the
3DNRQM-NCSP symmetries obtained from Eq. (52.1), (52.2) and (52.3) is

Ehlm
n−g = Ehlp

nl + gs

(
zcp (n,mD (T ) , A1) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
m

+ gsk1 (l)
(
zcp (n,mD (T ) , A1)Θ +

θ

2µ

)
if j = l + 1 , (86.1)

Ehlm
n−m = Ehlp

nl + gs

(
zcp (n,mD (T ) , A1) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
m

+ gsk2 (l)
(
zcp (n,mD (T ) , A1)Θ +

θ

2µ

)
if j = l , (86.2)

and

Ehlm
n−l = Ehlp

nl + gs

(
zcp (n,mD (T ) , A1) (ℵλ + Ωσ) +

ℵλ + Ωσ

2µ

)
m

+ gsk3 (l)
(
zcp (n,mD (T ) , A1)Θ +

θ

2µ

)
if j = l − 1 (86.3)

We have obtained the solutions to the SchrÃ¶dinger equation, the most well-known nonrelativistic wave equation described
without spin, but its extension in 3DNRQM-NCSP symmetries under the improved Hulthén plus Hellmann potentials model
temperature-dependent in the presence of a temperature-dependent confined Coulomb potential has a physical behavior similar
to the Dirac equation [76] for fermionic particles

with spin-1/2, it can describe the dynamic state of a parti-
cle with spin-1/2 for HAs such as He+, Li+2 and Be+or
similar to the relativistic Duffin-Kemmer equation [77–79]
for mesons with spin-(0,1) for the heavy quarkonium sys-
tems cc and bb, which can describe a dynamic state of a
particle with spin one in the symmetries of RNCQM. The
conventional nonrelativistic approach of a SE under the im-
proved Hulth́en plus Hellmann potentials model temperature-
dependent in the presence of the temperature-dependent con-
fined Coulomb potential involves solving the second-order
KGE for spin-0 and the Proca equation for spin-1 [80].
Worthwhile it is better to mention that for the two simulta-
neous limits(Θ, λ, σ) → (0, 0, 0) we recover the results of
the Refs. [11,12]. It is possible to recover the results of com-
mutative space when we consider (Θ(λ, σ) ,θ

(
λ, σ

)
) equal

(0,0). In the limit (Θ, θ) −→ (0, 0), we have:




lim
(Θ,θ)−→(0,0)

E
(u,d)hy
nc−n = Enl

lim
(Θ,θ)−→(0,0)

(
Ehlm

n−g, E
hlm
n−m, Ehlm

n−l

)
= Enl

. (87)

6. Conclusion

In this study, we adopted an inversely quadratic Yukawa po-
tential plus Yukawa potential and Coulomb potential which

we considered as Hulthén plus Hellmann potentials for the
hydrogen atoms (He+, Li+2 and Be+) and quark-antiquark
interaction. The potential was made to be temperature-
dependent by replacing the screening parameterα with a
Debye massmD (T ) which vanishes atT → 0 in the
presence of 3DNRQM-NCSP symmetries. The deformed
Schr̈odinger equation is analytically solved using the gener-
alized Bopp’s shift method and standard perturbation theory.
We obtained new approximate solutions of the eigenvalues
E

(u,d)hy
nc−n (n, mD (T ) , A1, A2, A0, j, l, m, s) for the hydro-

genic atoms and (Ehlm
n−g(n,mD (T ) , A1, A2, A0, j, l, m, s),

Ehlm
n−m(n,mD (T ) , A1, A2, A0, j, l,m, s), Ehlm

n−l (n, mD (T ) ,
A1, A2, A0, j, l, m, s)) for the heavy quarkonioum systems,
such as charmonioumcc and bottomonioumbb. The new
energy values are sensitive to atomic quantum numbers
(j, n, l, s andm), the noncommutativity parameter (Θ, σ, χ)
due to the topological properties of the self-quantum in-
fluence of space-space and phase-phase, in NRNCQM3D-
RSP symmetries, in addition to the discreet atomic quantum
numbers (n, l) and the parameters (µ,A2, d ) of the IHH-
PTd model that appeared in the literature. We have shown
that new global Hamiltonian operatorHnc

hhp

(
r,Θ, θ, λ, λ

)
in (NRNCQM 3D-RSP) symmetries is the sum of the main
Hamiltonian operator of the Hulthén plus Hellmann poten-
tials model temperature-dependentHhhp (p, x) and three
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perturbed operators; the first one is the modified spin-orbit in-
teractionHhhp

so

(
r,Θ, θ

)
, the second is the modified Zeeman

operatorHhhp
z

(
r, λ, λ

)
while the third operatorHhhp−rot

pert

is the perturbed Fermi Hamiltonian for the hydrogen atoms
He+, Li+2 and Be+and the heavy quarkonioum systems.
Consequently, the ordinary kinetic term−∆/2µ modified to
the new form (−∆/2µ − Lθ/2µ − Lσ/2µ − Lλ/2µ) for
the IHHPTd model in 3DNRQM-NCSP symmetries. Fur-
thermore, we applied the present results to calculate heavy-
meson masses such as charmonioumcc and bottomonioum
bb.

It has been shown that the DSE under an improved
Hulthén plus Hellmann potentials model with temperature
dependence presents a useful symmetry to solving the hy-
drogenic atoms He+,Li2+and Be+ and the heavy quarko-
nioum systems, such as charmonioumcc and bottomonioum
bb. It should be noted that the results obtained in this research
would be identical with corresponding results in ordinary
quantum mechanics when the limits(Θ, λ, σ) → (0, 0, 0) are
applied simultaneously.

Consequently, the study of the analytical solution of the
three-dimensional deformed Schrödinger equation for hy-

drogenic atoms and the heavy quarkonioum systems under
the improved Hulth́en plus Hellmann potentials temperature-
dependent model in 3DNRQM-NCSP symmetries could pro-
vide valuable information in many physical fields, and opens
a new big window for profound theoretical and experimental
research. The generalized Bopp’s shift method used in this
paper is efficient and systematically gives physical and prac-
tical solutions to interesting problems, it provides logical and
realistic solutions to physics problems that were considered
very complex in the past, and can be used to obtain the so-
lutions of other potentials of practical value and prospective
importance.
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